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Abstract

This paper studies solitons in optical fibers by the aid of extended trial function method. This powerful math-
ematical tool is applied to birefringent fibers with Kerr and parabolic laws of nonlinearity. Bright and singular
soliton solutions are obtained along with respective constraints that must hold to guarantee the existence of these
solitons. As a byproduct, singular periodic and doubly periodic solutions are also recovered from this algorithm.
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1 INTRODUCTION

Optical solitons is one of the most fascinating areas of research in the field of nonlinear optics. In fact, solitons
are treasure-trove for long distance fiber-optic communication along trans-continental and trans-oceanic distances.
However, when rubber meets the road, there are several problems one encounters. These are pulse dissipation and
attenuation, evolution of ghost pulses, collision-induced frequency and timing jitter and many more. This paper will
discuss the consequence of pulse splitting. When a pulse is injected into the optical fiber at the initial end, it tends
to split into two orthogonal components. This occurs due to random variation of fiber diameter, twists and bends as
well as other unwanted features that naturally cause these polarization. The splitting of pulses lead to differential
group delay and this phenomena is called birefringence in optical fibers.

The basic fabric of soliton propagation is the nonlinear Schrodinger’s equation (NLSE) [1-20]. For birefringent
fibers, the dynamics of these soliton propagation is modeled by vector coupled NLSE where the two components of
NLSE represent split pulse components. The coupling between the two components is maintained by cross-phase
modulation. There are several perturbation terms that are considered in this paper, although four-wave mixing
(FWM) terms are neglected. Two kinds of optical fibers are studied in this paper. These are Kerr law nonlinearity
and parabolic law nonlinear medium.

The aim of this paper is to extract exact 1-soliton solution for the coupled NLSE by using a powerful integra-
tion tool. It is the extended trial equation method. This algorithm extracts bright and singular soliton solutions in
birefringent fibers along with respective constraint conditions that guarantee the existence of these solitons. This
integration scheme, as a byproduct, also reveals additional solutions such as singular-periodic and doubly periodic
solutions that are not studied in nonlinear optics. The details are discussed in the upcoming sections.

2 KERR LAW NONLINEARITY

This section bright and singular soliton solutions in birefringent optical fibers with Kerr law nonlinearity. The
dimensionless form of the coupled NLSE with Kerr law nonlinearity is given by [1, 2]

iqr + a1Gee + b1qae + (cilg] + du|r[*) g+ i {Oéqu + 61 (|Q|2 Q) +u1 (|Q|2) q+01 g gz + ’qumx} =0, (1)
T T

1Ty + AoTyy + borgs + (02|r|2 + d2|q|2) r+1 {0427“1 + B9 (|r|2 r) + 9 (|r|2) r+ 0o | e + Wgrmw} =0. (2)

In (1) and (2), q(z,t) and r(z,t) are complex valued functions that represents the soliton profiles for the two com-
ponents in birefringent fibers. For [ = 1,2, a; represents group-velocity dispersion (GVD) and b; is the coefficient of
spatio-temporal dispersion (STD) along the two components. These STD terms are necessary to be included, since
it induces the model to be well-posed as reported during 2012 [8, 9]. However, NLSE with STD was already studied
in the past with STD [18]. Next, ¢; and d; represents the self-phase modulation (SPM) and cross-phase modulation



(XPM) respectively. From perturbation terms «; represents the inter-modal dispersion, j; is the self-steepening term,
v; and 60; are nonlinear dispersions and finally ~; is the third order dispersion that must be included for small GVD.

The extended trial function method method [10-15, 17] is implemented. To start off, ¢(x,t) and r(x,t) are written
in the phase-amplitude format as [1, 2]

q(z,t) = Py (x,t)ewl(z’t) = P (z, t)ei(f"“l”“’l””l), (3)

and
r(z,t) = Pg(x,t)ei‘b?(””’t) = Py(x, t)ei(_””J“"?H"?), (4)
where P, for [ = 1,2 are the amplitude components of the solitons and ¢;(x, t) are its phase components, defined as
o1 (z,t) = —rix + wit + oy. (5)

Here, k; are the frequencies of the solitons in each of the two components, w; are the wave numbers, while o; are the
phase constants. Substituting (3) and (4) into (1) and (2) and decomposing into real and imaginary parts lead to

%P, 0%P,
(wi + @ik} — ik — auky + k7)) P — diPPP — (Bykg + Ok + @) PP — (ar + 3%!@)872! - b’ax—ais =0, (6)
and OP, OP, OP, o*P,
_ g8 _ _ 2y Y21 2971 g _
(1—bk1) Bn (2@1%1 biw; — oy + 3’71&1) pe + (381 +2v,+6,) P, or + M 923 0, (7)
for I =1,2 and [ = 3 — [. Under the traveling wave transformation
Pl(xvt) :Ul(g)v PQ(Iat) :UQ(é.)a ng(I_’Ut)v (8)
we have
2 3 2 3 2d2Ul
(wl + aik; — bikiw; — oK + ”yml) U, — dlUlU[ — (ﬂllil + 01k + Cl)Ul — (al —bv + 3”yml)B d—§2 =0, (9)
and d d d3
U, U, U,
— (’U(l — bl/fl) + 2a;k; — bjw; — o + 3’71/@2) Bd_fl + (3[31 + 2u; + 91) BUl2d—§l + "legf; =0. (10)
From (10), the third term implies
M =0, (11)
for I = 1,2 so that Egs. (9) and (10) reduces to
2 2 3 2d2Ul
(wl + air; — bikw; — aml) U, — dlUlUl’ — (Bllﬂ + 0;x; + Cl)Ul — (a; — blU)B TS =0, (12)
and dU dU
— (v(1 = byky) + 2ark; — b — o) Bd—gl + (3B, +2v + 6)) Bde_éf =0. (13)

