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Abstract

This paper obtains soliton solutions to magneto-optic waveguides that appear with Kerr, power and log-law
nonlinearities. The extended trial function method is employed to obtain these solutions. Thus, bright, dark and
singular soliton solutions are retrieved. In addition, Gaussons are obtained for log-law nonlinear waveguides. All
of these solutions appear with constraints that guarantees the existence of solitons and Gaussons.
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1 INTRODUCTION

Optical soliton molecules form the fundamental structure of fiber-optic transmission technology along trans-continental
and trans-oceanic distances [1-15]. This technology is modeled by the nonlinear Schrédinger’s equation (NLSE). There

are various kinds of optical waveguides that make these transmission reality. They are optical fibers, photonic crystal

fibers, optical metamaterials and metasurfaces and many others. This paper is going to consider a special kind of
optical waveguide that comes with an artificially induced magnetic field. These are called magneto-optic waveguides.

This external magnetic field can compell solitons from a state of attraction to a state of isolation which can help to

reduce soliton clutter thus salvaging loss from information transfer.

This paper will adopt an integration scheme that is known as external trial function method that will reveal soliton
solutions as well as other solutions such as doubly periodic functions which, in the limiting case of the modulus of
ellipticity, leads to solitons. Three types of nonlinear media are studied in this paper. They are Kerr law, power law
and log law nonlinearity. These solutions all appear with various constraints that are also listed for the existence of
solitons and Gaussons. The details are are all discussed in the next few sections.

2 MATHEMATICAL MODEL
The governing equation for propagation of solitons through magneto-optic waveguides is given by [1, 2, 8, 14]

i + a1qee 4+ b1ga + {&F (|g°) + mF (Ir]?) } ¢ = Qur, (1)

1y + ATz + baTes + {sz (|7’|2) + el (|q|2)}r = Q24. (2)

Egs. (1) and (2) are coupled nonlinear Schréodinger’s equations that govern the propagation of optical solitons
through a magneto-optic waveguide. The coefficients of a; for I = 1,2 represent group velocity dispersion (GVD)
while the coefficients of b; are the spatio-temporal dispersion (STD) terms. It is extremely important to include STD
in addition to GVD so that the governing NLSE, given by Eqs. (1) and (2) is well-posed. It was recently proved
that NLSE with GVD only, and without STD is an ill-posed problem [3-5]. On the right hand side, @Q; are the
magneto-optic parameters. Finally, the functional F' represents the form of nonlinearity. Here, F’ (|q|2) q:Cr—C.
If complex plane C is a two-dimensional linear space R?, F (|q\2) q is k times continuously differentiable, then [2]

F (\q|2) q € U ck ((—n,n) X (—m,m) ;RZ) ) (3)

m,n=1

In order to solve this coupled NLSE by the extended trial function scheme [3, 7, 10, 11], the following solution
structure is selected.

q(l’,t) = Pl(g) exXp [Zd) (:]C,t)] ) (4)
’I“(.’L‘, t) = P2(£) eXp [Z(b (x’ t)] ) (5)

where the wave variable £ is given by
& = k(z —vt). (6)

Here, P;(€) (I = 1,2) represents the amplitude component of the soliton solution and v is the speed of the soliton,
while the phase component ¢(z,t) is defined as

o (z,t) = —kx + wt + 6. (7)



Here « is the frequency of the solitons while w represents the wave number and 6 is the phase constant. Substituting
Egs. (4) and (5) into Egs. (1) and (2) and then decomposing into real and imaginary parts give

k*(a; — bo) P + (bwk — w — qii®) P+ {&F (P?) + mF (P?)} P = Qi P, (8)
and
—kv(1 — byr) P + k (byw — 2a;k) P} = 0, (9)

respectively. Here, | = 1,2 and [ = 3 — [. From the imaginary part equation it is possible to obtain the speed (v) of
the soliton as

w2k

1—bk (10)
Now, equating the two values of the soliton speed leads to
a; = as, (11)
and
by = bs. (12)
The speed of the soliton therefore reduces to
bw — 2ak
Ly vl (13)

where it is assumed that a1 = as = a and b = by = b. The speed of the soliton, given by Eq. (13) stays valid as
long as

bk # 1. (14)
Therefore the coupled NLSE for magneto-optic waveguide is re-casted as

iqt + aqQza + wat + {glF (|q‘2) + an (|’f"2)} q= erv (15)

ire + arag + brog + {&F (I7]?) + n2F (la]*) } r = Q24 (16)
Consequently, the real part Eq. (8) modifies to
k*(a — bo) P/ + (bwk — w — ar?) P+ {&F (P?) + i F (P?) } P = QP (17)

In the next three sections, this real part equation (17) will be studied for the three types of nonlinearity for the
functions F'.

3 KERR LAW NONLINEARITY

For Kerr law nonlinearity, F(s) = s [8, 14]. Therefore, the model Egs. (15) and (16), change to

iqt + aqqa + bqrt + (§1|Q\2 + 7’1|T|2) q= era (18)



iry + argg + brog + (&|r? + n20q?) 7 = Qaq, (19)
and naturally therefore the real part equation from (17) is now given by

k*(a — bo) P! + (bwk — w — ak®) Py + (&PF + mP3) Py = Q1 Py, (20)

k2(a — )Py + (bw/—@ —w - cmz) P, + (§2P22 + 772P12) Py =QoP;. (21)
The extended trial function scheme will be applied to Egs. (20) and (21) to retrieve bright, dark and singular solitons.

