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FOREWORD

On behalf of the Organizing Committee, we are very pleased to welcome you to the
First Western Balkan Conference on Mathematics and Applications, June 10-12,
2021 (http://fwbcma2021.ilirias.com), in E-form

supported by llirias Research Institute(www.ilirias.com) and University of Prishtina
(www.uni-pr.edu), Prishtina, Kosovo. We hope that, fwbcma2021 will be one of the
most beneficial scientific events, bringing together mathematicians from all over the
world, and demonstrating the vital role that mathematics play in any field of science
and its application.

Naim L. Braha

On behalf of the organizing committee



¢ "x'_:%-h:'n First Western Balkan Conference on Mathematics and
b * | Applications 10-12-June 2021, Prishtine, Kosovo
| %l 15 (http://fwbema2021.ilirias.com/)
B e
To ol
Tidvomn ©
Committees

Honorary committee

Naim L. Braha, University of Prishtina, Kosovo

Agron Tato, Polytechnic University of Tirana, Albania

M. Mursaalen, Aligarh Muslim University, India

Hari Mohan Srivastava, University of Victoria, Canada



LA LRE -
LR

q.?*- | '&-:ﬁ First Western Balkan Conference on Mathematics and
# f * | Applications 10-12-June 2021, Prishtine, Kosovo
| ;‘_’i_' N g (http://fwbcma2021.ilirias.com/)
i =]
 TERES
To ot
S igyman

Organizing committee

« Prof. Dr. Faton Berisha, Universiteti i Prishtines, Kosovo

e Assoc. Prof. Dr. Xhevat Krasniqi, Universiteti i Prishtines, Kosovo
e Assoc.Prof. Dr. Ekrem Halimi, Univeristy of Gjilan, Kosovo

e Assoc. Prof. Dr. limi Hoxha, University of Gjakova, Kosovo

e Assoc. Prof. Dr. Faton Merovci, University of Mitrovica, Kosovo

o Prof. Dr. Alit Ibrahimi, State University of Tetovo, North Macedonia

o Assoc. Prof. Dr Faruk Ozger, Izmir Katip Celebi University Department
of Engineering Sciences Izmir- Turkey, Turkey



; . ﬁ-:ﬁ First Western Balkan Conference on Mathematics and
* [ Applications 10-12-June 2021, Prishtine, Kosovo
1 5 (http://fwbema2021.ilirias.com/)
o
= ?.'5‘
T

Scientific committee

Prof. Dr. Fatmir Asllanaj, LEMTA 2 avenue de la Forét de Haye BP
90161 54505 Vandoeuvre-lés-Nancy cedex, France

Prof. Dr. Salih Aytar, , Suleyman Demirel University, Turkey

Prof. Dr. Janusz Brzdek, Faculty of Applied Mathematics AGH
University of Science and Technology, Poland

Prof. Dr. Ibrahim Canak, Ege University, TURKEY
Prof. Dr. Bianca Carlo, Directeur du cycle préparatoire, France

Prof. Dr. Hemen Dutta, Department of Mathematics, Gauhati University
, India

Prof. Dr. Mikail Et, Firat University, Turkey
Assoc. Prof. Dr. Ermal Feleqi, University of Vlora, Albania,
Prof. Dr. Kostaq Hila , Polytechnic University of Tirana, Albania , Albani

Prof. Dr. Mircea Ivan , universitatea Tehnica Din CLUJ-NAPOCA Str.
Memorandumului nr. 28 Cluj-Napoca, cod postal 400114 Jud. Cluj,
Romania

Assoc. Prof. Dr. Ugur Kadak , Gazi University, Turkey, Turkey

Assoc. Prof. Dr. Sokol Kaliaj , University of Elbasan, Albania, Albania

9



e —
"ﬁ-:ﬁ First Western Balkan Conference on Mathematics and E % o=
* | Applications 10-12-June 2021, Prishtine, Kosovo e
5 (http:/fwbema2021.ilirias.com/) e A
e J_Ffr A e &
. o
Ll T T

Assoc. Prof. Dr. Artion Kashuri , University of Vlora, Albania, Albania
Assoc. Prof. Dr. Elton Pasku , University of Tirana, Albania, Albania

Prof. Dr. Mihai Postolache , Department of Mathematics and Computer
Science University Politehnica of Bucharest 060042 Bucharest,
Romania

Prof. Dr. Abdellah Rababah , Department of Mathematics, Jordan
University of Science and Technology, 22110 Irbid, Jordan , Jordan

Prof. Dr. Yilmaz Simsek , Adeniz University Faculty of Science
Department of Mathematics Antalya, Turkey

Assoc. Prof. Dr. llir Snopche, Universidade Federal Do Rio de Janeiro,
Brazil

Prof. Dr. Adem Kilicman, University Putra, Malaysia

Prof. Dr. Jeff Connor, Department of Mathematics Ohio University
Athens, Ohio U.S.A., USA

Prof. Dr. Bipan Hazarika, Department of Mathematics Gauhati
University, Guwahati, 781014, India

Prof. Dr. Feng Qi, Tianjin Polytechnic University, Henan Polytechnic
University, China

Ass. Prof. Dr. Armend Shabani, University of Prishtina, Kosovo

10



_.33*- | 'ﬁ-:ﬁ First Western Balkan Conference on Mathematics and
* * | Applications 10-12-June 2021, Prishtine, Kosovo
(| E (http://fwbcma2021.ilirias.com/)
-
Ff

o Prof. Dr. Douglas R. Anderson, Department of Mathematics and

Computer Science Concordia College Moorhead, Minnesota 56562,
USA, USA

o Prof. Dr. Salah Mecheri, Taibah University Medina, Saudi Arabia

o Prof. Dr. Kotaro Tanahashi, Department of Mathematics, Tohoku
Medical and Pharmaceutical University; Sendai 981- 8558, Japan

e Prof. Dr. Muharem Avdispahic, Department of Mathematics, University
of Sarajevo, Bosnia and Herzegovina

e Prof. Dr. Huseyin Cakalli, Department of Mathematics, Maltepe
University in Istanbul, Turkey

11



Applications 10-12-June 2021, Prishtine, Kosovo
IIE: (http://fwbema2021.ilirias.com/)

4 e | \“3;. First Western Balkan Conference on Mathematics and
2| k

Invited speakers

Fioralba Cakoni

Distinguished Professor, Department of Mathematics, Rutgers
University, USA

The Transmission Eigenvalue Problem

Pratulananda Das

Department of Mathematics Jadavpur University Kolkata -
700032 West Bengal, India

Non negative matrices and ideals

David Kalaj

University of Montenegro, Department of Mathematics,
Podgorica, Montenegro

Kellogg's theorem for diffeomophic minimisers of Dirichlet energy between
doubly connected Riemann surfaces

Erdal Karapinar
Cankaya University Department of Mathematics, TURKEY
Indispensable remarks on some recent results in metric fixed point theory

Eberhard Malkowsky

Department of Mathematics University of Giessen, Germany
12



First Western Balkan Conference on Mathematics and k :
Applications 10-12-June 2021, Prishtine, Kosovo —
(http://fwbema2021.ilirias.com/) n

Some Measures of Noncompactness and Their Applications
Toufik Mansour

Department of Mathematics, University of Haifa, Israel
A Parametric Generalization of the
Baskakov-Schurer-Szasz-Stancu Approximation Operators
Ekrem Savas

Usak University , Turkey

Double Lacunary Statistical Convergence in Topological Groups Il
Ali Farajzadeh

Department of Mathematics, Razi University, Kermanshah, 67149, Iran
On some generalized Banach contraction

Alexander G. Ramm

Mathematics Department Kansas State University Manhattan,
KS 66506-2602, USA

The Navier-Stokes problem in RA3

13



]
First Western Balkan Conference on Mathematics and .
Applications 10-12-June 2021, Prishtine, Kosovo
(http://fwbcma2021.ilirias.com/)

Participants

Prof.Dr. GEORGE ANASTASSIOU

Dr. Nechifor Ana-Gabriela
Dr. Remus Boboescu

Dr. Alexandru Tanasa

Dr. Shahid Khan
Prof.Dr. Ali Farajzadeh

Assist.Prof.Dr Stoil lvanov

Assist.Prof.Dr Maria Vasileva

Dr. Plamena Marcheva
Assoc.Prof.Dr. FARUK OZGER

Assist.Prof.Dr Artion Kashuri

Dr. Nora MAHLOUL

Assist.Prof.Dr Mohammad Yar
Assoc.Prof.Dr. Humberto Rafeiro

14

UNIVERSITY OF MEMPHIS
Ovidius University, Constanta,
Romania

Ovidius University Constanta
Ovidius University Constanta,
Romania

Riphah International University
Islamabad

Razi University

University of Plovdiv Paisii
Hilendarski

University of Plovdiv Paisii
Hilendarski

University of Plovdiv Paisii
Hilendarski

izmir Katip Celebi University

University of Vlora, "Ismail Qemali",

Albania

University of Science and Technology
Houari Boumedien (USTHB) Algiers.

Algéria
Kabul Polytechnic University
United Arab Emirates University



First Western Balkan Conference on Mathematics and
Applications 10-12-June 2021, Prishtine, Kosovo

]
[

ok
EHg» =

oy

Fis:
Py

.__I_._ ] e

Assoc.Prof.Dr. limi Hoxha
Assist.Prof.Dr SUDEEP DEY

Prof.Dr. Mehmet KUCUKASLAN
Assist.Prof.Dr Maya ALTINOK
Assoc.Prof.Dr. Sonja Manchevska
Dr. Fatih Temizsu

Assist.Prof.Dr Mualla Birgul Huban
Assoc.Prof.Dr. Ulas Yamanci
Assist.Prof.Dr Isik Acik Demirci

Dr. Esma Canhasi Kasemi
Assoc.Prof.Dr. Ekrem Aljimi
Prof.Dr. Alexander Ramm
Assoc.Prof.Dr. Lazim Kamberi

Dr. Chanchal Garodia Garodia
Dr. Vasile Radu
Assist.Prof.Dr Mualla Birgul Huban

Dr. Oznur Olmez

Dr. Bekir Akbas

Dr. Oznur Olmez

Dr. Paolo Leonetti
Assist.Prof.Dr Huseyin Albayrak
Assist.Prof.Dr Ugur Duran

(http://fwbcma2021.ilirias.com/)

15

University "Fehmi Agani" Gjakovo

SCIENCE COLLEGE, KOKRAJHAR,

ASSAM, INDIA-783370

Mersin University

Tarsus University

University "St. Kliment Ohridski”
Bingdl University

Isparta University of Applied
Sciences

Suleyman Demirel University
MEHMET AKIF ERSOY
UNIVERSITY

University of Prizren

Public University "Kadri Zeka"
University KSU

University of Tetova

Jamia Millia Islamia, New Delhi,
India

Ovidius University Constanta
Isparta University of Applied
Sciences

Suleyman Demirel

Suleyman Demirel

Suleyman Demirel

Universita Bocconi

Suleyman Demirel University
Iskenderun Technical University



Fis:
Py

""-"'l'.' T s

]
- First Western Balkan Conference on Mathematics and .
. Applications 10-12-June 2021, Prishtine, Kosovo
= (http://fwbcma2021.ilirias.com/)

Assist.Prof.Dr FUNDA BABAARSLAN YOZGAT BOZOK UNIVERSITY

Dr. Hala AlAgad
Dr. Mariana-Geanina ZAHARIA

Dr. Cheraitia Hassen

Assoc.Prof.Dr. Jianhua Gong Gong

Dr. Lorena Margo Margo
Prof.Dr. Jeff Connor
Assist.Prof.Dr Mualla Birgul Huban

Dr. Xia Zhenyang

Prof.Dr. Eberhard Malkowsky

16

United Arab Emirates University
Ovidius University of Constanta,
Romania

JIJEL university

United Arab Emirates University
Fan S Noli

Ohio University

Isparta University of Applied Sciences
Southern University of Science and
Technology

Giessen University (Retired)



e / ]
-_:i“' . "‘:‘-:ﬁ First Western Balkan Conference on Mathematics and .
* * 3 Applications 10-12-June 2021, Prishtine, Kosovo Ly
= 3' (http://fwbcma2021.ilirias.com/)
Y =
T, e S
¥ ""-"'l'.' Tl i

A Surplus Application of the Interval Valued
Triangular Fuzzy Numbers for the Linear Demand

and Supply Functions

BekirAkbas
Salih Aytar
Department of Mathematics, StileymanDemirel University,
Isparta, TURKEY
bekirakbas.math@gmail.com
salihaytar@sdu.edu.tr

Abstract: In this paper, we use the linear demand function p = a — bx,0 < x < a/b
and linear supply function p = e + gx,x = O,where a, b, e, g are positive constants
and x is a quantity. We fuzzified the coefficients a, b, e, g by using the interval valued
triangular fuzzy numbers in order to calculate the consumer surplus and producer

surplus.