Therefore, exact solutions for Kerr law nonlinearity in birefringent fibers will exist provided the third order dispersion
coefficient is zero. This is an important issue that was earlier reported in 2014 [1]. Next, setting the coefficients of
the linearly independent functions, in (10), to zero gives

- 20,1/%[ — blwl — ]

= 14
v 1 (14)




and
36+ 2y, + 6, =0. (15)

Eq. (14) is the velocity of the soliton for two components and Eq. (15) represents the constraint condition in order
for the soliton to exist. Also, from (14), the following condition is needed:

bllﬂ # 1. (16)
Then, from (14), equating the velocity of the solitons leads to a constraint condition given by
(2&1/11 — b1w1 — al)(bglig — 1) = (2&2/12 — b2w2 — 042)(1)1/%1 — 1) (17)

Consequently, the real part Eq. (9) changes to

d?U

(w1 + am% — bikiw — 041111) U, — d1U1U22 — ([‘31/{1 + 0151 + Cl)Uf’ — (CLl — bl’U)B2 d§21 =0, (18)
2 2 3 2d2U2

(U.)Q + agsky — bakows — 042112) Us — dQUQUl — ([‘32/{2 + O3K9 + 02)U2 — (CLQ — bQ’U)B =0. (19)

dg?
We will now analyze the system of equations (18) and (19) to secure soliton solutions by extended trial equation
method in the following subsection.

2.1 EXTENDED TRIAL EQUATION METHOD

For solutions to (18) and (19), the following assumption for the soliton structure is made

N
= Zﬁ"l’i, (20)
i=0
6 .
= Z%i\ljlu (21)
i=0
where B(1) o o
A R ¥+ po
)2 = A(T) = -k , 22
) W) T) x4+ xa¥ +xo (22)
Using the relations (20)-(22), we can derive the terms Uy’ and Uj as follows:
Y(O)TW) = W)YV (§~. pi1) , W) (S~ =
"o Als? _ Ayt
Ul = eI ;Wy + T(0) ;z(z 1)7; U , (23)
and s .
(V)T(V) — (W)Y (V) (- g W) (., e i
" — AL — —1)70i2 24
U, 2Y2() ;ZT + () ;Z(l )7 5 (24)

where ®(¥) and Y(¥) are polynomials of ¥. We can reduce Eq. (22) to the elementary integral form as follows:

\I/
e &) = / et (25)
We substitute Egs. (20), (21), (23) and (24) into Egs. (18 ) and (19). Then, we use the balance principle and find
that 5
€—p—
c=¢= 7; : (26)



When e =4, p=0and ¢ =¢=1in Eq. (26), we have

Uy =1+nY, (27)
Us =70+ 71V, (28)
and 5 )
4y 3usW 20U
Ul — 71 (4pa W + 3z V= + 2p0 +M1), (29)
2Xo
F1 (403 + 3us W2 + 2450
Ué/ — Tl( ,LL4 + :u; + :u’2 + ,LLl), (30)
X0

where pgq # 0, xo # 0. We substitute Egs. (27)-(30) into Eqgs. (18)-(19) and collect the coefficients of ¥. Then, we
solve the resulting system and obtain the following results:

B $2i7’074/2 (12 B*H3 + 275 x0H3) B 3F2iTOﬁXOH3 _ TixoMs
H1 = %IBQH% ) M3 = B2H1H2 ) M4 = 2B2H4 )
- - 1T H1 N iToH2
Mo = po, f2 =H2, Xo=Xo, To=To, T1=T1, T1=7=% TR To=F H
w /142327‘[% (al — bl’U) + X0 [H1H5 (aml — al) + 37’37‘[3 (al — bl’l})} (31)
1 p—

XoHs (bir1 — 1) ’
/1,232 (a2 - bgv) (7‘[6 — H7) + Xo [Iig (ag — aglig) (7‘[6 - 7‘[7) - 3T02'H3 (a2 - bgv)}

XOIH% (bgﬁg — 1) ’

Wo =

where

Hi = v/ aica — asdy — bicav + badyv + ka2 (a1 — byv) (B + 62),
Ho = \/dz (a1 — biv) — az (c1 + k1 (B + 61)) + bov (c1 + k1 (B1 + 61)),
Hs = —dida + (c1 + k1 (B1 +01)) (c2 + K2 (B2 + 62)) ,
Ha = asc1 — arda — baciv + bidav + K1 (a2 — bav) (B1 + 61),
Hs = dy (a2 — bav) — a1 (c2 + K2 (B2 + 02)) + b1v (c2 + K2 (B2 + 02)),
He = di (a2 — bav) + biv (ca + ko (B2 +02)), Hr =a1 (ca+ k2 (B2 +62)).