To start with the extraction of solutions to (20) and (21), the following assumption for the soliton structure is
made

<
= nv, (22)
=0
6 .
Py=) #V, (23)
=0

where

CO(W) w4 Vo
T(¥) Xp\IIp+"'+X1‘I/+X0-

(24)

Here 7o, ..., T¢; Ty ey 725 H0s -5 fho a0 X0, ..., X, are constants to be determined later. Using the relations (22)-(24),
we can derive the terms (P])?, (P§)?, P{’ and P} as below:

(P])? = tIIJ/ (Zzn\lﬂ 1) , (25)

(Py)* = EtIIl/ (Zm\Iﬂ 1) ) (26)

and

where ®(¥) and Y(¥) are polynomials of ¥. We can reduce Eq. (24) to the elementary integral form as follows:

/ ﬁ (29)

+(€ - &) =




According to the balance principle, one determines a relation of o, p, ¢ and ¢ is given by

oc—p—2

5 (30)

g=¢=

When 0 =4, p=0and ¢ =¢ =1 in Eq. (30), we then assume that Egs. (20) and (21) have the following formal
solutions:

Pr=1+m1Y, (31)

Py =7+ 70, (32)

where 7;, 7; (i = 0,1) are constants to be determined later and U satisfies Eq. (24). Substituting these formal
solutions and their necessary derivatives into Egs. (20) and (21), and solving the resulting system of algebraic
equations one recovers

2x0 [~&momi7E + LerdTt — 27 (G078 + To (S2m0T0 — Q1)) + 10T T (Q1 — 2&27070)]

H1 = L2372 )
771 (a — bv)
X0 [—amii = 26 mori T + &g 7 — Tt (276 + 36173) + 27t (Q1 — 3&27070)]
K2 = k27272 (a — bv) ’
_ o (&7t (170 + 27071) + &27F (270 + T071)] __Xo (G177 + &77)
Hs = 3k2771(a — bv) = k2(a —bv) (33)
1 (ak® = &75) — 1T (Q1 — 2&m070) — LoTg Tt &Tf + 267
w = 5 5 m = ~2 )
i (bk — 1) 73
26178 + &7 —&78 (7o — ToT1) 2+ 72 [QunT1 + &2 (o — T071) 2]
N =———mg—— Q2= 3= ,
7_1 T17'1

Mo = Mo, To=To, T1=T1, To=To, T7T1=T1-

Substituting these results into Eqgs. (24) and (29), we find that

av
TE—&) =W [ 2, 34
(€= %) AT (34)
where
AW) = 0t 4 Py H2ge | Mg oy [0 (35)
Ha Ha Ha Ha Ha
Consequently, we obtain the traveling wave solutions to Eqs. (18) and (19) below:
When A(¥) = (¥ — )4,
W
q(z,t) = 10+ 1AL n
i (o — bw — 2ak 1) -
1—0bk 0
2 (2 o2 o~ Q) — o272
« exp | d —r + 77 (ak? — &73) 71271 (Q1 — 2&1070) — &7 71 trobl, (36)
(b — 1)
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)

% exp |"i{—l€$—‘r < 72 (ak? — &73) —712)(6211—) 2697070) — 277 t+9}
Tl KR —

T(I,t) = 7:0 +7~'1/\1 +

When A(\I/) = (\I/ — )\1)3(\11 — /\2) and Aoy > /\17

47’1W ()\2 — /\1)
bw — 2a/-@
4W2— ()\1—/\2) klx— 1 b
— OR

X exp [Z {—H:z + <712 (ar? = &73) =171 (@1 — 2527070 5270 i ) - 9

q(z,t) =< 170+ 1AL+

T2(bk — 1)

47’1W2()\2 — )\1)
A2 [(,\1 ~ ) (k: (x - {bw - i‘m

72 (ar? — — —2
X oxp [@'{—mﬁ—&— < 2 ( &78) — 1T (Qq 527070 527071

r(x,t) =< 7o+ T1A +

t—|—9

72(bk — 1)

When A(¥) = (¥ — A\;)2(T — \2)?,

7’1(>\2 - )\1)

oo [P (1 (- =) -w)] -

qg(z,t) =< 10+ 11 A2 +

% exp |f {—KJ} n <7’12 (anQ _ 52%()2) — 7'127~'1 (Ql — 2£2T07~'0) — nggﬂQ) 4 9} 7

T (bk — 1)

T1(A2 — A1)

SR C= e

T(.I],t) =< To+T1 A2 +

% exp |‘Z {—/ﬂﬂ + <T12 (a,112 f€27~'02) —7'17:1 (Q1 — 2527'07:0) — 527'37:12) t—|—0} 7

72 (bk — 1)

and

7’1(>\1 - )\2)

oo [P (1 (- et -e) -

g(z,t) =< 10+ 11 A1 +

X exp |‘Z {—/{Qj—‘,— <7'12 (a,‘{}Q —527:()2) — 7'127:1 (Ql — 2527’0%0) —627'027~'12> t—|—9} ’

7 (bk — 1)

(38)

(39)



T1(A1 — A2)

o (- (5]

T(I,t) = 7-O+7~'1/\1 +

2 (2 ¢ =2\ o = 9o — 22
e [l {_m " (Tl o ) 22%2%1) am) Z ST ) L+ 9} . (43)
When A(T) = (¥ — A))2(F — A\)(¥ — A3) and Ap > Ag > As,
q(z,t) =< 10+ 11 A — 271 (A1 — A2)(A1 — As)
2A1 — A2 — A3 + (A3 — Az) cosh [k\/(/\l — i\;])()\l =) (x - {bbi : i:ﬁ}t>1
: 1 (ar? — &75) — 1T (Q1 — 26a70T0) — EaTg 7]
X exp lz{—/ﬁx—i— ( P (— t+631, (44)
T(LU t) = 7:0 + 7:1)\1 — 27:1()\1 - /\2)()‘1 - A3)
2M1 — A2 — A3 + (A3 — A2) cosh [k\/()\l — ?)[2/)()\1 — ) (w - {bo; : ZQ)ZH}Q}
2(0 2 e =2\ o = _ N 9-0
X exp [z {—mc N <7'1 (ar? — &75) 22;;:@_11) 26om070) — &2y Ty ) - 9}] ' (45)
When A(\I/) = (\IJ - )‘1)(\11 - )\2)(\11 - /\3)(‘1/ - /\4) and Ay > Ay > /\3 > /\47
g(z,t) = 4 70+ 1o + ATl(AlA A;)WA Az)
M=ot (O — A2 | £V 23W)( 2~ M) [k <x— {%_Z‘i“}t) —50} ,z}
202 ¢ =2\ _ = oA} £ 22
e [Z {_m " (Tl S 22&;%1) S ) tt 9} , (46)
r(w,t) =< fo + Fida + ;1@; A;)(MA Az)
M=ot (A2 | £V 231’/?/( 2~ M) [k (x— {%_ZZ“}Q —50] ,z]
202 ¢ =2\ _ - = 9f ) g o222
% exp [Z {_m N (7-1 (ar? — &78) 7;27('22@_11) §27oT0) — §2T) Th ) t+9H 7 ()
where
2 Q= As)( = M) (48)

(A1 = A3)(A2 — Aq)



Note that A; (i =1,...,4) are the roots of the polynomial equation
A(T) =0.