Keywords: Interval valued triangular fuzzy numbers; Consumer surplus and producer

surplus.

1 Introduction

Many authors uses fuzzy set theory to study economic problems such as
estimating optimal revenue [2] and optimal profit [14], calculating the consumer and
producer surplus [11,12]. In [12], Yao and Wu considered linear demand function and
linear supply function in which the demand quantity and the supply quantity are
triangular fuzzy numbers. Then they calculated the consumer surplus and the producer
surplus. Following paper, Wu [11] estimated these surpluses taking into consideration

demand function and supply function to be linear or quadratic. He fuzzified

17
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colefﬁcients instead of quantity. In the both of the papers [11,12], triangular fuzzy
numbers has been used for fuzzification.

Recently, Akbas and Aytar [1] have calculated the consumer surplus of the
demand function p = a — bx,0 < x < a/b and the producer surplus of the supply
function p = e + gx, x = 0, where x is a quantity as an interval valued fuzzy number.
In this paper, we fuzzify the coefficients a, b, e, and g by using interval valued fuzzy

numbers. Later we use the signed distance defuzzification method.

2 Preliminaries
The concept of interval valued fuzzy numbers was first defined by Zadeh [15].
Now we recall this concept using Gorzalczany's [4] notations as follows:

An interval valued fuzzy set (an IV fuzzy set) on the set of real numbers is given

by A= {(x [Ez(x),ﬁ;(x)]) :x € R }(2.1)51,,774 (X -
[0,1]; for allx € R.pu=(x) < iz (x). (2.2)
Let

() = s (@), (0], x R
and let D[0,1] denote the family of all closed intervals contained in the interval [0,1],

ie.
for allay, a, € [0,1],a; < ay,[ay,a;] € D[0,1].

Therefore, for each fixed x € R, ﬁz(x) € D[0,1].Hence, expression (2.1) and (2.2)

may be rewritten in a more concise form as

A= {(x,ﬁz(x)) =1 X > D[0,1],x € R}.

18
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Thus, interval ﬁz(x) = [Ez(x),ﬁz (x)] (a subset of [0,1] ) and not a number from

the interval [0,1] is assigned to each elementx € R.It follows from definition that an

arbitrary IVfuzzy set A s unequivocally represented by the lower and upper limits

Ez,ﬁz respectively, of its generalized membership ﬁZ'
If we take the fuzzy sets of b and ﬁz used here as a triangular fuzzy number, we

get the definition of an interval valued triangular fuzzy number [10]. For the sake of
convenience, we will use interval valued fuzzy number Chiao [3] uses as interval

valued general triangular fuzzy number, that is if we choose the upper and lower

membership functions as

y—a
<y<
{m—a asys=sm
/7~(y)={y—d <
2 ~  m<y<d
m-—d m=y
kO ,o0therwise
(y—b
L~ p<y<
fpp ==
Ez(y)= y—¢ ,mMSy<c
lm—c
0 ,otherwise

(wherea < b <m < c <d)in(2.1) and (2.2) respectively, then A s called an interval

valued triangular (briefly, IVT) fuzzy number and is denoted as A = ([a, b], m, [c, d]).
We denote the set of all IVT fuzzy numbers byF(IVT)[3].

Now let us briefly review the operations of summation and scalar multiplication

on the setF(IVT). For le = ([a, b],my, [c,d]), ;2 = (e, fl,my, [g, h]) € F(T),

summation, subtraction and scalar multiplication are defined as

x1+ Xy = ([a+e,b+f],m1+m2,[C+g,d+h]),
19
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X — ;2 = ;1"'(—;2) =(la—hb—gl,m — my[c—f,d—e)],

~ ~ { [ka, kb], kmy, [kc,kd] k>0
“*17 U [kd, kc], kmy, [kb, ka] ,k <0

The operations that enable converting an IV fuzzy numbers into an triangular
fuzzy numbers and maintaining, at least partially, pieces of information stored in the
former one, are frequently needed. This kind of operation is called type reduction by
Karnik and Mendel [5,6] and Mendel [7]. In 2006 Niewiadomski et al. [8] have

defined different approaches for this process as follows.

Let A be an IVT fuzzy number and us and HZ be its lower and upper membership

functions, respectively. The following operations transform A into a triangular fuzzy

number:

TI,(4) =B (), € R 23)

TIi(A) = =(¥),y € R 2.4)

~  p=()+e=(y)
TIp(A) = %,y € R.(2.5)
Here, lower indices mean: I — optimistic, K — pessimistic, O — realistic. Optimistic
means that in the triangular fuzzy number which is the result of (2.3), membership
degrees fory's, are taken as the highest (the most optimistic) degrees in ;1 and (2.4),

(2.5) are defined accordingly. It is also possible to modify (2.5) with a weighted

average of I (y) and ﬁz(y) , if there are premises that one of membership levels

could be more influential on a description of phenomenon than the other. In that case,

(2.5) is in the form of

20
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Tlio (A) = wipz(y) +wolEz (), € R (2.6)

provided that w; + w, = 1. Formula (2.6) is a generalization of the definitions above

8].

Yao and Wu [13] introduced the concept of signed distance in the fuzzy sense as

follows: If A € F(T) then the signed distance of A = (a4, a,, az) measure from as
« (- 1
d (A, 01) = Z (a1 + Zaz + a3) .

3 Results

Let the demand function be p =a-bx, 0 < x S% and the supply function be
p=e+gx, x=>0wherea>e>0,b>0,e>0and g > Oare fixed numbers and
p is the unit price with respect to quantity x. For a fixed unit price pwe fuzzify the

positive coefficients of the demand and of the supply functions as

a=(la-6%,a-056%4]ala+68%a+5%]),
b=([b—6%,b—65,],b,[b+588,b+65)),
e=(le—58%,e— 6% ele+85 e+ 850,

Q

9=(9-67,9-69,)9[9+6%,,9+6%)),

where0 < 6%, < 6%, < t,0 < 8%, < 6Ly, andt € {a,b, e, g}.
Hence the IVF demand function is

[a—6% — (b +6%)x,a—6% —(b+65,)x],
Py = a — bx, .

21
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We have the triangular fuzzy numbers using the type reductions as

TI,-(;’D) =(@@a-64L -+ 65’2)x,a —bx,a+ 6% —(b— 6b1)x)

Tl (Pp) = (a — 8% — (b + 85,)x,a — bx,a + 8%, — (b — 65,)x)

1-w)@—-64 -+ 51172)35) +wi(a—6%4 —(b+ 51272)95):
Tlyo(Pp) = a — bx,
(1 —wy)(a+ 8% — (b—86%)x) + wi(a+ 8%, — (b —6%)x)

a— ‘fl—(b+6’1’2)x+a— %1—(b+6’2’2)x

./ : )
Tl (Pp) = | 2(a — bx)
\

|
)

2 |

: J
The signed distance of triangular fuzzy number T1, (ISD) is

a—68% —(b+680)x+a—6% —(b+685)x
1
Ei(x) = —

2 w
4(a — bx)

2

4 bx +l< (812 +832) — (611 +631) +>
8

(851 +88,) — (8%, + 85 (3.1

whereE; estimates the demand quantity in the IV fuzzy sense when the price isp.
On the other hand, the IVF supply function is
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. le — 6% + (g — 6 )x.e — 85, + (9 — 65,)x],
PS = e + gx’
e+ 65, + (g + 65)x, e + 65, + (g + 57)x]

We have the triangular fuzzy numbers using the type reductions as

TIi(Ps) = (e =65 + (g — (Sfl)x, e+gx,e+65,+(g+ sz)x)

TIk(Ps) = (e — 65, + (g — 8291)x,e +gx,e+85,+(g+ 8292)x)

N (1 —wy)(e— 64 + (g — 6)x) +wi(e — 851 + (g — 65)x)
TIAO(PS) == e+gxy
(1 —wi)(e+ 8% + (g + 67)x) + wi(e + 65, + (g + 65,)%)
e—905+(9— 6f’1)x +e—685,+(9— 6291)x
2
2(e + gx)

2 )
\e+5f2+(g+5fz)x+e+5§2+(g+52~°’2)x/
2

)

TIO(;S) =

The signed distance of triangular fuzzy number T1, (Igs)is

/e—51e1+(g—5f1)x+e—62€1+(g—6§ql)x
2

Ey(x) =

AN

I 4(e + gx) I
2
+e+6f2 +(g+85)x+e+ 65+ (g9+85)x
2

et grt] (892 +632) — (851 +631) +

5 |[(6%, +69,) — (8%, + 69,)] x] G-2)

whereE, estimates the supply quantity in the IV fuzzy sense when the price is p.
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Similar operations can be repeated easily by takingTI,(ISS)or TIK(ISS) or

TIAO (135) instead of TIO (135)
Now we recall the classical consumer surplus and producer surplus for the linear

case as follows.

PROPOSITION 3.1 (|9]).If the demand equation is p = a — bx, and the supply

function is p = e + gx then the consumer surplus for the crisp case is

CSC = S bx? (3.3)
and the producer surplus for the crisp case is
PSC =3 gx? (3.4)
wherex, is the equilibrium quantity.

PROPOSITION 3.2 (CSF and PSF). If the demand equation is 13D =aq-— I;x, and the

supply function islss =e+ gxthen the consumer surplus for the interval valued fuzzy

case 1s

1
CSF = x.[a+5[(0%, +6%) — (8 + 85D - .|

x2 711
+ 568 + 63 - 8%, + 03] - o)
and the producer surplus for the interval valued fuzzy case is

1
PSF = x, [[p* —e —g[(d‘iz +6%5,) — (651 + 551)]]
xZrl g g g g
—7[5[(512+522)—(511+521)]+9]

where
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a—e+ (0% +8%,) = (6% + 68)] — 5 [(6%; + 65,) — (851 + 85)]
1
b+ g —5[(8% + 65 — (8%, +85)] +5[(69, +6%,) — (69, + 69))]
and

b, +1 (6%, +632) — (611 +6%1)
P g\+[(8%, +

21) - (511)2 + 512’2)] x*) .
PROOF. Let us calculate the equilibrium quantity. We have
a—bx+z ((512 +68,) — (681 + 88 + (871 + 631) — (672 + 622)] )
X =X,

=e+gx+= ((512 +85,) — (65 + 65) + [(8%, + 85,) — (88, + 659)]x),

a—e+:[(6%
1
b+g-2[(6%

1
+6%;) — (611 +631)] — 5 [(672 + 632) — (691 + 651)]
1
+651) = (67, + 83,)] +5[(83, +63,) — (65, +63)]

by using the equations (3.1) and (3.2). Then the equilibrium price can be determined
by using E; or E, as:

b = E,(x) = a bx+1< (612 +632) — (61, +
« — L x) — - * ’.