Substituting the solution set (31) into Eqs. (22) and (25), we find that

i(é—ﬁo)—W/\/%, (33)

where

AT) =0t 4 BBy FP2g2 My | FO gy X0 (34)
122 122 Ha 122 122

We integrate Eq. (33) and insert the result into Eqs. (27) and (28). Then, we obtain the exact solutions to Egs.
(18) and (19). Consequently, we have the traveling wave solutions to the coupled NLSE with STD and Kerr law
nonlinearity as follows:

When A(¥) = (¥ — \;)%, then we obtain

T1W
B (:L, _ 2(11}61—1710.11—(11 t) _ 50

q(l‘,t)z 70+ T1A\1 £

bllﬁlfl

,L{ iz <M232’H%(a17b1v)+x0 [Nle(al ~170<1)+37-§H3(a1 —blu)] > t+gl}
Xe

xoHs5(b1r1—1)

; (35)



When A(T) =

When A(P) =

and

r(z,t) =

a4

To+T1A1 £

2(12&2 b2W2 [e D]
B (o — Zumbunony) g,

H7)+xo['iz(ﬂ2*a2N2)(H6*H7)*3T§H3(a2*b2v)]

{ (u232(a2*b2v)(ﬂsf
14 —RKox+
Xe

xoHZ(bgro—1)

(U — X1)3(¥ — A2) and A2 > A, then we get

q(a:,t) =

r(z,t) =

q(z,t) =< 10+ T A2 +

r(z,t) =

gz, t) =< 70+ A1 +

r(z,t) =

4W2 ()\2 — /\1)7‘1

Jon}

T0+7’1/\1 +

AW? — [(Al “ ) (B (x Wt) go)}

1r1—1

. n2B2HE (ay *blvon['ﬂle(awl *ﬂ1)+3T§H3(a1*51U)]
1) TRzt X0H5(b1r1—1) t+oa
Xe

)

AW2(Ay — M\1)71

7'17)+><o[*@2(042*‘12'w‘2)(7'¢6*7'17)*37'0 Hs(ﬂz*bzv)]

{ (#232@2*172@)(7'16*
14 —KoxT+
Xe

(U —X\)2(V —

A2)?, then we have

x0H3 (barg—1)

(/\2 - /\1)7'1

[0 (5 - ) )

Jor}

exp [)‘1

o (B - e 9]

x0Hs5(b1r1 —1) >t+01}

. ng B2H3 (ag —by U)+X0[~1H5(a1 K1 *a1)+3m7'¢3(a1*b1v)]
—K1T+
Xe

(A2 — )71

To + T1A2 +

eXp |:)\1I;/>\2 (B (x 2(12&;2’{1722(4)12 a2 t) _ 50):| _ 1

H7)+xo['iz(ﬂ2*a2N2)(H6*H7)*3T§H3(a2*b2v)]

{ (u232(a2*b2v)(ﬂsf
14 —Kox+
Xe

X0HZ(baro—1)

(/\1 - /\2)7'1

)

=

exp [’\1

{ (#23271%(&1 *b1U)+xo[N1H5(a1'i1 —a1)+37¢Hgz(ay *blv)]
—K1x+
Xe

x0Hs5(b1r1—1) >t+01}

To+ T1 A +

(A1 — A2)71

eXp |:)\1I;/>\2 (B (x 2(12&;2’{1722(4)12 a2 t) _ 50):| _ 1

7'¢7)+Xo[*vz(042*‘12N2)(7‘¢6*7%7)*37'37'13(az*bzv)]

% B2(a —bov)(He—
Z{ “ ( 2 2 2v)(He
Xe

x0H3 (barg—1)

e B m) e

)

)

o]

(36)

(38)



When A(U) = (¥ — A\1)2(¥ — X2)(¥ — A3) and Ay > A2 > A3, then we attain
2()\1 - /\2)()\1 - )\3)7’1
2&—&—&+w—hmm(lL%&lﬂp@—%%%gﬂm)

. uszH%(mfbw)ero [mle(alml7041)4»37'37-{3(11171)11/)]
i TRt xoH5(b1rr—1) o
xXe

q(z,t) =< 10+ 11 A1 —

) (43)
r(:c t) = 7~'0 + %1)\1 — 2()\1 — /\2)()\1 _ )\3)%1
2m—m—k+w—hmm(lL%&lﬂp@—ﬁ%%%&m)
. 1‘232(‘12*1’211)(7{6*7{7)‘*’760[*‘2(0‘2*a2N2)(H6*H7)*373H3(a2*b2”)] '
1 et xoH3(bara—1) to2
xe (44)
When A(P) = (T — A1)(T — A2) (T — A3)(¥ — A\y) and A > Ag > Ag > A4, then we achieve
o0 = S m+ e+ Rl - Ae)Oh — o)
’ TS - a1kl — w1 —Q
A — A2+ (A — Ayg)sn2 [iw {B (:v— 21&}?*0 —50] ,1
i naB2H2 (a1 —b v)+xo|r1Hs(a1k] —a Y4372 H (a1 —byv)
xel{_mm—F( E— OX[O;*SZ’Mllil) e ]>t+a1}7 (45)
r(z,t) =< 7o+ T1ha + 11— ) = o)
, TS - a2k — wo —Q
A — A2+ (A — Ag)sn2 [i—\W {B (x— %t) —50] ,1
. Msz(aszzv)(HG*Hﬂero[Nz(042*az~2)(HG*H7)*3T§H3(¢12*b2W)] '
1 et x0H% (bgra—1) +oz
Xe 9 (46)
where
Ao —A3)(A1 — A
12:(2_ 3)(1_ 1) (47)
(A1 = A3) (A2 — A\g)
Also, \; (i =1,...,4) are the roots of the polynomial equation
A(T) =0. (48)
When 79 = —11 A1, To = —T1 A1 and & = 0, then we can reduce the solutions (35)-(44) to plane wave solutions
. #25‘2Hf(a1*b1U)+X0[N1H5(a1N1*ﬂ1)+3T§H3(a1*blv)]
(LL' t) 5 5114 ez —rzt X0 Hs5(brr1 —1) t+ou (49)
7 B (:v _ wt) )
bllilfl
B . u232(a2*b2v)(7{6*H7)+xo[N2(ﬂ2*a2h'2)(716*H7)*3T§H3(a2*bzv)] ‘
r(z,t) = ¢+ nw el e xoHi(bara=1) s
’ B (:c _ wt) ’
bzl{z*l