When 79 = =71 A1, To = —T1A1 and & = 0, the solutions (36)-(45) can be reduced to plane wave solutions

7'1W

({5

2 2 ~2\ _ ~ —92 ~ 0\ 2~2
wexp |id —na+ 71 (ar? — 575 71271 (Q1 — 2&270T0) — §27) T4 t4+0
Ti(bk — 1)

qg(z,t) =< +

)

44

= E=ap

X exp |‘Z {—/ﬂﬂ n <T12 (a,112 — 627:02) — 7'17:1 (Q1 — 2527'07:0) - 527'027:12) f+ 0}

r(z,t) =<+

)

72(bk — 1)

47’1W2(>\2 - )\1)

Q(xat)i b _9 2
AW? — [k(Al “ ) (x - {“{_bzﬁ}tﬂ
s exp [Z {_m N <7-12 (ar? — &78) —77_122)2@11—) 28270T0) — 5273%12> t+9} 7
2 (b —
rot) = 4R W2 (N — Ap)

AW?2 — [k()\l —A2) <x_ {m}tﬂQ

% exp |‘Z {—/ﬁ}x + <7'12 (a/@2 —527:02) —7'1’7:1 (Ql — 2527’07:0) — 527'027:12) t+0}

)

72(bk — 1)

singular soliton solutions

o(z,1) :M {1:|:coth {w (x— {W}t)]}

s exp [z {_m . (712 (ar? — &78) _:;§Z£Ql1_) 2627070) — 52702%12> t+9H ’
1

r(,t) :%1()‘2#_/\1) {1zpcoth [W (m— {W}t)]}

2 2 _ e 22\ _ =~ _9 =\ _ ¢ 22
X exp |1 —KkT + n (Lm 5270) 71271 (@ §a7oo) = EoTo t+46
T (bk — 1)

)

(49)

(51)

(52)

(53)

(55)



and bright soliton solutions

A

q(z,t) = —
C + cosh [B (a: {W}tﬂ
2 2 e 22\~ _9 S~ 2~2
X exp [z {—mc + <“ (on” ~ &%) :}E}Ni@jl) o) — i ) HGH , (56)
A
T(:C,t) =
-2
C + cosh [B (m— {m}t)}
2 2 e 22\~ _9 ~ 2~9
X exp [Z.{m:+ (7'1 (cm 527'0) 227('2262_11) §2m0T0) — EaTy T ) t+0} 7 (57)
where
A: 27‘1()\1—)\2)()\1—)\3) Av: 2%1(A1—A2)(A1—A3) B: k\/()\1*>\2)(>\1*)\3) C: 2)\1—>\2—)\3
A3 — Ao ’ A3 — Ao ’ w ’ A3 —Ay
(58)

Here, A and A are the amplitudes of the solitons, while B is the inverse width of the solitons. These solitons are
valid for 71 < 0 and 77 < 0. Furthermore, when 79 = —71 A2, 7o = —T1 A2 and &y = 0, Jacobi elliptic function solutions
(46) and (47) can be reduced to

q(z,t) = b — 212; (A2 = A3) (M — M)

Oy + sw? [Ba' (x—{ = }t) ’ (Al—Az),)(Ag—m}
S AR G = e L

_ Ay

B e D e = D=

o [ o (g0 pro - ol
where N T — A2) (Mt — Ao) i T1(AM1 = A2)(Aa — A2) Cr A — Ao

1= M- L A= RN (61)

B - DRV = As) (A2 = Ad) i=1,2.

2w



Remark-1: When the modulus | — 1, a second form of singular optical soliton solutions emerge

Ay

q(z,t) = —
C1 + tanh? {Bj (x - {Mﬁ}t)}
1—-0bk

2 222\~ _9 SN 2~2
X exp 1< —kx + i ((m 527—0) 7—127—1 (@1 £27070) — &2 Ty t+0 (62)
T (bk — 1)
A
r(z.t) = : bw — 2ak
% exp i —ra+ 1 (ak? — &77) — 71;1 (Q1 — 2627070) — &o73 71 rroll (63)
T (bk — 1)
where )\3 = )\4.
Remark-2: However, if [ — 0, periodic singular wave solutions are listed as
Q(xat) =
. bw — 2ak
Cy + sin? {Bj (x—{ — t)}
2 2 ~ ~ 2~2
. 2 (ak? — &78) — 171 (Q1 — 28em0T0) — &2737
— 4
X exp Z{ m:—&—( Zn—1) t+0 (64)
A
r(z.t) = : bw — 2ak
2 2 _ ¢ 22\ = _9 S\ e 222
x exp |id —ka + T1 (cm 527'0) 7127'1 (Q1 £27070) EaT) T t1o 7 (65)
(b — 1)

where Ay = A3.