1)
+[(69; +631) — (63, + 5?2)]3‘*) '
Hence we can calculate the consumer surplus:

X«
csr = | 16,0~ p.Jax

] [ bx+1< (6%, +632) — (611 + 831

+[(891 +631) — (6%, + 6’2’2)]x> - p*] -
= X, [ — [(5 2) - (511 + 6%1)] - p*]

S (6% + 85~ 0%+ 62)]) — ]
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Similarly, we get the produces surplus:

psi = | " p. = Ey(0)]dx
0

zjx*[[p —e—gx—l< (872 +832) — (891 +631) )]dx
0 ' 8\+[(67; +62,) — (61, +83)]x

1
= x, [[p* — e =285, +65,) — (5%, + 631)]]

x2 11
-5 [5106% + %) - (85, + 58] + 9

EXAMPLE 3.1.Define the demand function
p=20—-2x0<x<10
and the supply function
p=10+2x,x = 0.
Here our coefficients area = 20,b = 2,e = 10and g = 2.We use [11, Example 2.6]

in order to compare our results and Yao and Wu's results [11].

Crisp Case([11]) From 20 — 2x = 10 + 2x, the equilibrium quantity is x, = 2.5
and equilibrium price is p, = 15. Then we have the consumer surplus and producer
surplus:

1
CSC = be* = 6.25,

1
PSC = ngf = 6.25.
We note that in the rest of paper, if we require that the constants & f]- to be compatible

with Yao and Wu's [11] triangular fuzzy numbers.

Case 1 (IVT): Let the fuzzified coefficients

11=3 2= 22=3 2=5
52, =15 85, =05 &5,=1 6%,=3
1=14 51= 2 52=1 22=3
89, =15 89, =05 469,=1 69,=3.

Hence the equilibrium quantity is
x, = 2.3889.
Then the equilibrium price p,can be calculated as
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E;(x,) = E;(x,) = 15.1250.
The consumer surplus and producer surplus estimate as
CSF = 6.4202
PSF = 6.4202.

Case 2 (IVT):Let the fuzzified coefficients
6f1=5 21=1 32 =1 12=3
52, =15 55,=05 485,=05 62, =15
§9,=15 69,=05 §&3,=1 4&7,=3.

Hence the equilibrium quantity is

x., = 2.3529.
Then the equilibrium price p,can be calculated as

El(x*) = Ez(x*) = 15.04’42.
The consumer surplus and producer surplus estimate as

CSF = 6.4202,
PSF = 6.2285.
The values for the middle-type reduction methods using the new formulas calculated

are given in Table 1.

X, P PSF CSF
Crisp 25 15 6.25 6.25
Yao and Wu’s [11], Case 1 2357 | 15.167 6.481 6.481
Yao and Wu’s[11], Case 2 2231 | 14.871 5.807 4.977

Case 1 Middle type reduction | 2.3839 | 15.1250 | 6.4202 6.4202
Case 2 Middle type reduction | 2.3529 | 15.0442 | 6.4202 6.2285
Table 1.PSF/CSF for the triangular and /V'Tfuzzy numbers
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As can be seen Case 2 in the Table 1, our total surplus value (12.6487) is higher
than not only crisp value but also triangular value (Case 2). Moreover the surpluses

can be increased if the type reduction technique is changed.
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Abstract: In order to approximate functions many Bernstein type operators have been
constructed using shape A, where A € [—1,1]. In this work, we combine certain results

about A Bernstein type operators and related approximation properties.

Keywords: Convergence by operators, shape parameter A convergence,

approximation properties.

1. Introduction

A famous mathematician S. N. Bernstein [1] constructed polynomials
nowadays called Bernstein polynomials which is familiar and widely-investigated
polynomials in theory of approximation. Bernstein gave a simple and very elegant
way to obtain Weierstrass approximation theorem with the help of his newly-
constructed polynomials. For any continuous function f(x) defined on C[0,1],
Bernstein polynomials of order n are given by

Ba(fi2) = Zio f (=) bni@)  (x €[0,1]),

where the Bernstein basis functions b, ;(x) are defined by

b (@) = (7 )2t (1 =) (i=0,..n).
Stancu [2] presented a generalization of Bernstein polynomials with the help of two
parameters o and 3 such that 0 < a < f3, as follows:

Snap(fi0) = Zo f (555) () ¥ A =0 e oD,
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If we take both the parameters a = 3 = 0, then we get the classical Bernstein
polynomials. The operators defined above are called Bernstein-Stancu operators.

In the next section we give a list of certain A —Bersntein operators. In order to
construct those operators we consider folowing newly defined Bézier bases [7]:

~ p)
byo(A;x) = bpo(X) — —=bpy11(x),

n+1
>~ —2i+1 —2i—1
Bt (A5 ) = b i () + 25 Abpy (%) = S Aby 14 (%),
i=12..,n—1,
= A
bn,n(ﬂ-; x) = bn,n(x) - mbn+1,n(x):

in this case A € [—1,1] and b,, ;(x) are the Bernstein basis functions. By taking above
operators into their account, they established various approximation results, namely,
Korovkin and Voronovskaja-type theorems, rate of convergence via Lipschitz
continuous functions, local approximation and other related results.
In the same year, Cai [8] generalized A-Bernstein operators by constructing the
Kantorovich-type A-Bernstein operators as well as its Bézier variant and studied
several approximation results.
Later, various approximation properties and asymptotic type results of the
Kantorovich-type A-Bernstein operators have been studied by Acu et al. [9].
Recently, Ozger [10] obtained statistical approximation for A-Bernstein operators
including a Voronovskaja-type theorem in statistical sense. In the same article, he also
constructed bivariate A-Bernstein operators and studied their approximation properties.
The Bernstein operators are one of the most studied positive linear operators
which were modified by many authors, we are mentioning some of them [3, 4, 11-18,
27].

2. Results on A-Bernstein type operators

We are now ready to mention newly defined A —Bernstein type operators:

1. 1 —Bersntein operators:
n

BM(f;x) = 2 f (%) b, ;(2;x) Caietal.[6].

i=0
2. A —Bersntein-Stancu operators:
n

i+a\ -

B,{a,ﬁ (f;x) = 2 f (m> by, ;(4; x) Srivastava et al.[23].
i=0

3. A —Bersntein-Schurer operators:
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By, ﬁ (f;x) = z f (E) §n,i(4; x) Ozger [24].
i=0

4. A —Bersntein-Kantorovich operators
i+1

K (h; %) = (n + 1)2 oY x)J_h(t)dt Acu etal. [9].

n+1
5. 1 —Bersntein- Schurer—Kantorovwh operators
n+a
Knra(hbx)=(+1) Z Sni(d; x)J h(t)dt Ozger et al. [25].
n+a+1

6. A —Bersntein-Kantorovich operators (with shifted knots):

K (i = (8 +ﬁ) (n+8

+ 1)2 b(“ﬁ)(/'l )f f(t)dt Rahman et al. [26].

n+B+1

7. A — genuine Bernstein- Durrrneyer.

n-1 1 tip—l(l _ t)(n—i)p 1
Ufl’,,l(f;x)=2 J[ . . f(t)dt] by i(4; %)
i=1 o

B(ip,(n = i)p)
+h(0)l§n,0(l; x) + h(l)En,n(A; x) Acuetal.[21].
8. A — Szasz — Mirakian operators:
n

M, 5 (h;x) = 2 i (4 X)f (%), x € [0, ), Qi etal.[20]
i=0

where
M0 Kkx) = Mpo x)— mmn+1,1(x):
A (n—-2i+ 1)mn+1,i(x)
a0 = Mo+ 25|~ 21— v
y)
My (4 X) = My (X) = —= M1 0 (X)
and
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9. A —Bersntein- Bézier -Kantorovich operators:

Lpap(h;z) = (n+ 1)2 Q(ﬁ)(l x)f f()dt, Acuetal.[8]
i=0 n+1
where

0P (;x) = [](B)u x)] []7(1{2_1(&; x)]ﬁ and

@u@—iﬁwu@

j=i
Following theorem is called Korovkin type theorem.

Theorem 1. A-Bernstein type operators have the following

lim LA (f; ) = £ (x)
uniformly Tiln [0,1], where
LA = B}, Bl s B 0 K Kna UL 3 My L g KS5P.

na,p’ “n,a,p’

Proof. Since A -Bernstein type operators have the followmg relations
L4 (1;x) =1 asn > oo;

L4 (t;x) = x asn - oo;

L7 (t%x) = x%asn - o

for x € [0,1], theorem is proved.

As an application of this theorem we consider the function f(x) = cos(x?) and take

A = 0.5 and n = 20, and we provide convergence of 4 —Bersntein operators in Figure
1.
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Figure 1. Convergence of 4 —Bersntein operators

In all these studies, many approximation theorems including Korovkin type theorems,
rates of convergence, point-wise convergence, shape preserving properties, global
approximation formula, local direct estimate of the rate of convergence by Lipschitz-
type function involving two parameters, statistical convergence, weighteded statistical
convergence, Griiss-Voronovskaja and a quantitative Voronovskaja types. Behavior of
polinomials § is considered in [25]. Also A —Bersntein type operators are considered in
weighted spaces.

With the help of the provided numerical evaluations, certain tables and graphs were
provied for A —Bersntein type operators in order to illustrate the efficiency of related
results when it is compared with other results in the literature.

Moreover, bivariate versions of A —Bersntein type operators are constructed in certain
papers (for instance see, [10]).
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Abstract: The purpose of this paper is to construct generating function for modified
beta polynomials. By utilizing this generating function, we consider the modified beta-
type polynomials and also investigate some basic properties of these polynomials.
Moreover, we provide several fundamental equations and partial differential equations

(PDEs) associated with this generating function.

Keywords: Beta-type polynomials, modified exponential function, generating

functions, special polynomials
Introduction

Along this paper, the familiar notations C, R, Z, N and N, are, respectively,

referred to the set of all complex numbers, the set of all real numbers, the set of all
integers, the set of all natural numbers, and the set of all non-negative integers.
Polynomials are often used in both mathematics and engineering applications because
they are closed under addition, multiplication, differentiation, integration and
composition. Therefore, they have become an efficient tool to represent different
systems, simulate various processes and compute final decisions. Recently, generating
functions for special polynomials and numbers have also been used in many branches
of mathematics, physics and engineering. Using the generating functions, many
fundamental properties and identities for special polynomials and numbers can be
obtained.
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For n,k € N, the beta-type rational functions imm i (x) are defined by the following
formula (cf. [1-4]):

m,, (x)=(1+ x)"_k x*.
Let n,k € N, the beta polynomials B, , (x) of degree n on the interval [—1,0] are
defined as follows:

B, (x)=(1+ x)"_k x",
where £k =0,1,2,...n.

Simsek [1] constructed generating functions for the beta-type rational functions and
the beta polynomials and then investigate some properties of these generating
functions. In order to give derivative formulas, a recurrence relation and a variety of
identities related to the beta-type rational functions and the beta polynomials, many
functional equations and PDEs for these generating functions are derived in [1]. Also,
some of these functional equations and PDEs are given.

The generating functions of the beta-type rational functions imn’k (x) are given by
(cf. [1-4])
x k 0 Zj’l
b (t,x)=| —| "™ =SMm (x)—,
¢ () (1+x} ; i )n!
where k€N and t € C. By (1.3), the generating functions of the beta polynomials

B, , (x) are provided by

k k n 0 n

X ! t
S (tx)=b, (t.x)- X =T 2B (x)—'.

n=0 (1+x> n: n=k n.
In this paper, we construct generating function for modified beta polynomials. By
utilizing this generating function, we consider the modified beta polynomials and also
investigate some basic properties of these polynomials. Moreover, we provide several
fundamental equations and partial differential equations (PDEs) associated with this
generating function.

Modified Beta-Type Polynomials

In [5,6], the modified version of the Sumudu and Laplace integral transforms are
defined and some of their properties are investigated. In the mentioned studies, some
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advantages of modified forms are also examined. In this section, we introduce the
modified beta polynomials and derive some properties of these polynomials.