(50)



4W2 ()\2 - /\1)7‘1

q(z,t) = 5
W2 = [ = o) (B (v — 2umhiezony) )|
. npB2H3 (a1 —b1v)+x0 k1 Hs(arr —a1)+378 Ha(ag —byv)
xez{_m”( 1 i ]>t+01}, (51)
AW?2( Ny — )T
Pz, 1) = (A2 1)71 ]
W2 — [ = o) (B (w— 2eampstasamony ) )]
. Msz(aszzv)(HG*HﬂJrXo[Nz(042*az~2)(7'¢6*H7)*3T§H3(a2*bzv)] :
D xoH3 (bara—1) to2
xe : (52)
singular soliton solutions
(/\2 — )\1)7’1 /\1 — )\2 2@1%1 — blwl — Q1
t) = —-"—1<1 th B — t
a(a, ) 2 TN Tow v biry — 1
i{_ﬁlm_‘r(ugBZH%(al7b1u)+x()x[:;’):?b(la’1:i;)al)+3T§’H3(a17b1u)]>t+al}
Xe ) (53)
()\2 — )\1)%1 /\1 — )\2 20,252 — b2w2 — (X9
t)=—-"-<1 th B - t
r(@,t) 2 TR Tow v barz — 1
i u2B2(a2*b2v)(H6*H7)+xo['iz(ﬂ2*a2N2)(H6*H7)*3TgH3(a2*b2v)]
by et xoH3(bgra—1) t+oz
Xe ) (54)
and bright soliton solutions
A
q(z,t) = P—
C +cosh | D (B (v - 2um=bzony ) )|
1K1
i{ . (MszHf(al*blv)+xox[:;{7:?b(::i;al)+3T§H3(a1 *blu)] >t+01}
Xe ) (55)
A
r(z,t) =
C + cosh [D (B (x — %’%t»}
i u232(a2*b2v)(716*”7)+xo['iz(ﬂ2*a2N2)(H6*H7)*3T§H3(a2*b2v)] ‘
0y TRzt XO’H%(b2“2*1) To2
xe , (56)
where
A 2(A1 — A2) (A1 — A3)m - 2(A1 — A2)(M1 — A3)71 D_ \/()\1 —A2)(A1 — A3) o 201 — A2 — A3 (57)
A3 — A2 ’ A3 — Ao ’ w ’ Az — A2

Here, A and A are the amplitudes of the solitons, while D is related to inverse width of the solitons. These solitons
exist for ; < 0 and 7y < 0. Moreover, when 79 = —71 A2, 7o = —T1 A2 and & = 0, we can write the Jacobi elliptic



function solutions (45) and (46) as follows:

where

Remark-1: When the modulus [ — 1, a second form of singular optical soliton solutions are obtained:

where A3 = A\4.

q(z,

r(z,t) =

t) =

Ay

. uszHf(al*blv)+xo[h'1715(a1h'1 —a1)+3r3Hz(ay *blv)]
i< —K1x+ t+o1
Xe

C} + sn2 [Dj [B (.’L‘ _ 2a1k1-bjwi—oy t)} (A2*>\3)(>\17>\4)}

b1/€1—1 ? ()\1—)\3)()\2—>\4)

xoHs5(b1r1—1)

Ay

Cy + sn2 [Dj {B (x _ 2agky—bowr—ay t)} 7 (>\2—>\3)(>\1—)\4)}

i{71~e2z+(
xXe

A1=23)(A2—Aq)

u232(a2*b2v)(716*”7)+xo['iz(ﬂ2*a2N2)(H6*H7)*3T§H3(a2*b2v)]

b2l€271

x0H3F (barg—1)

A = 1 (/\1 — )\2)()\4 — )\2) /I . 721(/\1 - /\2)()\4 — )\2)
' A — Ay \/ ' A — Ay ’
A= Ao (=17 (M = A3)(Aa — A1)
G = Dj = =1,2).
DY VAR 2W » (1=12)

q(z,

r(z,t) =

£) =

Ay

X ugB2H%(a17b1 v)+Xx0 [Nle(al N17a1)+37'§7-£3(a1 7b1u)]
s —K1x+ t+o1
Xe

Ci + tanh? {Dj (B (;17 — Wt))}

1k1—1

xoH5(b1r1—1)

A

Cr + tant? [, (B (i~ 2oty |

i{—mgm-{-(
Xe

sz/g—l

usz(aszzv)(HG*Hﬂero[*vz(042*az~2)(7'¢6*H7)*3T§H3(a2*b2v)]

xoHZ(bgro—1)

Remark-2: However, if [ — 0, the following periodic singular solutions emerge

where Ay = A3.

q(z,

r(z,t) =

Ay

t) =

Cr+sin? | D; (B (o - 2em=bigzon) )|

. uszH%(al*blv)+xo[h'1715(a1h'1 *ﬂ1)+3T§H3(a1 *blv)]
i< —K1x+ t+o1
Xe

xoHs5(b1r1—1)

A

CL + sin?

i{—mgm-{-(
Xe

o, (=)

u232(a2*b2v)(7{6*”7)+xo[*vz(042*az~2)(7'¢6*H7)*3T§H3(a2*b2v)]

x0H3 (barg—1)

)

=

)

=

)

=

3

)

3

(59)

(60)