4 POWER LAW NONLINEARITY

For power law nonlinearity, F'(s) = s™, where n represents the power law nonlinearity parameter. Here stability
issue dictates 0 < n < 2 and also n # 2 for self-focusing singularity [2]. The model equations (15) and (16) therefore
change to

Z‘(]t + aggx + bet + (51‘Q|2n + 7’1‘7’|2n) q= an (66)
ire + Ty + brog + (L] + 12]q*™) 7 = Qag, (67)

10



and naturally therefore the real part equation from (17) is now given by

k*(a — bo) Py’ + (bwk —w — ar?) Py + (&P +mP3™) P = Q1 Ps, (68)

k*(a — bo) Py + (bwk — w — ak?) Py + (&P5" + 2 PP™) Pr = Q2P (69)

Using the balancing procedure between P/’ and P! in Egs. (68) and (69), we have

N = % (70)
To obtain an analytic solution, we use the transformation
— Ulﬁ = U;% = P,, (71)
in Egs. (68) and (69) to find
k2 (a —bv) {(1 — 2n)(U))? + 20U Uy} + 4n? (bwk — w — ar® — Q1) U + 4n? (& +m) Uy = 0, (72)
k*(a —bv) {(1 = 2n)(U3)? + 2nUUY } + 4n® (bwk — w — ar® — Q2) UF + 4n® (& + 12) U3 = 0. (73)

The extended trial function scheme will be applied to Egs. (72) and (73) to retrieve bright, dark and singular solitons.

Balancing the order of U;U]” and U in Egs. (72) and (73), we determine a relation of o, p, ¢ and ¢ as

N

c=¢=0c—p—2. (74)
Case-1: When o =3, p=0and ¢ =¢=1in Eq. (74), Egs. (72) and (73) have the solutions in the form

Ui =1+7Y, (75)

Us =7y + 7V, (76)

where 7;, 7; (i = 0,1) are constants to be determined later and U satisfies Eq. (24). Substituting these solutions
and their necessary derivatives into Egs. (72) and (73), and solving the resulting system of algebraic equations one
recovers the following solution set:

fo = fio, TL=T1, To=7To, T1=T1 Q1=Q2,
2 [—2n?m x0Ty — 2n2& X078 + k2o (1 + n)(a — )]

= R 7 (14 n)(a — by) ’
_ —8n%mTixoTe — 8n2&1Tix0Te + k2o (14 n)(a — bv)
e 2727 (1 + n)(a — bu) : (77)
_ 4n2rixo0 (m + &1) MTL +§17'1—T]27~'1 _ TiTo
B3 = —75 &= - sy To=—=—,
k (1 + n)(a - bv)
" —4n*m x0Ty — 4n*EimixoTs + Ti(1 + n) [k ot (bv — ‘l) + An*x075 (ak? + Qz)]

4n2xo7371 (1 +n)(bk — 1)

Substituting these results into Eqs. (24) and (29), we have

HE-&) = \/Wl/\/% (78)

11



where

ACD) =03 4 P22 g B0y S0 (79)
M3 3 H3 H3

Consequently, we obtain the traveling wave solutions to Eqs. (66) and (67) below:
When A(¥) = (¥ — )3, rational function solutions are:

L
2n

47'1W1

bw — 2ak 2
- {5 -
—4An*m T X075 — 4n*&1mixoTs + T1(1 4 n) [Fpoi (b — a) + 4n®xo7d (ak® + Q)]
—kx + 5= t+ 6
An?xo7eT1(1 +n)(bk — 1)

gz, t) =< 10+ 1M +

)

X exp lz

(80)

({555 o]

—An2n T xoTE — An2&i TS + T (1 4+ n) [K2ue2 (bv — a) + 4n?yo72 (ak? +
< oxp | i m+< MT1X0T) §1m1ixoTy + 71( ) [K2 o7t ( ) X075 ( Q2)] .

4n2xo7371 (1 + n)(bk — 1)

1
2n
LW
T(xvt){%O“F%lAl"' nt

(81)
When A(¥) = (¥ — A\1)2(¥ — \2) and A\g > )q, dark soliton solutions are:

1 /A=A bw — 2 a
7o + T A2 + 11 (M —/\2)ta1r1h2 <2 1W1 2 {kz (a:— {m}t) —fo})}

—4n? 73 _ 4n? 734 2 (14 n) [k2ue2(bv — a) + 4n2y 72 (ar® +
X exp lz —m"—i-( 111 T1X070 &imixoTy + Ti( )[ poTi ( ) XoTo( Q2)] 8

)

4n2xo7e71(1 +n)(bk — 1)

(82)

r(z,t) = {%oJrﬂ)\g + 71(A1 — A2) tanh? (;W [k (m_ {W}t) _&)D}zﬁ

—An? x0T — 4n2&TixoTe + T1(1 4+ n) [kzlu(ﬁf(bv —a) + 4n?xo7e (anz + QQ)] 40
4n2xo7e71(1 +n)(bk — 1)

(83)
When A(¥) = (¥ — A\1)(¥ — X3)? and A\; > )g, singular soliton solutions are:

kA=A bw — 2 B
q(z,t) = {7’0 +71A1 + 71 (A — A2)cosech? (2 1W1 2 (1: - {L;_bzl{} t)) }

. —4An®m T X075 — 4n2&1mixoTs + T1(1 4 n) [Fpoi(bu — a) + 4n®xo7d (ak® + Q)]
14 —KT + 5= t+0
An?xo7e¢T1(1 +n)(bk — 1)

X exp

)

(84)

12



kA =X bw — 2 W
r(z,t) = {%0 + 7+ T (A — )\z)cosech2 (2 1W1 2 (x — {c;_bgﬁ} t>> }
. —4n’mrixo7s — 4n2&imixoTs + T1(1+n) [kPuoi (bv — a) + 4n®xo7g (ars® + Q2)]
X exp |14 —kx + 5 3= t+0;|.
An?xo7ET1(1 +n)(bk — 1)

(85)

When A(P) = (T — A1) (T — ) (T — A3) and Ay > Ao > A3, Jacobi elliptic function solutions are:

1 /A1 — A bw — 2 =
q(:r,t) = {T(]+Tl)\3+71()\2—)\3)sn2 <:F2 1W1 3 |:]€ (.’E_ {u{_bzﬁ}t> _§O:| vl>}

wexp i d w4 —4n®mmixoTy — 4n2&1mixoTe + T1(1 + n) [k2u07~'12(bv —a) + 4n?xo7E (a/f2 + QQ)] 40
P An2xo 7271 (1 + n)(bk — 1)

i

(86)

r(w,t) = {%0 + 71 A + 71 (Mg — Ag) s’ <$; / Alw_/f?’ [k <:c = {bﬁ - ;Z”}t> - 50] ,z> }

wexp i d w4 —4An®m x0T — 4n2&1 x0T + T1(1 + n) [k‘z,uof'%(bv —a) + 4n?xo7E (cm2 + Qz)] 40
P An2xo 7271 (1 + n)(br — 1)

)

(87)
where
2= ij — ;2 (88)
Note that A; (i = 1,2, 3) are the roots of the polynomial equation
A(D) = 0. (89)
When 79 = =11 A1, To = —T1 A1 and & = 0, the solutions (80)-(85) are reduced to plane wave solutions

A
q(z,1) = bw — 2ak
klo—<¢ — 3t
1-bk
—An? x0T — 4n2&TixoTe + T1(1 4+ n) [kzuo%f(bv —a) + 4n?xo78 (tmz + QQ)]
—KRT + ~o~ 3 + 9
An2x073571 (1 +n)(bk — 1)

)

X exp lz
(90)

3=

)

< exp |39 —r + —47127)17'1)(0%3 — 4n2§17'1)(07~'g’ + 7:1(1 + n) []CQ/L()%%(b’U — (l) + 4n2X07~—§ (al‘iQ + QQ)] 40
P 4n2X(]7z()2’7'1(1 + n)(b:‘{ — ].)

(91)
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bright 1-soliton solutions

As

1 bw — 2ak
cosh |:B3 <l’ {1—[)/{;}t>:|

—4n? 73 _ 4n? 34 F(1+n) [R2ueg2(bv — a) + 4n2y 72 (ark? +
X exp ll {—mc+ ( M1 T1X070 §1T1iX0Ty + Ta( ) [ poTi( ) X074 ( K QQ)] o

Q(x’t) =

4712)(07:37:1(1 + n)(bn — 1)

(92)

As

1 bw — 2ak
cosh |:B3 <J)— {]_—b/{/}t>:|

wexp i d w4 —4An®m x0Ty — 4n2&1mixoTe + T1(1 + n) [k‘Q/.LoTl (bv — a) + 4n%xo 78 (CLH + Qg)] 40
P 4n2xo7371 (1 + n)(bk — 1)

r(z,t) =

(93)

and singular soliton solutions

Ay

L1 bw — 2ak

woxp i d —pz 4 —4n*mTixoTy — 4n*&mixoTs + 1 (1 + n) [K2uoTE(bv — a) + 4n’ x0T (ar® + Q2)] 40
P An?xo727 (1 +n)(br — 1)

Q(:C’t) =

(94)

e
§

" eoxc . + —4n*m x0T — AnP&mixoTy + 71 (14 n) [KPromE(bv — a) + 4n®x078 (ax? + Q2)] 40
p 4n2xo7e71(1 +n)(bk — 1)
(95)
where
A2 = 24/ T1W1, A3 [ (/\2 — )\1)]% Ay = [Tl(/\l )\2)]%
~ - ~ R N kA (96)
Ay =2/7 Wi, Az =[N —A\)]2n, Ayg=[7(A\ —A)]2n, By= 5 1W 2.
1

Here Ag, As and Ay, Ay are respectively the amplitudes of 1-solitons and singular solitons, while Bjg is the inverse
width of the solitons. So, the solitons exist for 7, > 0 and 7 > 0. Furthermore, when 79 = —71 A3, 790 = —71 A3 and

14



& = 0, the solutions (86) and (87) are simplified as

- 1 _ bw — 2ak Ay — A3
q(x,t) = Assn [B] (x { T }t),)\l_)\J

W oxp |9 —mm —An?mTixoTe — 4n2&TixoTe + T (1 4+ n) [kzuoﬂz(bv —a) + 4n?xo78 (cmz + QQ)] r40
P An2xo 727 (1 + n)(br — 1)

)

(97)

~ 1 bw — 2ak A2 — A

—4n? 7o — 4n? 7o+ 71(1 4+ n) K uoti(bv — a) + 4n?xo73 (ak? +
Xexpli{—mc—i—( N MN1T1X07) n§1T1x07Ty + T1( n)[ poTi (bv — a) TLXOTO(CLH Q2)] fa 0

)

4n2xo7371(1 +n)(bk — 1)

(98)

1 ~ N g —1)7k A=A .
As =[m(A2 — A3)]77, A5 = [F1(A2 — A3)] 27, Bj_( 2) \/ 1W1 > for j=4,5. (99)

where

Remark-3: When the modulus [ — 1, dark soliton solutions fall out:

1 bw — 2ak

4p2 =3 _ g2 23 0= (1 1) [R2u02(bo — a) + 4n2yo72 (ak? +
X exp lz {—nm+ ( n’*mTixe?s — 4n°6mixe s + Ti(1+n) [K2po7E (bv — a) + 4n’xo7d (ar® + Q2)] i

)

An2xo7371 (1 + n)(bk — 1)

(100)

= Aot 1 (- {55 )

% ex D S 74%21717'1)(0’7‘8 — 4712517'1)(0’7'3 + 7~'1(1 + n) [kzlLLo’TN'%(b’U — CL) + 4712)(0’7’3 (anz + QQ)] b 9
P an2xo7g (1 + n)(br — 1)

)

(101)
where \; = As.
Case-2: If we take 0 = 4, p = 0 and ¢ = ¢ = 2 in Eq. (74), we assume that Egs. (72) and (73) have the

following formal solutions:
U1=TQ+T1\I/+7'2\112, (102)

U = 7o + 70 + 702, (103)

where 7, 7; (i = 0,1,2) are constants to be determined later and U satisfies Eq. (24). Substituting these formal
solutions and their necessary derivatives into Egs. (72) and (73), and solving the resulting system of algebraic
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equations one recovers the following solution set:

_ Pmxos (m + &) _2n’1ixeTo (m + &)
PO TR0t n)a—to) M7 T ERRA+n)(a—b)’

~n?xo(m + &) (1872 + 2737) 2Py (m + &)
b nA+n)a—tbo) BT TR +n)(a—bv)’

 nPmxo(m + &) ~n(n+&) —mh _ T™To . TiT2 .
‘u4iik‘2(1+n)(a—bv)’ 527 7~_2 ) 0O = —=» 7_1*7_725 T1 = T1,

T2
L —47370 (. + &1) + T2 [11 (1 + &) + 472 (1 + 1) (as® + Q2)]
Ty — T2, T0 = T0, Ty = T2, QlZQQ, W = = .
4157 (1 +n)(bk — 1)

(104)
Substituting these results into Eqs. (24) and (29), we observe that
dv
H(E—&) =W, [ — 105
(€= &) 2 AT) (105)
where
AW) =0ty B3gs P22y My [0 W2=1/@~ (106)
Ha Ha M4 Ha Ha

Integrating Eq. (105) and taking & = 0, we obtain the traveling wave solutions to Egs. (66) and (67) in the forms:

When A(¥) = (¥ — )%, we obtain solutions as

S

J

2
W-
alw.t) = ZTj AL E bwi 2akK
Jj=0 klex—<S — >t
(=)
: —47370 (m 4+ &1) + T2 [11 (. + &) + 472 (1 + 1) (as® + Q2) ]
X exp [Z {—Ii{L' + < Trera(l ) (e — 1) t+607|, (107)
jq 7
2
- W.
r(xz,t) = ZTJ’ At wa_ o
Jj=0 klx—< — ('t
(- =)
. —47370 (m + &1) + 72 [7F (1 4 1) + 472 (1 + 1) (ak? + Q)|
X exp [z {—m: + < Py s y yo— t+60,]. (108)
When A(¥) = (¥ — X;)3(¥ — X2) and Ay > A1, we get solutions as
jq o
2 2y
q(x,t) = ZTj A1+ W7 (2 )\1()) - 5
§=0 AW — [k()\l — ) (a: - {‘;b;‘m} t)]
, —47370 (m + &) + 72 [ (m + &) + 4m2(1 + n) (ak? + Q2)]
X exp [z {—m: + ( a7 £ 1) (br = 1) t+60,1|, (109)

16



AW3Z (A2 — A1)

ol SR T A T

X exp [z {—m: + <_4T22%0 (m + &) + 72 [ (1 + &) +472(1 + 1) (ar® + Q2) ] ) t+0}

When A(¥) = (¥ — A\1)3(¥ — \)2, we have solutions as

1

2 A — My
q(z,t) = |:z%7—j ()\2 + FOn =) R 1) ]
T
X —47’22%0 (7]1 +51) + 7:2 [T12 (771 +€1) + 47’2(1 + n) (CLI€2 + QQ)]
X exp [’{_’“H( A7 (1 + 1) (bk — 1) )He}

, (111)

r(z,t) = {i@ ()\2+ — Ag—xzw_zam )] o
B -

. —47370 (m + &) + 72 [ (m + &) + 4m2(1 + n) (ak? + Q2)]
exp [Z {_m + ( 407 (1 + n)(br — 1) t+90

and

1

— : T; e |
o) = [Z J ( O (- ()] ) ]

: —47370 (m 4+ &1) + T2 [11 (. + &) + 472 (1 + 1) (as® + Q2) ]
X exp H_*’”“ < A7 (L + 1) (b — 1) t+0

; (113)

L

- 2 N 1 AL — Ao T
e {Z | ( o [ ([ ] ) }

. —47370 (m + &1) + 72 [7F (1 4 1) + 472 (1 + 1) (ak® + Q)|
X exp [’ {_’“ * < dra7s (L + 1) (b — 1) b0

. (114)
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When A(¥) = (¥ — A\1)2(¥ — X2)(¥ — A3) and A; > X2 > A3, we recover bright soliton solutions as

jq 7
2
A A2) (A s
alet) = | D7y [ M- (;w;)(l 3) — —
§=0 B B 1 3 ~ Jbw —2ak
2A1 )\2 )\3 + ()\3 )\2 cosh W2 <£L’ { 1 —br }t)‘|
. 47370 (m + &) + 72 [7£ (m + &) + 472(1 + n) (ar® + Q2)]
— t+ 0 11
X exp lz{ KT + ( ra7a (1 )bk — 1) + ) (115)
jq 2
2
T(Iyt) = Z%] )\1 — (/\1 \/)\2)()\1 >\3) )
— kv/(A - A bw — 2ak
j=0 _ _ 1 3 -
21 — Ao — A3 + ()\3 /\2 cosh W, (l‘ { 1 b } t)]
: —4737 (m + &1) + T2 [ (m + &) + 4n2(1 4 n) (ar? + Q2)]
— . 11
xexplz{ /@m—l—( Irsn(l ) (bn—1) t+6 (116)
When A(P) = (T — A1) (T — X2) (T — A3)(T — A\y) and Ay > A2 > A3 > A4, we find solutions as
jq 7
2
ale,t) =D _75 | Aot k(\);)\ /\2)0\4)\_ /\21\ ) o
=0 _ 2 1 27 M _ )T aak
Ay — Ao+ ()\1 /\4 SIl W, (l‘ { = }t) ,l]
. 4737 (1 + &1) + T2 [7E (1 + &1) + 42 (1 + n) (as® + Q2) ]
— 11
P [Z{ ’“H( Ary7o(1 + n)(br — 1) troe (0
jq 7
2
A A2)( Ay — A
rwt)= |37 A+ k'(\/l/\ 2 - >A : —
J=0 _ 9 1— 2 — A4 _Jbw —2aK
A= X (A~ Ag)sn o (a-{B=0de) ,z]
. — 47370 (m + &) + T2 [17 (m 4 €1) + 411 4 n) (as® + Q2)]
- t+ 0 11
X exp lz{ KT + ( a7 (1 1 )bk — 1) + ) (118)
where
A2 — A3)(A1 — \g)
2= : 119
r 20— Aa) e
Note that A; (i = 1,...,4) are the roots of the polynomial equation
A(T) =0. (120)
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Remark-4: When the modulus I — 1, the solutions (117) and (118) are reduced to singular solitons given by