Definition 1 We introduce the modified beta polynomials %n’k (x;a) of degree n on

the interval [—1,0] as follows:
B, (x;a)=(Ina)" (1+ x)n_k x",
where £ =0,1,2,...n.
We note that when a = e, the modified beta polynomials B, , (x;a) reduces to the
beta polynomials B, , (x) in (1.2).
Remark 1 For mathematical convenience, we set
B,,(xa)=0

if k>n or k<O0.
We now perform to derive some properties of the modified beta polynomials.
By (2.1), we compute the first few modified beta polynomials as follows:

B, (x;a)=1,B,,(x;a)=(1+x)Ina, B, (x;a)=xIna
B,,(x;a)=(In a)2 (l+x)2 B, (xa)= (x+x2)(ln a)2

B,,(x;a)=(xna)’ B, (x;a)=(Ina) (1+x)’,B,, (x;a)= (x+ 2x° +x3)(ln a)
B,,(xa)= (x2 +x3)(lnoz)3 B, (x;a)=(xIna)

B, (xa)=1+x)" (Ina)" B, (xa)= (x”"l +x" )(ln a) B, (xa)=x"(Ina)".

We also observe that
B,,(0;a)=3,,(-1;a)=0.

By (2.1), for n>k, we construct the generating function of the modified beta
polynomials as follows

0 n

t
b, (6,x)=DB, (x:a)

n=0 n. n=0
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1+x ) = n! 1+x
thus, we get
0 t?‘l
b, (t.x)= Z‘Bn (xa)—
n=k
By (2.2), we see that
2k
b, . (~t.x)b, . (1.7) = (ﬁj
and
¥ k
b (6:%)a" = (E) ’

For £ =0 into (2.2) and x # —1, we attain

b(),a (t, X) _ at(1+x)’

which is the analytic functiion for all # € C. Also, for k # 0, we get

b, (1,0)=0

Using (2.2), we have

X i 1(1+x) X 2 #(1+x)
bklaa (t’x)bkz,a (tax)=[_j a [—j a

1+x 1+x

x k1+k2
= (_j a21(1+X) = bk1+k2 “ (2[*, x) R

1+x

which gives the following theorem.
Theorem 1 The following relationship

bkl,a (t,x) bkz,a (t,x) = bk1+k2,a (2l,x)

is valid for n e N .
By (2.4), we see that
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In view of (2.2), we observe that
> (m+k—1 m
bk,a (t, x) _ at(1+x) 2 ( l:_l )(_1) xk+m ,

where |x| <1. Then we derive

We observe that

n

zn:(—l)k B,,(xa)= (—l)k (na)’ (l+x)n_k o

k=0 k=0
n k
=(lnaY (1+x) S| =X
(Ina)" (1+x) kza(“_xj
1_(—)(')””
~ (na) (1+x) —1FX
—
I+x
which gives the following theorem.
Theorem 2 For n >k, we acquire
n ] (1) +(=1)" %!
kz_(;(—l)k B, (xa)=(Ina)" (1+x) (1+x) 1+2(x ) .

By (2.1) and for P 1, we get
I+x

k=0 =\ 1+x

S8, , (x:a)=(Ina) (1+x)' 3 (Lj ~(Ina) (1+x)",

which provides the following theorem.
Theorem 3 The following summation formula

kﬁ:;%n,k (X;Cl) = (lna)" (1 + x)n+1
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holds for <I.
1+x

Upon setting k£ =0 in (2.3) and utilizing (2.2), we attain

nt" - T nt"
> (xIna) EZZ(;%n,O(x;a)—'Z(—l) —

n=k n = n!
G e

which gives the following theorem.
Theorem 4 The following formula including the modified beta polynomials

v S )

(ln a)n =0

is valid for n e N;;.
From (2.2), we attain

Z%n,k (x;a);—n! = (ij i y [’;j(ln a) x' t—'

1+x

We arrive at the following theorem.
Theorem 5 The following relation

B, (xia)=(1+x)" > (’;j(hm)l Lk

holds for non-negative integers 7.
By means of (2.2), we obtain

o0 o0 k
b , — t(1+x) ( X j ,
kZ:;‘ ro(X)=a kzz(; 1+x

using the geometric series for <1, then
1+x
~ +x 1 +x
Zbk . (t,x) =g = (l-i-x)at(1 ),
= | —
I+x
and also
d

= a" =Ing (1+x) a'),
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which gives the following theorem.

Theorem 6 Let

<1. Then, we have
1+x

A e _

b, (¢,
dt lnakok“( x)

Now, we give some partial differential equations for the modified beta polynomials as
follows.

Taking the derivative of (2.2) with respect to x, we acquire the following PDEs:

ob, ,(t,x) k
%—x—bkﬂa(t x)+tlnab,  (t,x)

and

ob, , (t,x) _ k
Ox (1+x)2

By means of (2.2), we attain

k
Z %nk x; a d( X j at(1+x)

b, (t,x)+tnab, (,x)

n! dx\1+x
k+1 k
ok x X x
=g 2| 4 = | @"tlna
x \1+x 1+x

k 0 tn 0 tn+l
e B, (a)=+nad B, (xa)—,
n=k n' n=k n'

which gives the following theorem.
Theorem 7 The following derivative formula
d k
E%"’k (x; a) = ?‘Bn,kﬂ (x; a) +nB,_, (x; a)
holds for n>1.

From (2.2), we obtain

= d " d( x Y
_% ’ R A t(l+x)
de (X a)n! dx(l+xj .

k x Y x )
_ at(l+x) : ( j +( j (l+x)t lna
(1+x) I+x I+x
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= 2B, (xa)=+Ina) B, (xa)—,
’ | ’ |
(1+x) =% n! pr n!

which gives the following theorem.
Theorem 8 The following derivative formula

d k
—B sa)=——=B, (% B, (X
e (x a) (l+x)2 nk 1(x a)+” - (x a)
holds for n>1.
Conclusion

In the present study, we have introduced modified beta-type polynomials. We have
then constructed generating function for modified beta polynomials. By utilizing this
generating function, we have investigated some basic properties of these polynomials.
Moreover, we have provided several fundamental equations and partial differential
equations (PDEs) associated with this generating function.

After this study, one can resarch this polynomials under the operatinal methods or
umbral calculus to get more formulas and properties. And also one can investigate
corellations for modified beta-type polynomials in conjuction with the Bernoulli,
Euler, Hermite polynomials and so on.
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Abstract: In this study, we introduce fS-extension of Hermite-Bell polyomials and
then, investigate some of their porperties and identities. Also, we derive several
relations with some other well-known special polynomials. Moreover, we provide a

derivative property and an integral representation for these polynomials.

Keywords: Hermite polynomials, Bell polynomials, Hermite-Bell polynomials,

modified exponential function, generating functions

Introduction

Throughout this paper, the familiar symbols C, R, Z, N and N, are referred to

the set of all complex numbers, the set of all real numbers, the set of all integers, the
set of all natural numbers, and the set of all non-negative integers, respectively.

The Bernoulli polynomials B, (x) , the Euler polynomials £, (x) and the Genocchi
polynomials G, (x) are defined as follows (cf. [7]):

o0 tn t u
Z:(;Bn (x);: 1€ (e} <27),

e —
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el 1: il."'“'Il
0 n
t 2
2E(x)m=——e" (<7
g n! e +1
and
0 n
t 2
26, () =—=e" (j|<x).
= n! e +1

Upon setting x =0 in (1.1), (1.2) and (1.3), we get B,(0):=B,, E,(0)=E, and
G, (0):= G, known as the usual Bernoulli numbers, the Euler numbers and the
Genocchi numbers, respectively.

The Stirling polynomials §, (n,k : x) and numbers S, (n,k) of the second kind are
given by the following exponential generating functions (cf. [1-4,7-11]):

k k
VA Gt TR ¢ _(¢-1)
;Sz(n,k.x)a— TR and;Sz(n,k)a— TR

The Stirling numbers of the second kind can also be derived by the following
recurrence relation for n € N (cf. [1-4,7-11]):

X' =28, (k) (),
k=0
where (x) =x(x—1)(x=2)---(x—(n-1)) for neN with (x) =1.
The bivariate Bell polynomials are defined as follows:

o0 tn et71 .
;Beln (x;y); = ey( )e '

When x=0, Bel, (0; y) := Bel, ( y) called the classical Bell polynomials given by
means of the following generating function (c¢f. [1-4,8-11]):

iBeln (y)ﬁ = ey(etil).
n=0 l’l'

The Bell numbers Bel —are acquired by taking y=1 in (1.7), that is

Bel, (0;1) = Bel, (1) := Bel  and are given by the following exponential generating
function (cf. [9]):

iBeln L e(etfl).
n=0 n'
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The Bell polynomials have been intensely investigated and studied by several
mathematicians, cf. [1-4,8-11] and see also the references cited therein.
The Hermite polynomials are defined by (cf. [1-4]):

S tn 2xt—t2
H (x,y)—=e .
nZ::} i y)n!
In this study, we introduce g -extension of Hermite-Bell polynomials and then,

investigate some of their porperties and identities. Moreover, we provide two
derivative property for these polynomials. Also, we examine some relationships with
some well known special polynomials such as Bernoulli, Genocchi and Euler
polynomials.

[ -Hermite-Bell Polynomials

Recently, modified ( S -) version of some integral transforms are studied and some of
their properties and applications are invesitgated in [5,6].
In [6], the B -Laplace transform of a function f (t) which is peace-wise continuous

and of exponential order is considered as follows
S (O)=F(s:8)= [, 51 (1),
where Re(s) >0 and fe (0, oo) \ {1} Note that upon setting = e, the S -Laplace

transform reduces to usual Laplace transform. Then the authors gave several basic
properties of S -Laplace transform and provided connections with different functions

in [6].
Motivated by the above, the g -Sumudu transform is defined as follows.

Definition 1 Let 8 €(0,00)\{1} and
f(1)|3M,7,,7, > 0 such that
‘f(t)‘ <Mﬂl/z'j (|t

Then, for f (t)eAa, the B -Sumudu transform is considered by the following

’ )if te(~1) x[0,00)|

improper integral:

G, ()= S, [ ()= [ 57 £ (0)due (-5.7,).
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By the same motivation, we now introduce the g -extension of Hermite-Bell
polynomials follows.
Definition 2 Let [ € (O, oo) \ {1} The B -Hermite-Bell polynomials are introduced by

the following exponential generating function:
o, t" 2 (=)
ZHn,ﬂ(x)_,=:B( )
n=0 n.

Remark 1 In the special case B =e in (2.4), we acquire the usual Hermite-Bell
polynomials as follows (cf. [1-4]):

0 tn o —(xe—t)

ZH; (x)—= e( o) )

n=0 n'

Remark 2 In the special case v =1 in (2.4), we attain the generalized exponential
function as follows (cf. [1-4]):

2H,y (x)t_, =5
n=0 n:

Remark 3 In the special case r =2 in (2.4), we obtain the generalized exponential
function as follows (cf. [1-4]):

0 t?‘l )
H2 x)—= 2xt—t ,
; n,p ( ) Vl' ﬂ
which is the S -extension of the Hermite polynomials in (1.9).
Upon letting x =0 in (2.4), the g -Hermite-Bell polynomials H, 5 (x) satisfy the
following relation

) . tn Y e o \n rntm
S (0= =T =S ) ()

n=0 n'

which gives the following relation:

- 0=

nr,f3

nr)!

-1\" m
p (Inp™) (-1)".
Setting =1 in (2.4), the p-Hermite-Bell polynomials Hnr,ﬂ (x) satisfy the

following relation
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St (x) o= 0 = g =Y ()
which provides the follr(l)v(i/ing relation:
H, ,(x)=(Ing)" (neN).
Also, by (2.4), we observe that
H g (x) =1,
which shows that the g -Hermite-Bell polynomials H P (x) is an Appell

polynomials. So, some of properties of the polynomials H P (x) can be investigated

under the umbral calculus and operational methods. But, here we invetigate some
properties of these polynomials by means of the series manipulation methods by using
their generating function in (2.4).

For w € C with " =1, by (2.4), we have

00 . t?‘l Xr _(x_t)r (a)x)r —(wx—a)t)r 00 . a)ntn
an,ﬂ(x);:ﬂ( ) :IB( ) ZZH”’/’(a)x)—nl ,
n=0 . n=0 .

which gives the following theorem.
Theorem 1 For @ € C with @" =1, we obtain
H, ,(x)=o"H, ;(wx).