(62)

(63)



3 PARABOLIC LAW NONLINEARITY

For parabolic law nonlinearity, the coupled NLSE in birefringent fibers with GVD and STD is given by [1]

i + 010z + 01q0t + (cilal® + dalr?) g + (S1lgl* + mlal®Ir]* + Gurl*)
+ i{al%c + B (IqIQq) + 11 (|q|2) q+01lq] . +71qm} =0, (65)

iry + aorge + borg:e + (02|T|2 + d2|q|2) T+ (62|7‘|4 + 772|7“|2|q|2 + <2|Q|4) q
+ 3 {Oég’f‘m + B (|r|2 r) + vy (|r|2) T+ 0 |7°|2 e + 727“mm} =0. (66)
In (65) and (66), terms with ¢; and §; are asociated with SPM while d;, ; and ¢; are from XPM for parabolic law

nonlinearity. The rest of the terms have the same interpretation as with the Kerr law nonlinearity. Substituting the
same hypothesis as in (3) and (4) into (65) and (66), and decomposing into real and imaginary parts yields

%P, %P,
(wi + k] — bk, — oukg + K7) Pl—lesz—&Pf—771Pl3PZ—QPsz4—(Bml-i-@zfil—i—q)33—((11-#3%@)87;— ’ax—ais =0,
(67)
Op, OP, oP &P
(1 — bl“l)ﬁ — (2&[/11 —bw; — oy + 3”)/1/%[2) % + (3ﬁl + 2y, + 91) 32% + WW =0, (68)
for | = 1,2 and I = 3 — [. With travelling wave transformation (8), we have
2 3 2 5 3 4 3 2 d*U,
@4+aml—mmm—www+wm)ﬁ—®UﬂG—&%—Wﬂﬁ%‘QMUr%&m+@W+QﬂG—WﬁmW%Wmﬁgdg =0,
(69)
dU, dU d3U,
_ ('U(l — bllﬂ) + 2a;k; — bjw; — o + 3’71/%[2) Bd_fl + (3[‘31 + 2u; + 91) BUIQd_gl + FYIBBWJ = 0. (70)

From (70), once again v, = 0. The speed v of the soliton from the linearly independent functions is also given by
(14). The constraint conditions (15) and (16) also fall out from these linearly independent functions. Consequently,
the real part Eq. (69) changes to

d2U
(w1 + a1 — bikyw — ayk1) Ur —di Uy Uz — 6107 — U Uz — GULUS — (Biky + 0161 +¢1) U3 — (a1 —byv) B d§21 =0,
(71)

2 2 5 3 4 3 2d2U2
(w2 + agk3 — bakows — aakia) Uy — doUsUT — 62U3 —mpUs Uy — (U Uy — (Bokia + 02k +c2)Us — (az —bav) B ez 0.
(72)

We will now analyze the system of equations (71) and (72) to obtain soliton solutions by the extended trial equation
method in the next subsection.

3.1 EXTENDED TRIAL EQUATION METHOD
Balancing U;” with U in Eqgs. (71) and (72), we find that

1
N+2=5N&2=IN&N =, (73)

When 7; = 0, in order to obtain an analytic solution we use the transformation



that will reduce Egs. (71) and (72) into the system of equations

4 (w1 + a1k] — bikiwr — arky) Vi —4(dy + Biky + 0161 + 1)V — 481 + Q) Vi + (a1 — byv) B? {(1/1’)2 - 2V1V1”} =0,
(75)
4 (Wz + CL2H§ — bakowa — 04252) V22 —4(d2 + Bakz + O2kz + 02)‘/23 —4(02 + CQ)V24 + (a2 — b2v)32 {(‘/2/)2 - 2V2V2”} =0.
(76)
We substitute Egs. (20), (21), (23) and (24) into Egs. (75) and (76). Then, we balance the order of V;V}” and V;* in
Egs. (75) and (76) and find that

_ e—p-2
(L tmp=2 (77)
2
When e =4, p=0and ¢ =¢=11in Eq. (77), Egs. (75) and (76) have the solutions in the form
Vi(§) =m0 +7nY, (78)
Va(§) =70+ 11V, (79)

where 7, 7; (i=0, 1) are constants to be determined later. We substitute Eqs. (78)-(79) into Egs. (75)-(76) and
collect the coefficients of . Then, we solve the resulting system and find the following results:

7070 (—37’13)(07:37'[3 (CLQ — bﬂ)) + 3T3X07~'137‘[4 (CLl — bl’U) + 7’127207:17‘[1 + 7071%127'[2)

)

27-127~'12B2 (m7o — 1071) (@1 — b1v) (bav — a2)

X0 (T1HaHe (a1 — biv) + i HsHs (b2v — a2)) + 2/127'17le2 (T12?02 — 7'027~'12) (a1 — b1v) (b2v — a2)
e 27272 B2 (1170 — To71) (a1 — b1v) (bov — a2)

 2x0 (tE7oHs (az — bov) + To7EHy (b1v — a1))  mixoF1 (FHa (biv — a1) + 1 Hs (as — bov))

)