jq 7
g(w,t) = 22:7‘ A2 + 1~ )W‘ )
’ =’ 2 [ LBV =2 = M) bw — 2ak
)\4 — )\2 + ()\1 - )\4) tanh 2W Xr — ﬁ t
) _
: 47370 (m + &1) + 7o [1§ (4 &1) + 472(1 + 1) (ak® + Q2)]
— t+6 121
P [’{ m”( Ary7a(1+ n) (b — 1) N (121)
jq 7
22:;, o + (A= A2) (A — A2)
J
i ky/(A1 —A3)( A2 — A -2
=0 A1 — A2+ (A1 — \g) tanh? |+ vV 21;/)( 2 — M) (x_{bb;bsz}t)l
) _
. —A47370 (m + &) + 72 [11 (m + &1) + 472(1 + n) (as® + Q2) ]
— 1
X exp [z{ Iil‘—‘r( Pr g — t+6 (122)
where A3 = A\4.
Remark-5: However, if [ — 0, the solutions (117) and (118) are reduced to singular periodic solutions:
jq
’ =" k\/ /\1 ) — M) bw — 2ak
A — Ao+ (A — Ay) sin? 2W2 R e ¢
—47370 (m + &) + T2 [ (m + &) + 4m2(1 + n) (ak? + Q2)]
L — 12
xexp[z{ mx—i—( Trsna(l L) (e = 1) t+6 (123)
jq 7
i%_ - (M — )\2)(>\4 )
J
=0 Ar— A+ (A1 — A\y) Sln k\/ M~ 2W 3)(A2 = Aa) (z{%}t)]
A _
, —47370 (m + &) + 72 [1E (m + &) + 4m2(1 + n) (ak? 4+ Q2)]
- 124
e [’{ ’“H( dro72(1 1 n)(br — 1) 0 (124)
where Ao = A3.
5 LOG-LAW NONLINEARITY
For log law nonlinear media, F'(s) = In s, solitons in magneto-optic waveguides is modeled by [8, 14]
iqt + aqzy + qut + (fl In |Q\2 + m In |7"2) q= erv (125)
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iy 4 argy + brey + (&21n 7% 4 12 In |q|2) r = Qogq. (126)
Thus for the model (125)-(126), the real part equation (17) reduces to

k*(a — bo) P + (bwk —w — ak?) Py + 26 Py In Py + 2 P In Py — Q1 P, = 0, (127)

k*(a — bo) Py + (bwk — w — ak?) Py + 265 PsIn Py + 202 Py In Py — Q2P = 0. (128)

To obtain an analytic solution, we use the transformations

1 1
P =exp 7 = exp A = Py, (129)
in Egs. (127) and (128) to find
k?*(a — bv) {(U})? + 20U, (U})? = UFU{' } + 2(&1 +m)UP + (bwk —w — ar® — Q1) UY = 0, (130)
k*(a —bv) {(U3)? + 2U5(U3)? = U3US' } + 2(&2 + n2)U3 + (bwrk — w — ar® — Q) Uy = 0. (131)

The extended trial function scheme will be applied to Egs. (130) and (131) to retrieve bright, dark and singular
solitons.

According to the balance principle, we determine a relation of o, p, ¢ and ¢ as

=o—p-—2. (132)

N

g =
When 0 =3, p=0and ¢ =¢=1in Eq. (132), Egs. (130) and (131) have the solutions in the form

U1 =T0+T1‘1/, (133)

Uy = 7+ 70, (134)

where 7;, 7; (i = 0,1) are constants to be determined later and ¥ satisfies Eq. (24). Substituting these solutions
and their necessary derivatives into Eqs. (130) and (131), and solving the resulting system of algebraic equations
one recovers the following solution set:

_ 271 X075 (Q2 — Q1) _ 671 X075 (Q2 — Q1)
MO = 1222 (0 —bo) (m — 7))’ " T BA(a—bo) (n—7)
= 671 X070 (Q2 — Q1) s = 211 x071 (Q2 — Q1)
k2(a —bv) (11 = 71)’ k2(a —bv) (11 —71)’ (135)
¢ :—7]17'1+T1(771+Q1—Q2) ¢ :—772(71—7'1)-1-7'1(@1—@2)
! 1L —T1 no? 1 —T1 ’
. . . . 170 I (cmz + Ql) -7 (a;@Q + Qg)
=7, To=T0, T1=T1, To= =, W= p :
1 (bk=1)(n —71)

Substituting these results into Eqs. (24) and (29), we observe that

(- &) = \/Ws/\/% (136)
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where

AW) =03 4 B2g2 g Mg g Fo g X0
M3 3 3 w3

Consequently, we obtain the traveling wave solutions to Egs. (125) and (126) in the forms:

When A(¥) = (¥ — A\;)3, the following Gaussons solutions are obtained:
-1

4T1W3
bw — 2ak 2
A S=SUR

XeXplZ'{—mc—i—( 1 (aw® + Q1) — 71 (aw® +Q2) t+9

q(x,t) =exp |79 + 1AL +

(b —1) (11 — 71)

47 W-

r(x,t) =exp |To + T1A1 + nws
i (e bw 2cm

1—br

X exp li{—"m‘f‘( (cm +Q1)—T1 ak? +Q2 t—|—9

(bk — 1) (11 — T1)

When A(¥) = (¥ — A\)3(¥ — \y) and Ay > A, the following solutions are recovered:

q(w,t) =exp

% oxp ll {m:Jr <T1 (ar? + Q1) — 71 (aifQ +Q2)> tJrg}

(bk = 1) (11 — 71)

r(z,t) =exp

X exp [z {—Hl‘—F (Tl (cm2 +Q1) —n (aﬁz +Q2)> t—|—9}

(b = 1) (11 — T1)