By (2.4), we have

5L (- L)

— x
e L TR

=rin ,BZ::;H;ﬁ (x)%(xrl -,

which provides the following derivative formula.
Theorem 2 The following derivative formula

d . r -l r-1 r
EHn,ﬁ(x)Zln/S‘ (x —(x—1) )H”,ﬁ(x)
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is valid for n e N .

By (2.4), we have
&d oo d )
_H —_— T —
,,Z::;dt s )n' dt
) d ,
p nﬂE(x —(x—t) )
(Xr—(x—t)r)

=B n (r(x-1)"")
r—1 - r tn
=rinB(x—t) ;Hn,ﬂ (x)ﬁ,
which gives the following theorem.
Theorem 3 The following derivative formula

S (x) =t (v=)” 1, ()

is valid for n e N,.

We now perform to acquire several representations for 5 (x) by means of the

familiar Bernoulli, Euler and Genocchi numbers and polynomials.
By (1.1) and (2.4), we see that

~ n! e—-1 t
© tn © tn—l © tn—l
=>H' — B (1 ->B
,,Z:(; "’ﬁ(x)n![,,z;‘ (1) n! ,,Z:;‘ " n!j

33 s s 0)-8)

n=0k=0
which provides the following relationship including the S -Hermite-Bell polynomials

H, P (x) and usual Bernoulli polynomials and numbers.
Theorem 4 For n € N, we have

, 1 n+l I’Z+1 r
H, ,(x)= P k_o( k anHk,ﬁ (x)(Bk (1)_Bk)'
By (1.2) and (2.4), we observe that
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© » ﬁz ( V_(X_t)r) 2 et +l
;Hn,ﬁ(x) ; B TR
:liH" (X)ﬂ iE (l)i—kiE i
2n=0 n,pB n' s n n' n:O ”n'
o0 1 n n . lnil
:gik: (ij”"k’ﬂ(x)(Ek(l)"'Ek)?,

which gives the following relation including the S -Hermite-Bell polynomials

H) P (x) and familiar Euler polynomials and numbers.

Theorem 5 For n € N, we have

r 1 n r
H; ,(x)= EZ(kJan,ﬁ (x)(E ()+E,).
=0
By (1.1) and (2.4), we see that
[vtr] 2t e +1

S ()L
;H"’ﬂ(x)n! e +1 2t
= 3 () Y6 36
e RN 71| e ) B 1
© n n—1
ZZ(ZJH;k,/,(x)(Gk(l)+Gk)tn—!,

= l
25005

which provides the following correlation covering the S -Hermite-Bell polynomials

H) P (x) and usual Genocchi polynomials and numbers.

Theorem 6 For n € N, we have

i, (%) =;"z”(””]fzgﬂ_m(x)(Gk(1)+Gk).

2(n+1) =\ k

Conclusion

In the present paper, we have introduced g -extension of Hermite-Bell polyomials and
then, investigated some of their porperties and identities. Moreover, we have provided
two derivative property for these polynomials. Also, we have examined some
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relationships with some well known special polynomials such as Bernoulli, Genocchi
and Euler polynomials.
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Berezin number and strongly convex functions
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Isparta, Turkey
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Abstract: In this work, using the operator extension of the Jensen inequality and
Holder-McCarthy inequality, we obtain Berezin number inequalities for f(A), where A
is a self-adjoint operaor on the reproducing kernel Hilbert space and f is a strongly

convex function.

Keywords: Berezin number, Berezin symbol, self-adjoint operator, strongly convex

function.

1. Introduction
Let J — R be an interval and let ¢ be a positive number. A function f : J — R is
said to be strongly convex with modulus ¢ if

flna+-n)b)<nf(a)+(1-n)fb)-cnll-n)a—b)

forevery a,be J and ne [0,1] (see [14]). A function f : J — R is strongly
convex with modulus ¢ if and only if for every aq, € int(J ) (the interior of J ) there

exists a number / € R such that
(Wela—a,) +l(a—ay)+ f(a,)< fla),aeJ.
The differentiable function f is strongly convex with modulus ¢ if and only if
@l @-r O)a-b)22e(a-b)
forall a,be J.
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Let A be a selfadjoint linear operator on a complex Hilbert space H . The Gelfand
map establishes a * -isometrically isomorphism @ between the set C (S » (A)) of all

continuous functions defined on the spectrum of 4, denoted by S » (A) , and the C”-

algebra C *(A) generated by A4 and the identity operator 1,, on H as follows [6]:
Forany f,g € C(SP(A)) and any a, 8 € C we have

D(of + fg) = a®(f )+ pO(g): (i)
(/) = (/) (g) and ©(F)=(f)'; (ii)
lo()=]/1= t;sgg)lf(tl; (i)

(iv) ®(f,)=1, and q)( 1)=A, where f,(t)=1 and fl(t)zt,forleSP(A).

With this notation we define f (A) = q)( f ) forall feC (S » (A)) and we call it the

continuous functional calculus for a selfadjoint operator A. If A is a selfadjoint
operator and f is a real-valued continuous functionon S, (A) , then f (l‘) >0 for

any teS, (4) implies that f (A) > 0. Moreover, if both /" and g are real-valued
functions on S » (A) then the following important property holds:

f(t)> g(t) foranyz e Sp(A) implies that £(4)> g(A4)

in the operator order of B(H )

The following result that provides an operator version for Jensen's inequality is due to
Mond and Pecaric [13].

Lemma 1. Let f (l‘ ) be a real valued continuous convex function, and let A be a self-

adjoint operator on a Hilbert space H . Then Jensen's inequality asserts that

f<Ax, x> < <f(A)x, x>
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for any unit vector x € H .

Lemma 2. Let A € B(H), A=>0 and let x € H be any unit vector. Then
<Ax,x>r < <Arx,x> for r>1; (a)

<Arx, x> < <Ax, x>r for 0<r<1. (b)

Recall that a reproducing kernel Hilbert space (shorty, RKHS) is the Hilbert space
H=H(Q) of complex-valued functions on some set Q such that:

(a) the evaluation functional f — f (/L) is continuos for each 1 € Q;
(b) for any A € Q there exists f, € H suchthat f, (1) #0.

Then by the classical Riesz representation theorem for each A € () there exists a
unique function k£, € H such that (1) = < I,k /1> forall f € H. The function &k, is
called the reproducing kernel of the space H. It is well known that (see [2,15])

£(:)= 2 (2 (2

for any orthonormal basis {en (z)}nzo of the space H(Q) Let

ky=ta

||

denote the normalized reproducing kernel of the space H (note that by (b), we surely
have k, #0). For a bounded linear operator 4 on the RKHS H , its Berezin symbol

~

A is defined by the formula (see [3])
A(L) = <A1€l,/€g>ﬂ (AeQ).

The Berezin symbol is a function that is bounded by the norm of the operator.

Berezin set and Berezin number of operator 4 are defined by respectively (see
Karaev [9,10])
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Ber(A) = Range(;l)z{z:l(ﬂ) : /IGQ} and ber(A) = sup{‘;l(ﬂ,)‘ : /IGQ}.

Recall that W(A) = {<Af  f > : " f "H = 1} is the numerical range of the operator A

and
w(A4) =sup{[(47. /) : |71, =1}

is the numerical radius of A4 (see for detail information, [1, 5, 11, 12, 23]). It is well
known that

ber(A) < w(A) < ||A||

and

@S w(A)

forany A € B(H) But, Karaev in [10] showed that

@ < ber(A)

is not hold for every A4 € B(H) Some important result related with Berezin number

inequality were obtained by authors in [4, 16, 17, 20, 22]. Also, Berezin number
inequalities were given by using Hardy-Hilbert type inequalities in [7, 8, 18, 19, 21].

In this paper, using the operator extension of the Jensen inequality and H6 1der-
McCarthy inequality, we obtain Berezin number inequalities for f (A), where A4 isa
self-adjoint operaor on the reproducing kernel Hilbert space and f is a strongly
convex function.

2. Results

The main result of this section is the following:
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Theorem 1. Let H=H(Q) be a RKHS, A € B(H) be a selfadjoint operator with
S(A)g int(J ) and f : J — R be strongly convex with modulus ¢ and
differentiable on int(J ) Then

f(ber(A))+cber(A2) < ber(f(A))+cber2 (A)

Proof By using functional calculus for (2), we have
c(A+a;I1-2a,T)+IT +la,I + f (a,) 1< f(T)

which is equivalent to

o((4karks)+ag —2a, )+ 1{ ks, k) ~lay+ £ (a,) </ (A) k2 kz)
forall 1€Q.

Putting a, = <Al;;,, /;;,> above inequality, we get
F(A(2) < 7 (4)(2)-¢(4 (2)-4(2)')
and hence
@)/ (4(2))+ e (2) < f(A(A))+cA(2)
for all A € 2. Taking supremum on A € 2 above inequality, we have

f(ber(A))+cber(A2) < ber(f(A))+cber2 (A)

Theorem 2. f : J — R be strongly convex with modulus c. If f" with v € [0, 1] is
strongly convex with modulus c, then
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—

F(A) = (4(2) £ (A(2) +€ £ (4(2) (4 (2)-4(2))

for any positive operator A with S(A) cJ and A€

Proof. Since f" is strongly convex, we get from (3)

£(4(2) < 7 (A)(2) ¢4 (2) - 4(2) )
for all A € Q. Multiplying both sides by '~ (;1 (ﬁ,)) , we have that

fAa@)=r(a@)ram)
<17 () £ (A)(2) - (4(2)) (4 (2) - 4(2) )

for all A € Q). Rearranging the terms, we get that
F(AR) < (AR) £ (AR)+ o™ (A(R) (4 (1) - A(2))
</ (AR) £ (4)(2)
for all A €Y. On the other hand, by using the Holder-McCarthy inequality, we obtain
@) r(am)]
Multiplying both sides by /"~ (74 (/1)) , we have
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A)]
< >( )+vf(A ()

< £(AR)-c(1=v)(4 (2)-4(2))

Combining above inequalities, we have the desired result.

Theorem 3. Let A be a self-adjoint operator on reproducing kernel Hilbert spaces
with G(A)C int(J ) If f : J — R isstrongly convex with modulus ¢ and
differentiable on int(J ) and the derivative of [ is continuous on int(J ) then

—

2 (1)=A(2) < o-( 1 (4)4(2)-4(2)5 (4)(2))

forall 1€Q.

Proof. Utilizing functional calculus for (2) , we get

2e( A=y T+242p)< f (A)A=yf (A)-f (v)A+yf (¥)I

which is equivalent to

—

2(4(2)+5" =29 A(2)) < £ (A)AR) =y (A)(A)=f (v)A(2) 3 (»)
for all A € Q). Putting the y = A (/1) , we obtain

2( 4 ()= A(2)' )< £ (4)A(2)=A(2) f (4)(2),

which gives the desired result.
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IMPLEMENTING BOOTSTRAP AND MULTIPLE
LOGISTIC REGRESSION IN CARDIOVASCULAR
RESEARCH

Lorena Margo Zeqo', Eljona Milo Tasho?, Juliana Karanxha®
“2Universiteti Fan S Noli, Kor¢é, Albania
*Department of Cardiology, American Hospital 3 Albania

Abstract

Sometimes it is difficult to implement advanced statistics in research areas
such as medicine especially for a non statistical expert. = Nowadays
bootstrapping is becoming a useful and very popular tool in wide areas of
research, and also in other statistical applications such as regression. An
interesting use of nonparametric bootstrap is in regression models. In our study
we will use medical records in cardiology and will perform a stepwise multiple
logistic regression is to identify risk factors and we will also implement
bootstrap technique with intention to develop a better use and implementation
of these techniques in practice.

Key words: bootstrap, logistic regression, estimation, cardiology, data records

INTRODUCTION

Nowadays it is very difficult to apply advanced statistics in research areas such
as medicine especially for a non statistical expert. We are focused in
implementing advanced statistics elements in a study conducted with data
records from a hospital with intention not only to identify the significant risk
factors in mortality of the patients, but also to use bootstrap in obtaining the
estimation for the model coefficients.