Ha = B2 (7’17:0 - 7'07:1) (a1 - bl’U) (bQU - CLQ) Ha = 2B2 (7'17:0 - 7'0721) (CLl - blv) (bQ’U - CLQ)
ot — a1 (7‘[9 — T127~'0 (CLQ — bQ’U) (;L2B2 — 4/1%)(0)) + 3T§X07~'127‘[4 (CLl — bl’U) + H7 + Hs
! 47’1)(0 (7’1~7~’0 — 7'07~'1) (bllil — 1) (CLQ — bQ’U) ’ (80)
Wy = 37—12)(07-(?%3 (a2 - bQ'U) + Hio — Hi1
} dx0T1 (Tofl —7170) (bakiz — 1) (a1 — blv):
6 = —8(1 7870 (a2 — bov) + 1171 (a2 — bav) (8¢i70 + 3Hs) — 378 Ha (a1 — byv)
87’1 (T17~'0—T07~'1)(a2—bg’1)) ’
50 — 71 (a1 — biv) (11 (8CaTo + 3Ha) — 8Cam0T1) — 3aoTiHs + 3baTivHs
? 871 (071 — T170) (a1 — b1v) ’
P2 = p2, Xo=Xo, To=7To, T1L=Ti, To=7To, T1=T1,
where

Hi = (a2 — byv) (—2p2B* (a1 — biv) — 37ox0 (K1 (B1 + 61) + e1 + d1)) — Xo7o (a1 — b1v) (k2 (B2 + 62) + c2 + da)
Ho = 3X0To (al — bl’l)) (FLQ (ﬁ2 + 92) + co + dg) + (ag — bg’U) (2/14232 (a1 — bl’U) + ToXo (m (61 =+ 91) +c1 + dl)) ,
Hs=r1(B1+01)+c1+di, Ha=ro(B2+02)+ca+da, H5:3T137~'§’+37‘0T127~'17~'02+37‘027‘17~'127~'0—TS’%?,
He = —Ti 75 + 3T0Ti 1174 + 31T 70 + 37071, Ho = Tomi71 (a2 — bav) (2 B* — 4k7x0)

H7 — 7’12720 (CLQ — bQU) (bLUQ’UB2 — 2X0 (20[1%1 =+ 37’0 (Hl (ﬂl =+ 91) =+ C1 =+ dl))) 5
Hs = Tom171 (bov — a2) (b12vB? — X0 (darky + 37 (k1 (B1 + 61) + 1 +dv)))

Hio = 17071 (a1 — b1v) (Xo (370 (k2 (B2 + 02) + c2 + da) + dazka) + az (M2B2 - 4“§X0) - b2ﬂ2”B2) )

Hir = 7077 (a1 — biv) (2x0 (370 (K2 (B2 + 02) + c2 + d2) + 200k2) + as (2 B® — 4k3x0) — bapovB?).

(81)
Substituting the solution set (80) into Eqgs. (22) and (25), we find that
dv
+E-&) =W | ——, 82
(€ — %) D) (82)
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where

AT) =04 4 BBy B2g2y My | HO WZ\/@' (83)
Ha Ha 21 Ha Ha

Integrating Eq. (82) and inserting the result into Eqs. (78) and (79), we can write the solution formulas of Eqgs. (75)
1

and (76). Then, using the transformation U; = V;?, we can obtain solutions of Eqgs. (71) and (72) as follows:
1
Ur(§) = {ro +n¥}?, (84)

1
U2(§)={7~'0+7~'1\I/}2 . (85)
Consequently, we have the following exact solutions to the coupled NLSE in birefringent fibers with GVD and STD
(65) and (66):

When A(¥) = (¥ — A\;)%, then we obtain

7'1W
q(z,t) = Q70+ 7\ £ 5 ;
_ 2a1k1—biwi—ay _
B(a pbemay) — g
) I a1(H9*7127"0(a2*bzv)(usz*4R%xo))+31'§xo?12?‘l4(a1*blv)+H7+H8 i
¢ mx 471x0(T1T0—7071)(b1r1 —1)(az—b2v) 71
e : (86)
1
B 2
~ ~ 7'1W
T‘(l‘,t) =< To+7T1 A\ * )
2a2k2—bowos—an
B (ZC — baro—1 t) — 50
o 3r¥x07g Ha(ag—bav)+H10—H11
Xel{ N2354_(4><07"1(7'07"1*7'17"0)(172'%*1)(111*bw) t+o2 ) (87)
When A(V) = (U — X\1)3(¥ — X\2) and Ag > A1, then we get
2
4W2 )\2 — /\1 T1
q(z,t) = {70+ 1A + ( ) 5
2 2a1k1—biwi—«
AW? — [(Al “ ) (B (x - Tt) - go)}
) I a1(H9*7127"0(a2*bzv)(usz*4R%xo))+31'§xo?12?‘l4(a1*blv)+H7+H8 o
¢ m 471x0(T170—7071)(b1r1 —1)(az—b2v) 71
Xe ) (88)
3
. - AW?2(Aa — M7
r(z,t) =70+ 71A + ( ) 5
2 2a0Kk2—bawo—a
W2 = [\ = X) (B (o - 2emptosmony) g )]
. 378x078Ha(ag—bov)+H10—H11
l_”2w+( Fros =3 mo—D)(ag—byv) ) t1T02
xe{ Axo7T1(T971 —7170)(bar2—1)(ag —byv) ) (89)
When A(¥) = (¥ — X\)3(¥ — X\2)?2, then we have
3
A2 — A1)7
q(z,t) =S 0+ 11N + VY ( : 1
1—A2 _ 2a1k1—biwi—ay _ _
exp [ W (B (:v T t) 50)] 1
. al(?{977'127’0((127b21/)(u23274N%XO))+3T§>{07’12’H4(¢117b1u)+’H7+’H8
0y TRt IT1x0(T170—7071) (b1 1 —1)(agz —b2v) o
Xe ) (90)
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(A2 — A7
exp | 252 (B (o — Zeampstisazony) — g )| — 1