When A(¥) = (¥ — A\1)(¥ — X3)? and A\; > )g, the following solutions fall out:

kA=A bw —2
7o+ A+ 1 (A — )\Q)COSBCh2 (2 A2 (m — {wcm

W3 1-0bk
X oxp |j:{/€$+ (7‘ (ar? + Q1) — 71 (ak? + Q2 >t+9}
- - - 2 bw — 2ak
To + T1A1 + 71 (A1 — Ag)cosech R e

(bﬁ_l)(Tl_Tl
X exp li{_,m_i_( 1 (ar? +Q1)—7'1 ar® + Qs) . }

q(w,t) =exp

r(x,t) =exp

(b —1) (1 — 71)

21

AL —A bw — 2ax -
T0 +7—1)\2 +7_1(>\1 )\Q)tanhQ (2 1W3 2 |:k <.T — {1—[)[{} t> — 50:|>]

_ 5 A bw — 2 -
To+T1de + 71 (A1 — /\2)tanh2<2 1W3 {k(z—{%}t)—@})]

(137)

(138)

(139)

(140)

(141)

(142)

(143)



When A(¥) = (T — A1)(T — A2) (T — A3) and A\; > Ay > Ag, the following solutions emerge:

1 [a -\ bw — 2 -
P i G L)

. 1 (ak? + Q1) — 71 (ar? + Q2)
X exp |"L{—l€l‘—‘r< r—1) (1 —71) t+6

Fo 4 F1As + 71(A2 — A3) sn® (% i [ ( {bﬁ—izﬁ} >_50},1>]_1

X oxp [i{—mc—l— (T (ar? + Q1) — 71 (ak? + Q2 ) i ] (145)

q(z,t) =exp

(144)

r(x,t) =exp

(bk — 1) (11 — 71)

where
Ay — A3
?= : 14
N (146)
We note that \; (¢ = 1,2,3) are the roots of the polynomial equation
A(T) = 0. (147)
When 79 = =11 A1, To = —T1A1 and & = 0, the solutions given by (138)-(143) are reduced to
_9 2
w2 (g bw ak .
(2,1) = ex L= bx
L) =P AW
. 71 (ak? + Q1) — 71 (ar® + Q2)
X exp |14 —KT + — t+0 148
pl{ ( (b — 1) (r1 — 71) (148)
2
w2 (g bw — 2ak "
r(xz,t) =ex L bx
1 TP 47 W
. (cm +Q1)—7'1 (cm +Q2
— 14
xexplz{ mc—l—( or— 1 (= 71) t+6,1|, (149)
k A1 — X bw — 2ak
= A I A A) _
q(z,t) =exp lTl(AZ_Al)COb (21/ " <x { T— }t) ]
51 (a,‘{2 + Ql) -7 ((m + Qg
— 1
X exp lz{ /@x—k( or—1) (1 —71) +6 (150)
1 o[k [A1— A2 bw — 2ak
t) = —— _cosh® ([ 2,/ - t
r(z,t) =exp l%l()\z_/\l)cos (2 W <x { — } ) ]
. 1 (ak? + Q1) — 71 (ar® + Q2)
— 151
xexplz{ m:—|—< =1 (1= 7) t+0 (151)
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and

1 ok A= X bw — 2ak
t) = S — T N _ ;
Q(x ) P |j’1 ()\1 — )\2>SIH (2 W3 <SC { 1-bk } >

. 7 (ak? + Q1) — 71 (ar? + Q2
X exp [z {—Hx—!— ( r—1) (= 71) ) 9}

B 1 o[k A1 — A2 bw — 2ak
r(z,t) =exp [%I(Al_Aﬂsmh <2“W3 <x{ T on }t)

s exp HHH (n (ar®+ Q1) — 71 (af + Qs )He}

|

|

(bk =1) (1 —71)

Moreover, when 79 = —71 A3, 7o = —T1 A3 and & = 0, the solutions given by (144) and (145) are reduced to

( t)— 1 Il2 E //\1—)\3 _ bw — 2ak " )\2—)\3
KA —exp T1(>\27)\3) i $2 W3 v 1—bk 7)\17)\3

% exp [i{—/ﬂv—&— <7'1 (ar®+ Q1) — 71 (af2+Q2 >t+9}

(bk — 1) (11 — T1)

T(LL' t):exp 1 n52 $ﬁ /\1—)\3 r— bw — 2ak " )\2—)\3
’ %1()\27)\3) 2 W3 1—bk ’

% exp [z’{—m@—&— <7'1 (ar®+ Q1) — 7 (ajf2+Q2 )t—i—@}

(bk — 1) (11 — T1)

Remark-6: When the modulus | — 1, the following exact solutions fall out:

e e (B e {222

% oxp ll {_Im+ (ﬁ (aw®+ Q1) — 7 (afﬂz +Q2)> t+9}

(bk — 1) (11 — T1)

=gy (4B (o= {5229

% exp [i{—m:—k <T1 (aw® + Q1) — 7 (afiQ +Q2)> t+9}

(bk — 1) (11 — T1)

where \; = As.

6 CONCLUSIONS

(152)

(153)

(154)

(155)

(156)

(157)

This paper obtained soliton and Gausson solutions to magneto-optic waveguides having three forms of nonlinear

structures, namely Kerr law, power law and log-law. These are bright, dark and singular solitons.
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In addition,



several other forms of solutions naturally emerged from the integration algorithm. They are cnoidal waves, plane
waves and several others. All of these solutions are listed with respective constraint conditions for their existence. The
soliton solutions to magneto-optic waveguides will be extremely useful in the technology of fiber-optic transmission.
The results of this paper thus carry a lot of future prospects from the research perspective. Other laws of nonlinearity
will be addressed later. Additionally, perturbation terms will be included to give a rounded picture to information
transmission technology. Such results are awaited at this time and the readers are suggseted to stay tuned.
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