Bootstrap is based on resampling of the data and since its introduction by Efron
(1979), bootstrap has resulted a useful tool in estimating parameters and
constructing confidence intervals for the parameters.

Considering 15 covariates, we constructed a logistic regression model in the
case of studying the mortality of the patients hospitalized. We used both R
programming language and SPSS to obtain the logistic regression model and
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also we used nonparametric bootstrap to obtain the coefficient estimations for
the model.

There are some difficulties that associate our study. First, it is not easy to find
an appropriate logistic regression model to determine the significant factors
and to obtain important conclusions in the area of study.

Second, implementing both: logistic regression and bootstrap it is considered a
difficult task, but in our study we obtained good results and a premise to
continue applying bootstrap in similar studies.

OBJECTIVES

The aim of this paper is to implement bootstrap methods and logistic regression
in a study with data from cardiology. From the medical point of view, we want
to obtain the significant factors in the model and to identify the risk factors for
mortality of the patients. From a statistical point of view we want to examine
the impact of using bootstrap methods in estimating the coefficients of the
model and compare the results using both R and SPSS.

METHODOLOGY
1. Data in the case study

We used the data records from the Cardiology Department in a hospital in
Tirana, Albania, with a total of 2201 patients that include the following
variables: Gender, Age, Coronary Artery Disease, Diabetes Mellitus, Ejection
Fraction, Body Mass Index, Smoking, Dyslipidemia, Post Miocardiac
Infarction, Dissection, Lesion type, Diameter of Stents, Length of Lesion,
Number of Stents and Arterial Hypertension. Many of them are considered as
risk factors for heart failure and we are interested to construct a model that
determines the impact of these risk factors in the mortality of the patients
studied.
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2. Bootstrap methodology

Traditional methods for statistical inference often require fulfilling several
assumptions and sometimes the measures of accuracy are based on asymptotic
theory and cannot be used for small samples. A recent and effective alternative
is using the bootstrap method, introduced by Efron (1979). The bootstrap is a
computer-intensive resampling method for estimating a population statistics by
resampling the data with replacement. The idea behind the bootstrap method is
that in the conditions of the lack of any information about the population
distribution, the sample contains all the required information and using this
information in the right way can lead to good results.

In the traditional methods of statistics, the random sample is used to obtain the
statistics of interest. On the other hand, when using bootstrap, we have an
empirical distribution and we obtain the bootstrap sample. Then after repeating
the process a large number of times, we obtain the bootstrap estimate of the
sampling distribution using the Monte Carlo method.

The bootstrap algorithm to obtain a bootstrap estimate and also for estimating
the standard error is as follows:

Let we have a sample X,,X,,...,X, from a population with unknown

distribution F and an unknown parameter 0.

e Calculate estimator 0  for unknown parameter 6.
o Construct empirical distribution F.
e From F,we take the sample X, X;,... X (resample)

e Approximate the distribution of 0 with the distribution of 8* (obtained
from bootstrap sample)

e Repeat B times obtaining bootstrap estimations 0*;, 0*,,...,0%5 .

e Based on Monte Carlo method, bootstrap estimation for unknown

parameter 0 is:
N * 1 N *
0" = Ezlgzl 0%y
e Estimate the standard error of 8 by the standard deviation of the B
replications:

1

A ~ A~ 1
se5(0) = [ 25167, — 07T
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3. Logistic regression

Multiple logistic regression analysis is used when there is a single dichotomous
outcome and more than one independent variable. The independent variables
are called covariates and can be continuous or categorical variables. We use
multiple logistic regression to construct a model to explain the relationship
between the explanatory variables (covariates) and the binary outcome. The
outcome as a binary variable it takes two values and often is used 0 and 1 to
code the outcomes. Usually 1 is used to denote the outcome of interest in the
binary variable. The multiple logistic regression model can be written as
follows:

V4
ln(1 —
(7 is the probability that the outcome is present, 1- 7 is the probability that
the outcome is 0 and we have m covariates).
The logit transformation is called the natural logarithm transformation of the
probabilities (the left side in the model). If we want to calculate the probability
that the outcome is 1 when a particular value of X is given, we have:

)=a,+aX +a, X, +...+a, X,

ag+a X\ +a, Xo+.. +a, X,

e
l+a,+a X +a,X,+...+a,X,

T

So, the coefficients of the model are a,,a,,q,,...,a, and odd ratios are obtained

by taking the exponent of the coefficients. To test the significance of the
regression coefficients Wald ratio is used. If the significance value from the
test is less than 0.05, it indicates that the corresponding coefficient is
significant in the model. We can construct 95% confidence intervals for the
coefficients of the model and if the confidence interval includes value zero,
then the coefficient itself cannot be significant in the model. We can also
calculate odd ratios and confidence intervals for odd ratios, taking in
consideration that a confidence interval for the odd ratio that includes 1,
indicates that the corresponding odd ratio is not significant in the model.

As measures of fit there are Classification Tables that indicate the percentage
of correctly predicated values by the given model. Also there is the possibility
to use Hosmer and Lemeshow test that gives good results especially in large
datasets. This test is a statistical test for goodness of fit for the logistic
regression model. In SPSS the Hosmer Lemeshow statistics indicates a poor fit
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if the significance value is less than 0.05. The Omnibus test is a likelihood ratio
Chi Square test of current model versus the null model and a significance value
less than 0.05 indicates that the current model outperform the null model. The

Nagelkerke pseudo R”indicates an approximated percentage that the variance
of the dependent variable is accounted by the predictors overall.

4. R and SPSS

In our study we used both SPSS and R to obtain the results for multiple logistic
regression model and also for applying bootstrap.

SPSS (Statistical Package for the Social Sciences) is a statistical package and it
is used by researchers to conduct advanced statistical analysis.

R is a programming language and free software environment for statistical
computing and graphics.

In this study we compare the performance of both R and SPSS in finding the
model and performing bootstrap replications.

RESULTS

As stated above, we used the data records from the Cardiology Department in a
hospital in Tirana, Albania, with a total of 2201 patients that include: Gender,
Age, Coronary Artery Disease, Diabetes Mellitus, Ejection Fraction, Body
Mass Index, Smoking, Dyslipidemia, Post Myocardial Infarction, Dissection,
Lesion type, Diameter of Stents, Length of Lesion, Number of Stents and
Arterial Hypertension. Many of them are considered as risk factors for heart
failure and we are interested to construct a model that determines the impact of
these risk factors in Mortality of the patients studied.
Our dependent variable is Mortality, and it is a dichotomous variable. We
performed Multiple Logistic Regression to determine which factors are
significant in the model, and the impact of each of them in the mortality
following the hospitalization for the patients with heart failure.
The dependent variable is mortality (coded 0 and 1), with value 0 that indicates
the survivors and 1 indicates the patients that did not survive. There are 15
explanatory variables in the model, but all of them are not significant in the
model. We have marked in red the significant variables in the model in the
tables below. Using SPSS, we obtained the following results:
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Table | Omnibas Tests of Model Corlficients

Clrissguasw ol Sig
Srep 103290 13 L]
Swepl  Bleck 105290 13 L]
Aadal 105 2590 13 G
Table 2 Model senmary

Step -2 Log Ehelibood | Coz & Saell B | Nagelherke B

Square Square
1 690010 047 134
Takle ) Honmer and Lemeshow Tesd
Step Chi-sguare df Sig.
1 40735 B 530
Table 4 Clamification Toble
Dbserved Predicted
Alortality Perceniage
1] 1 Correci
2101 3 999
Ao
R o T 93 3 11
Overall Peresntage §id
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Table 5 Coefficient: evtimations, odd rates and #5% confidence imtervak for ihe odd rates

CnelTirirm 5K g Cdd Batias | B4 Conlidence lnserml
for Ddd Ratias
Lower | Upper |
GENDER - 1335119 241 578 ATS 43 LA
ACE ~ QLTI o13 a2 #91 LA ban
DIABETES 2R HEH 133 s T AT} LIT2
EF - SR04 S 120 i 55T 3al RET
SAHORE - 531134 233 B4 948 554 LEI7
DISLIFID 23 213 EEL] 249 T4 4. 181
BaO 61 5667 2l iz iL.B51 1124 JAH4T
HTA FIZTER 14 JTLn 139 |43 4724
DISEK - §744571 179 e 458 18 #2l
DAFT LT¥rEN E J ne] 5.799 179 11016
DIAMETER 061569 33 B34 L0664 553 2%
LEXCTH -y ole £87 958 L LR
STNULBER U618 214 e L 0e6 M 1612
LESION LETEES 136 i 543 L5 11 881
Punilhl -~ 3LE3ES 254 =1k 32 445 Lot
Coottant 1¥eH 1433 4.2 s

By applying non-parametric bootstrap using SPSS, with the number of
replications N=1000, we obtain the following results:
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‘Barii Tour Varishbie o B+ Egninos
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Codfiiest| flani | i Errar | Sip (-smiled) | 8548 Confidmes nmrial
Mm!
L e Epper
GENTER = L34 =023 lad g =60 ¥l
AGE - R el =17 H-o -] 4
DIABETES s ER L] L P | =7 143
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SLIOET - EiF ~RLE bl | 2 -a7} & L
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HTA Faa s} b L] oo et (N B
DIEEK 0+ Ml e vl | B 142
DART 1.750 3 any 20l 1 b |
DIAAETER b = Q0 07 95} « 557 aF
LENGTH -0 [ b m T ohe
STSUAMBER i -0l i = -~ 50k 21
LEEIDN M bl - k) ] | i | - L]
Pw. Xl + 331 Nl arh s - A5 i
i b | =2 [Nk ] | ] ._."i 5§73 S

Using R programming language to obtain the Logistic Regression Model, we
obtain the following results:
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We use the nonparametric bootstrap in R with the number of bootstrap

replications N=1000, and we have the results:
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Based on the results obtained, we noticed that we have the same significant
factors from both SPSS and R. We have six significant factors that are:
Ejection Fraction (EF), Body Mass Index (BMI), Arterial Hypertension (HTA),
Dissection (DISEK), Dual Antiplatelet Therapy (DAPT) and Lesion (B2C)
(this is determined by the value of sig. in the corresponding column in each
table, a value less than 0.05 indicates a significant factor in the model). Factors
that increase the odds to the outcome are Body Mass Index (BMI), Arterial
Hypertension (HTA), Dual Antiplatelet Therapy (DAPT) and Lesion (B2C).
Factor that decrease the odds to the outcome are Ejection Fraction (EF) and
Dissection (DISEK).

We have the same model coefficients and confidence intervals close to each
other using both R and SPSS.
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Applying bootstrap resulted in good estimations from both R and SPSS, but to
highlight the similarities and differences between R and SPSS, we have
constructed graphs to make a more evident comparison:
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CONCLUSIONS

To identify the factors that predict mortality in the in a data records sample
from the hospital that have cardiac problems, a multiple logistic regression was
conducted, entering 15 covariates in the model. The results indicated that we
have only six significant factors in the model.
The Omnibus Tests of Model Coefficients indicates a significant model also
the Hosmer and Lemeshow Test indicates that the model fits the data.
The overall percentage must be at least 80% (in our model this value is 95.5%)
so this is a good indicator for the model obtained. We had the same results
from both SPSS and R in determining the significant factors for the model:
Ejection Fraction (EF), Body Mass Index (BMI), Arterial Hypertension (HTA),
Dissection (DISEK), Dual Antiplatelet Therapy (DAPT), and Lesion (B2C).
The impact of these factors in predicting the mortality and the risk associated
with each of them is different.
Factors that increase the odds to the outcome are Body Mass Index (BMI),
Arterial Hypertension (HTA), Dual Antiplatelet Therapy (DAPT) and Lesion
(B2C). The factors that decrease the odds to the outcome are Ejection Fraction
(EF) and Dissection (DISEK).
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Also model coefficients and odd ratios are the same from both R and SPSS.
Bootstrap gives good results in both cases, but we noticed that bias obtained
from R is smaller than the bias obtained using SPSS and the bootstrap Standard
Error is nearly the same in both cases. We calculated Confidence Interval
length for the coefficients and in most of cases we have smaller interval length

using SPSS than R.
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Abstract: In this paper we prove some results on the existence of a dense set of pairs in the
product of an infinite-dimensional complex Banach space with its dual space such that each
pair of this set has an n —tuple weak orbit tending to infinity for specific countable family of

mutually commuting bounded linear operators.
Keywords: Banach spaces, weak orbits, n-tuple weak orbits, sequences of operators.