i{—mm-l—( 3r¥x0FgHa(an—bav)+H10—H11 )t+0’2}
Xe

r(z,t) =< 7o+ T1de +

4Axp71(T071—7170) (bgrg—1)(a1 —byv) (91)
and
1
A= Ao)T i
q(z,t) = q 70+ T\ + 1~ Ao)7a
exp |22 (B (o - 2msyshimony) — )| -1
. a1 (Hg—727 (ag—bav)(pn B274~2x +3T2x 729 (a1 —bro)+H7+H
xel{—ﬁlw'i‘( 1( LERERLL 4T21x0((7-?7'-077-07'-11)?b)1)~1—;))(2217@41;)1 ! . 8>t+01} (92)
1
A = Ao)7 i
r(x,t): 7~’0+’7~'1/\1+ ( ! 271
exp |22 (B (o - Zasgstasimozy) g )| 1
) T2x07EH3(ag—bov)+Hig—H
X81{7K2x+ (4xz*11>(<7(')0$1 *?’Tl *20)(b22 NI*S?M*EU) ) t+g2} ) (93)
When A(¥) = (¥ — A\1)2(¥ — X2) (¥ — A3) and Ay > A2 > A3, then we attain
1
2
q(z,t) = q 70+ T1A — 200 = 2)h = ds)y
2A1 — A2 — A3 + (A3 — A2) cosh <—MM {B (:17 - Wt”)
. a1 (Hg—7270(ag—bov)(paB2—4r2xq ) )+3723x072 Ha(ag —biv)+Hr+Hg
Xez{i"ﬂI‘F ( ( ! 4Ty Xo((ﬂ'17’077'07’11)(b)1)~17;))(a217b2v) >t+a'1} (94)
1
2
T(I t) = 7~'0 + %1)\1 - 2()\1 — )\2)()\1 — )\3)%1
2M1 — A2 — A3 + (A3 — A2) cosh (W {B (;E — W{f;ﬁ%t)})
. 3723072 Hg(ag—bov)+H1g—H
Xel{_mzm+(4xoﬂ’l1)(<£0$1 *2717’2())(1722%2*13?&1*}7;) )H—Uz}' (95)
When A(P) = (T — A\)(T — A2)(T — A3) (¥ — A\yg) and A\; > Ag > A3 > Ay, then we achieve
1
2
q(fL‘ t) =< 70+ T1A2 + Tl()\l _/\2)(/\4_/\2)
’ V1 —2s) (oA by —
/\4 - )\2 + (/\1 - /\4) sn? {i% {B (:c - Wt) - 50} 7l
. a1 (Hg—7270(ag—bov)(pnaB2—4ar2xg ) )+378x072Ha(ag —biv)+Hr+Hg
Xez{i"ﬂI‘F( ( ! 47-1Xo((ﬂ'17’077'07"11)(b)1)~1f;))(azlszv) >t+dl} (96)
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=

T1(A1 — A2)(As — A2)

T(,T,t)— 7)+7)\2' ————————
Az] - )\2 + (A - A4)SD :l:—()\ )\211),(>\ A ) B (:C— 72 t) —2() 71

b2l€271

i{fnngr( 3r¥x07g Ha(ag—bav)+H10—H11 )t+02}
xXe

Ax071(T071 —7T170)(b2r2—1) (a1 —b1v) , (97)
where
12— (A2 = A3) (A1 — \g) (98)
(A1 = A3)(A2 — A1)
Also, A; (i =1,...,4) are the roots of the polynomial equation
A(T) = 0. (99)
When 79 = =111, To = —T1 A1 and & = 0, then we can reduce the solutions (86)-(95) to plane wave solutions
1
2 a1 (Ho—770(ag—bov) (naB2—4r?xg ) )+378x07EHalay —brv)+Hr+Hg
(;C t) N S TIW ez{_ﬁlm-’_( ( : 4T1X0((T17_'07T07_'11)(b)1)h'17;))(412171721)) >t+01}
e B (:v — wt) ’
bllﬁlfl
(100)
- 2 3r2x0 72 Ha(ag —bov)+H1g—H
T(I t) =<+ ulid el{*l{gxﬁ»(4)(0;11)((20217:3_,_17:20)(1722’{271%(()&17}7111)))t+a’2} (101)
’ 2 —b — ’
B (o - 2asptanmeay)
3
4W2()\2 — )\1)7’1
qlz,t) = 5
W2 — [ = o) (B (v — 2um=tismony ) )]
a 77‘27’ a9 —bow 2_ N2 7‘2 7"2 a1—byv
f e (2ot b e e ) |
xXe , (102)
%
AW2(Ag — A\)F
r(z,t) = (A2 ! 5
W2 — [ = o) (B (v — 2e2mpctasnmony) )|
. 3725072 Ha(ag—bov)+H1g—H
X81{7K2x+ (4x07’11>(<£0791 *?;'1 7"2())(1722'%2*1%(()&11wa) ) t+g2}7 (103)
singular soliton solutions
1
()\2 — )\1)7’1 /\1 — )\2 20,1/%1 — b1w1 — Q1 2
r,t) = —————= <1 Fcoth Blxz— t
a(@.t) 2 T W by — 1
a —r27g(ag—bov 2 _4r? 3r8x0 77 ay—byv
i{iszr( I(Hg e 41’7'21X)o((i?fo*f(ﬁ'll))(?b)1):1if))(<221*?2471() — )+H7+H8>t+‘71}
xXe , (104)
1
(/\2 — )\1)711 /\1 — )\2 2@2&2 — b2w2 — (9 2
t) = ——— < 1 F coth B — t
r@t) 2 i oW v btz — 1
) 372 x0 73 H3(ag—bov)+Hig—H
Xel{i'Qer (4x0*11>(<7(')0$1 *il*zo)(bzzm‘z*l;(()al 7}711U)>t+a2}, (105)
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and bright soliton solutions