1. Introduction

Let X be an infinite-dimensional Banach space over the field of complex numbers C ,
B(X) the algebra of all bounded linear operators on X and X~ its dual space, i.c., the space of
all bounded linear functionals x*: X — C. For the direct product X X X* we assume that is
endowed with the product topology. As usually, if x € X and x* € X*, we will denote
(x,x*) :=x*(x). If T € B(X), then o(T) and r(T) will denote the spectrum and the spectral
radius of the operator T, respectively.

IfTy,T,, ..., T, € B(X) are mutually commuting operators, n —tuple orbit of the vector

x € X (or, the orbit of x under the n —tuple T = (T4, T, ..., T;,)) is the set
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Orb({T}y, %) = {TJ' T2 . T\ x: ke 2 0;1 < i < n}. (1.1)

The n —tuple orbit tends to infinity if

limy, o ||[T{ Ty .. Ty x| = oo, forall k; > 0, #i,1<i,j <n.

For n = 1, the n —tuple orbit (1.1) reduces to a simple sequence of form
Orb(T,x) ={T"x:n=10,1,2,...},
usually referred as single orbit (or, simply orbit) of the vector x € X under the operator T.
The n —tuple weak orbit of the pair (x,x*) € X X X* (or, the weak orbit of the pair
(x,x*) under the n —tuple T = (T, Ty, ..., T,)) is the set
Orb({T;}=y, x,x*) = {(leiTzk2 ...T,f"x,x*): ki=20;1<i< n}. (1.2)

The n —tuple weak orbit tends to infinity if

k

. k k
llmki—)oo|(T1 T2 T, x™)

= oo, forallk; =0,/ #i,1<i,j <n.

For n = 1, the n —tuple weak orbit (1.2) reduces to a sequence of form
Orb(T,x,x*) = {{T™x,x*):n=10,1,2, ...},

usually referred as weak orbit of the pair (x,x*) € X X X* under the operator T.

In [5] we gave only a brief survey without proofs of some results on the existence of a
dense set of pairs (x,x*) € X X X* each having a single weak orbit tending to infinity under
every operator of a specific sequence of operators in B(X). In this paper we are going to give
an appropriate generalization for n —tuple weak orbits only of the results in [5] that do not

involve any requirements upon specific subsets of the spectra of the operators.

2. Preliminary Results

Lemma 2.1. ([2, Lemma V.37.15]) Let € > 0 and (a,),=1 be a sequence of positive numbers
satisfying Yops1 Ay < € Then there is a sequence of positive numbers (by)psq such that

b, > wasn - o and Y51 apb, <€
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Theorem 2.2. ([2, Theorem V.39.5]) Let X and Y be Banach spaces and (Ty)n»1 be a
sequence of operators in B(X,Y). Let (ay)ns1 be sequence of positive numbers with
Yot a,ll/2 < 0. Then there are x € X and y* € Y™ such that

(Tx, v*)| = ayl|T,l, for alin = 1.
Moreover, given balls B € X and B* € Y* of radii greater than Y.,5, a,ll/2 < oo, then it is

possible to find x € B and y* € B* with this property.

Corollary 2.3. ([2, Corollary V.39.6]) Let X and Y be Banach spaces and (Ty,)ns1 be a
sequence of operators in B(X,Y) satisfying Yo_,||T,||7Y/? < oo. Then there exist x € X and

y* € Y* such that |{T,x, y*}| = 0. Moreover, the set of such pairs (x,y"*) is dense in X X Y*.
3. Main Results for N-Tuple Weak Orbits

LetF ={1,2,...,N} forsome N € N, N > 2, or F = N.

Theorem 3.1. If X is a Banach space, {T;:i € F} € B(X) and {(a"'j)j>1:i € F} is a family of

sequences of positive numbers such that ¥ier j>1 ai1§2 < oo, then for every open ball B c X and

Y2 there are x € B and

every open ball B* ¢ X* with radii strictly larger then Yicp j>1 a;;

x* € B* such that

|(Tikx: x")

> ai,k”Tik”,for alli € F and k € N.

1/2

Proof. Let B X and B* < X" be open balls, each with radius strictly larger then };er j>1 a;

and put T; ;, = Tk, i € F,k € N. Let f:F X N - N be the bijective mapping defined with:
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i+N(—1), ifF ={1,2,...,N},
fG)=qG+j-2)@+j-1)
> , ifF =N,

and g:N - F X N denote its inverse. If (at;),»1 i8 a sequence of positive numbers and (S,,);»1
is a sequence of operators defined with

Up = Qgeny and S, = Ty, foralln € N,
then ;51 0(,11/2 = Yier,j>1 ailf < o0 and hence (by Theorem 2.2, applied on (;)ns 1, (Sp)ns 1

and X =Y) there are x € B and x* € B* such that

[{Spx, x*)| = o, |lSyll, foralln > 1.
Given (i, k) € F X N and n = f(i, k), these inequalities, along with the definition of (a,)ns 1
and (S,,) s 1, Will give

|<Tikx' x*)

= |<Ti,kx1 x*)

= (Tymx, x| 2 agm | Tomll = awr||I T

which completes the proof. ]

Theorem 3.2. [f X is Banach space and {T;:i € F} c B(X) is a family of operators such that

Z,;“’:l”Tik”_l/z < oo, for all i € F, then there is a dense set D © X X X* such that the weak
orbit Orb(T;, x, x*) tends to infinity for every pair (x,x*) € D and every i € F. If, in addition,
{T;:i € F} is a family of mutually commuting operators such that the sequences (T} — Tjk)kzl

are norm bounded for all i,j € F, then for every n € F, every 1 < m < n and every pair
(x,x*) € D, the m —tuple weak orbit Orb ({Tij};-”:l, x,x*) tends to infinity for all 1 <i; <

i2<"'<imSn.

Proof. To prove the first assertion let € > 0, B € X and B* € X* be open balls each with a
radius €. For i € F, let g; > 0 be such that

& 1/2 Sit+1’
el 2

k=1
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and, by Lemma 2.1, let (b; )1 be the sequence of positive numbers such that b; , — o as
k — oo and

o0
Z &by <_E
=

. 3.1
— |Tik||1/2 21.+1
For (i,k) € F x N, puta;, = Eizbizk”Tik”_l. Then by (3.1) we have

1/2 gb; € €
K 1/2 2i+1 < 2"
i€EF k21 iEF k=1 |T ”

i€EF

Hence, by Theorem 3.1, there are x € B and x* € B* such that

[(Tfx, x*)| = ayi || T = Ezblzk”Tk”_l”Tk” = gfb?, foralli € Fand k > 1
Letting k — oo, we obtain

(3.2)
If, in addition, {T;:i € F} is a family of mutually commuting operators such
that the sequence (T}

that || T} = T¥|| < M;;,

T;*)k>1 is norm bounded for all i,j € F, let M; ; > 0 be such
for all k =0, and let (x,x*) € X X X* be a pair satisfying
(3.2). We continue by induction

Letm =2and 1 <i; <i, <n.Then
ky+k
|<Til1 2 :

< |<Tik1+k2x _ T kz

k k:
= |(T 1(T12 —_

< |l T = T el - Dl + |<T
k
< |, |I™

My iy - Ml NIl + (T

Since |(T’11x,x )| — o0 as n — oo (hence |(Tk1+k2x x*)

kz

k2

kz

kz

kz

— oo, for all k; = 0), the
above inequalities imply that

kz

(T,

— oo, forall k; > 0.
Similarly,
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kqi+k kqi+k k k
|<Ti21 2 : < |<Ti21 zx_T 2 2
k k k k
= |(Ti22(Ti21 =T ’
k k k k
< T2 1Tt = T taell - Ml + |<T §
< k2 * kz
< T I - My~ Il I+ TS
imply that

kz

(T,

To complete the proof, it is enough to show that the claim is true for m = n, under an inductive

— oo, forall k, = 0.

assumption that the (n — 1) —tuple weak orbit Orb ({T 3= L x *) tends to infinity for all
1<i; <i, <+ <iy_q<n. For fixed i €{1,2,...,n} and ky, ks, ..., ky,
je€{1,2,..,n}\ {i}, we have

k1 kl 1pkimKize kn
[ it At G FaS

>0 and arbitrary

k k kimki k kimk k
|(T 1 i 1T iThitt 1 "x—Tl 1T22... nn

i+1 " 'n

k1mk k
+|(T11T22... o

= i rfp i L (T = x|+ T T
k k k k ki
= (1 v oy sl 18 (1 vl TR

k1mk k
+ (1T, T

kn

n
H”Tpllk” Myl el + (T T
b

Since j € {1,2, ..., n} \ {i},

(I TE AT T, x°) € Orb({Ty, .., Ticy, Tigns o Tnd %, X7),

and since, by the inductive assumption, this (n — 1) —tuple weak orbit tents to infinity, we

have

(T T T T, x7)| > 00, a5 ky > oo, forall k; > 0, ) # i.
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This, together with the above inequalities implies that

[T/ T, x*)

— 0, as k; > oo, forallk; >0, # i.
which completes the proof. |
Corollary 3.3. If X is Banach space and {T;:i € F} ¢ B(X) is a family of operators such that
r(T;) > 1 for all i €F, then there is a dense set D € X X X* such that the weak orbit
Orb(T;, x,x*) tends to infinity for every pair (x,x*) € D and every i € F. If, in addition,
{T;:i € F} is a family of mutually commuting operators such that the sequences (T} — Tjk)kzl
are norm bounded for all i,j € F, then for everyn € F, every 1 < m < n and every pair
(x,x*) € D, the m —tuple weak orbit Orb ({Tij};-”:l, x,x*) tends to infinity for all 1 <i; <
< <ip<n
Proof. By Theorem 3.2 it is enough to show that an operator T € B(X) with spectral radius
r(T) > 1 satisfies: Yo, ||T™||7Y/2 < oo. If r(T) > 1, then there is A € o(T) such that |A| > 1.
Clearly |A|'/?2 > 1 and hence the series Y.%,|A|™™/? converges. On the other hand, by the
Spectral Mapping Theorem, A" € o(T™) for all n € N. Hence |A|" <r(T™) <||IT"|| and
o IT™I7Y2 < Tpeq A2 < oo u
4. Few Remarks on N-Tuple Orbits Tending to Infinity

The inequalities of form

(T T, x| < |7 T - D], (e x®) € X x Xk 2 0,1< i <n,

clearly imply that the n —tuple orbit Orb({T;}{=,, x) tends to infinity whenever there is x* € X~
such that the n —tuple weak orbit Orb({T;}/-,, x, x*) tends to infinity. Hence, in the light of the
results from the previous section, we can state the following alternative results for n —tuple

orbits tending to infinity to a part of the results in [7].

Theorem 4.1. [f X is Banach space and {T;:i € F} € B(X) is a family of operators such that

Z?=1||Tik||_1/2 < oo, for all i €F, then there is a dense set D € X such that the orbit
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Orb(T;, x) tends to infinity for every x € D and every i € F. If, in addition, {T;:i € F} € B(X)
is a family of mutually commuting operators such that the sequences (T} — T]-k)kzl are norm
bounded for all i,j € F, then for everyn € F, every 1 < m < n and every x € D, the m —tuple

orbit Orb({Tij}Tzl,x) tends to infinity for all 1 < i; < i, <+ < iy < n.