A
q(z,t) = ;
C + cosh [D (B (96 - Wt))}
1K1
. a1 (Ho—7270(ag—bav) (2 B2 —4r?xg ) )+378x0FEHalar —byv)+Hr+Hg
Xez{iszr( ( : 4*1Xo((Tl7’0**07’11)(17)1)'%1*;))(azlszv) )tJFUl}’ (106)
1
i 2
r(z,t) =
C' + cosh {D (B (:v — W%t))}
22
) 37 x0 73 Hz(ag—byv) -
Xel{il‘mer <4x2%11<3031721 7"‘20)(171722'w‘:j{l%(()alvg)llv))tJ“m}7 (107)
where
2(A1 — A2)( A1 — A < 2(A1 = A2)(A1 — A3)T A —A2) (A1 — A 201 — Ao — A
Ao 2= X)) 3)717 g 2= ) = As)h D:\/(l DM —As) L2 A 5.(108)

A3 — A2 Az — A2 ’ w ’ Az — A2

Here, A and A are the amplitudes of the solitons, while D is related to inverse width of the solitons. These solitons
exist for ; < 0 and 7y < 0. Moreover, when 79 = —T1 A2, 7o = —T1 A2 and & = 0, we can write the Jacobi elliptic
function solutions (96) and (97) as follows:

A
Q(% t) - 2 2am1—21w1—a1 (A2=A3)(AM1—A4)
C'1 + sn [D] |:B (‘T - biki—1 t)} ’ (>\1*)\3)()\2*)\4)j|
. ay ’H97T27’0(a27b2v) M2B2*4N2X0 +3T2XO7’2’H4(a17b1u)+’H7+’H8
Xez{iszr( ( - 4*1Xo((n7’0**07’11)(17)1)'%1*;))(azlszv) >t+01}’ (109)
1
A 2
r(zt) = 2 1 (Az=X3)(A1—Xa)
ag2Ko — wo — — — A4
Ci+ sn? {DJ [B (SC - 52522*12 2t)} ’ ()\i*)\i)(Aianx)}
. 3r2x078 Ha(ag—bov)+H1g—H
Xel{—ﬁzw+<4xo;}l(£021 j’l 7’20)(1722%2*1%?&1*}711“ )H—Uz}’ (110)
where
A — T1( A1 — A2) (Mg — A2) A — T1(A1 — A2) (Mg — A2)
1 Al — )\4 lv 1 Al — )\4 ) (111)
O — AL — Ao D. — (—1)-7\/()\1—)\3)(/\2—/\4) (:1 2)
1 Al — )\47 i 20 9 J ) .
Remark-1: When the modulus [ — 1, a second form of singular optical soliton solutions fall out:
3
Aq
q(z,t) = 2 2 b
Cr + tanh? [ D; (B (v — 2ezbisgmey) )|
. ay ’H97T27’0(a27b2v) M2B2*4N2X0 +3T2XO7’2’H4(a17b1u)+’H7+’H8
xez{iﬁlz+( ( ! p XO((U 7‘077‘07’11)(17)1)'%17;))(112171221/) >t+o‘1 } : (112)
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[N

A
C} + tanh? {Dj (B (x — 2aprp—bywp—ap t))]

r(z,t) =

b2l€271

i{—mzm-ﬁ-( 3r¥x07g Ha(ag—bav)+H10—H11 )t+0’2}
xXe

7 F1—7170)(barg— =
Ax071(T071—7170)(b2r2 —1) (a1 —b1v) , (113)
where A3 = 4.
Remark-2: However, if [ — 0, periodic singular solutions are as listed below:
A 2
1
q(I, t) - 2 2a1k1 —biwi—«a
; . _ 2aki—biwi—on
C1 +sin [D] (B (x v t))]
ay (Ho—7¢70(ag—bov B2 _4r? +378x0FFHa(ag —bpv)+Hr+H
F) S 1( 9—7170( 242 )(uz_ - _p(o)). 70X0 17 a(ay—byv)+Hr+Hg oy
T1x0(T170—7071) (P11 —1)(ag —byv)
xe , (114)
1
i 2
1
r(z,t) = ;
1.2 . _ 2a2Kk2 —bawo—a
C1 +sin [D] (B (x R v t))]
id 3r¥x073 H3(ag—bov)+H10—H11
XSZ{ K2z+<4x0*1(70*1*71*0)(b2~2*1)(a1*b1v) oz , (115)

where Ay = A3.

4 CONCLUSIONS

This paper carried out a comprehensive study of optical solitons in birefringent fibers by the aid of extended trial
function method that is indeed a powerful integration tool. This algorithm led to bright and singular optical soliton
solutions for birefringent fibers with Kerr and parabolic law nonlinearity. There are constraint conditions that nat-
urally emerged from the algebraic structure of solutions and these conditions are indeed mandated for the soliton
solutions to exist. There are several other solutions that fell out from the parameter connections. These are singular
periodic solutions and doubly periodic solutions.

This paper stands on a strong footing for additional investigation in this subject matter. The FWM terms are
to be included. Later, the study will be extended to DWDM systems with FWM and other perturbation terms.
Other integration tools will be applied to obtain additional solutions. These are Lie symmetry analysis, mapping
method, Kudryashov’s method and several others. Those results will be disseminated soon.
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