Corollary 4.2. If X is Banach space and {T;:i € F} € B(X) is a family of operators such that
r(T;) > 1 for all i € F, then there is a dense set D € X such that the orbit Orb(T;, x) tends to
infinity for every x € D and every i € F. If, in addition, {T;:i € F} ¢ B(X) is a family of
mutually commuting operators such that the sequences (T} — T]-k)kzl are norm bounded for all
i,j EF, then for every n€F, every 1<m <n and every x €D the m —tuple orbit
Orb({T,'j};-”zl, X) tends to infinity forall 1 < iy <i, < < iy, <n.
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Abstract: In this paper, the authors defined a new general class of
functions, the so—calle(i) exponentially (w;,w,,hq,hy)-nonconvex function
involving F?, () (Raina function). Utilizing this, some Hermite—Hadamard
type integrapl' inequalities via generalized fractional integral operator are
obtained. Some new results as special cases are given as welﬁ

1. Introduction and preliminaries

Convexity is one of the fascinating and natural concepts, it is beneficial in
optimization theory, theory of inequalities, numerical analysis, economics and in other
subjects of pure and applied mathematics. Convex functions are defined in different
ways due to their interesting graphical shapes in euclidean space. A convex function
defined on an interval of real line is always continuous in the interior points, but need
not be differentiable. Although, it has left and right increasing derivatives at each
interior point. The derivative of a differentiable convex function is always an
increasing function. A twice differentiable convex function has downward concavity.
In analytical forms it is defined in several ways and the classical one is given in [1] as
follows:

Definition 1.1. A function y: 1 € R — R is said to be convex on I, if
Pg + (1= 1&) < 1p(&) + (1 = DP(E)
holds for all §;, &, € I and1 € [0,1].

In [2], the notion of h—convex function is introduced.

Definition 1.2. Let h: [0,1] — [0, +0) be a function. A function y: I — R is said to be
h—convex, if

W08 + (1 =1&) < h(W(E) +h(1 —DU(E,)
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holds for every §;, &, € land 1 € [0,1].

Exponentially convex functions have been introduced by Awan et al., see [3].

Definition 1.3. A function i: I € R — R is called exponentially convex, if

W0 + (1 —1g) < 1% +(1-1) —q;((f;z)

holds for all §;, §, € I, ® € Rand1 € [0,1].

Exponentially convex functions have been used for proving the convergence of a
gradient type algorithm for minimizing a function. They play an important role in
optimization theory and mathematical economics.

The most significant inequality is the Hermite-Hadamard integral inequality, see [4].
This double inequality is expressed as:

&2
&1+ & 1 PE) + P(Es)
(1.1) q;( ) <e— EJ Pd < 0

2

The double inequality (1.1) became a very important foundation within the field of
mathematical analysis and optimization, several applications of these inequalities have
been found in number of settings. Furthermore, several inequalities of special means
can be discovered for the specific options of the function . Due to large applications
of double inequality (1.1), literature is growing and giving its some new proofs,
augmentations, improvements and generalizations, see [5 — 14] and the references
therein.

In [15], Raina R. K. introduced a class of functions defined formally by

< o0

c — 70(0),0(1)
(1.2) For(z) = Fy5 (z) = a ok + 1) z,

where p,A > 0,|z| < R and 0 = (0(0), ..., 6(k), ...) is a bounded sequence of positive

real numbers. Note that, if we take in (1.2) p=1,A=0 and o(k) = % for
k

k =0,1,2, ..., where a, B and y are parameters which

can take arbitrary real or complex values (provided that y # 0,—1,—2,...), and the
symbol (a)y denote the quantity
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F(a+Kk)
(a)k :T: a(a+ 1) ...(a+k— 1), k= 0,1,2, ey
a

and restrict its domain to |z| <1 (with z € C), then we have the classical
hypergeometric function, that is

(B Sk

5@ = P Bryi7) = 2 S

Also, if 0 =(1,1,...) with p = a, (Re(a) > 0),A =1 and restricting its domain to
z € Cin (1.2), then we have the classical Mittag—Leffler function

k

400 ,
Ea(Z) = kzom

Now we are able to define a new general class of function involving F ;\() (Raina
function).

Definition 1.4. Let hy, h,:[0,1] — [0, +00) be two functions and y: 1 € R = R. If
satisfies the following inequality

'11(21) +h, ) ¢£E§)’

for all1 € [0,1], w1, w, € R, and &;,&, € I where T&(Ez — &) > 0, then { is called
exponentially (w4, w,, hy, hy)-nonconvex function.

w(El + IT;S)\(EZ 21)) < hl()

Remark 1.1. Taking w; = w, = w, h;(1) =1 —1, h,(1) =1and T;?,A(EZ —&) =
&, — & > 0 in our definition, then we obtain Definition 1.3.

Remark 1.2. Choosing T;?,A(Ez —&) =%, —& > 0, let us discuss some special cases
in our Definition 1.4 as follows:

(D Taking h; (1) = h,(1) = 1, we have exponentially (w;, w,, P)—convex function.
(II) Choosing h4 (1) = h(1 —1) and h, (1) = h(1), we get exponentially (w4, w,, h)—
convex function.

(TIT) Taking h; (1) = (1 —1)® and h, (1) = 1° for s € (0,1], we obtain exponentially

(s, w1, w,)-Breckner—convex function.
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(IV) Choosing h; (1) = (1 —1)7% and h, (1) =17% for s € (0,1), we have exponentially
(s, w1, wy)—Godunova-Levin—Dragomir—convex function.
(V) Taking h; (1) = h,(1) =1(1 —1), we get exponentially (w;, w,, tgs)—convex

function.

(VI) Choosing h; (1) = ZE\/_TI and h,(1) = 2\/%, we obtain exponentially
(w4, Wy, MT)—convex function.

To the best of our knowledge these classes of functions are all new.

Definition 1.5. [16] The left and right side generalized fractional integrals for a
function Y are defined as

gt I(I)‘*IJ(T) = f%‘b(odl’ T> El:
&1

&2
g, lpW(D) = f %lb(l)db T <%,

Our main goal during this paper is to prove some Hermite—Hadamard type integral
inequalities for exponentially (w4, w,, hy, hy)-nonconvex functions by using the
generalized fractional integral operator. Moreover, we will derive several special cases
from our main results. At the end, a briefly conclusion will be given as well.

2. Main results

Throughout this section the following notation is used:

A:=1[8,8 +Fr(Ez —§)] where FJ (5 —8) >0

)y

and W1, Wy, Wy, Wy € R.

Theorem 2.1. Let hy,h,:[0,1] = [0, + ) be two continuous functions and J: A —
(0, +0) an exponentially (w4, w,, hy, h,)—nonconvex function. Then the following
inequality for the generalized fractional integral holds:
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2.1 [ + F2 - + -1
@) el (8 FE - 8D) (o5 r) PV
Y(&) P(E2)
= e®1§1 H1 + e‘»ziz HZ'
where
: PG —En
H;:= f [h;(1) + h;(1 — 1] (7o Elz b )dl, vi=1,2.
0
Proof. Since Y is exponentially (w4, w,, hy, hy)-nonconvex function, we have
P(&1) (&)
22) WG+ PG —8)) S o + ()
and
P(&1) Y(&2)
(2.3) V(& + (A -DFE —8)<h(1-1 R +hy(1-1) R
Adding (2.2) and (2.3), we get
U (8 +1F0E — &) + U (8 + - DFHE — 8)
() P(E2) () P(&2)
< <h1(l)m + hz(l) ewziz + hl(l - 1) ew1§1 + hz(l - 1) ewziz
@4 =30 +h (1 - 0]+ 2 [, () +hy (1 - )],

Fo(E2—
Multiplying (2.4) with M on both sides and integrating the resultant
inequality with respect to L over [0,1], we obtain our required result (2.1).

We point out some special cases of Theorem 2.1.
Case 1. Taking (1) = 1, we obtain the following inequalities for the Riemann

integral:

Corollary 2.1. Under assumptions of Theorem 2.1, taking h; (1) = h, (1) = 1, we have
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E1+Tg,x(52—§1)

1 VE) | W(E)

(2'5) c 2 J l]J(T) dr < ew181 + ew282’

[FoG -0 ¢

Corollary 2.2. Under assumptions of Theorem 2.1, choosing h;(1) = h(1 —1) and
h, (1) = h(1), we get

§1+Tgx(§z—§1)

1
(2.6) Y(t)drt<A
(o, - 5] J

B T kil
e(*)1§1 eU)zEz !

Y& ‘11(22)}

where

1
A:=f0 h (1)du

Corollary 2.3. Under assumptions of Theorem 2.1, taking h; (1) = (1 —1)° and
h, (1) =1° for s € (0,1], we obtain

1 +Foa(&2—81) VE) |, wE)

1 w181 w282
2.7) W) dr < et _evzfe
[TS}L(EZ - 21)]2 g[ s+1

Corollary 2.4. Under assumptions of Theorem 2.1, choosing h; (1) = (1 —1)7° and
h,(1) =17° for s € (0,1), we have

E1+Foa(&2—81) VED |, wE)

1 w181 w282
(2.8) P(t) dr < et etz
[0, & — &) J 1-s

Corollary 2.5. Under assumptions of Theorem 2.1, taking h; (1) = h,(1) =1(1 —1),
we get

STt VE) | WE)

1 w181 w282
(2.9) P(t) dr < et ez
79, & — &) J 6
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Corollary 2.6. Under assumptions of Theorem 2.1, choosing h;(1) =

i =¥ and
2v1
h,(1) = e We obtain
1 £ 475 (62 —E0) n[w(m w(m]
@10) S O
(PG -8 ¢

Case 2. Taking $(1) = —

, we obtain the following inequalities for the Riemann
fractional integral:

Corollary 2.7. Under assumptions of Theorem 2.1, taking h; (1) = h, (1) = 1, we have
IF(Il(a+1) o - o
(211) TN (160 + Fp e — 50) + 1E WD)
lIJ(El) (&)

e(*)1§1 eﬂ)zEz

Corollary 2.8. Under assumptions of Theorem 2.1, choosing h;(1) = h(1 —1) and
h, (1) = h(1), we get
212) D) 18 + 75,6 — 80) + 10|
| GRS
<u ¢(§1)+¢(Ez)]

e(*)1§1 ew?2 &
where

1
H*:= f 1271 [h(1) + h(1 —1)]d.
0
Corollary 2.9. Under assumptions of Theorem 2.1, taking h;(1) = (1 —1)®
h, (1) =1° for s € (0,1], we obtain

I*(a) a P a
AR [+ Fa(6e = 60) + IEWED)|

ew1f1 ewzf

(2.13) 1/1(51) 1/1(52) (.8(

1
,s+1)+—).
s+a
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Corollary 2.10. Under assumptions of Theorem 2.1, choosing h;(1) = (1 —1)7° and
h,(1) =17° for s € (0,1), we have

I'?(a) « " o
T — T (150 + PG — 80) + 1 WED)]

214 _VE) | v

e®1§1 e‘”ziz

(B(a, 1—-s)+ ﬁ)

Corollary 2.11. Under assumptions of Theorem 2.1, taking h; (1) = h,(1) = 1(1 —1),
we get

L0 18 + 72006 — 60) +IE WG]
2Fga(Fe — B LE T T TRATE T T
)

ew181 = ew2§2

T (a+ D(a+2)

(2.15)

Corollary 2.12. Under assumptions of Theorem 2.1, choosing hq(1) =2£\/_Tl and

h,(1) = \/\/-_ we obtain

r’(w o . o
GACEAE 150+ Fo e — &) +1EWED)]
11 PED | WE)
(2.16) = [B (“ * E’E) * B(“ 2’ 2)] [ewél * ewzgz]

Case 3. Taking ¢(1) =

fractional integral:

krl @ Ve obtain the following inequalities for the k—Riemann
k

Corollary 2.13. Under assumptions of Theorem 2.1, taking h; (1) = h,(1) = 1, we
have

k2T ()T (o + k) [1
2[FJ) (&2 — 51)]_

W+ F = 8D + 1 upo 6,6y 10 ED)

VG | WE2)

0)151 eszz
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Corollary 2.14. Under assumptions of Theorem 2.1, choosing h; (1) = h(1 —1) and
h, (1) = h(1), we get

k2L
« (0() 200 [I kw(zl + ?G}L(EZ El)) + I(§1+y:gx(§2 gl))—,kw(zl)]
[Foa(€a — &)k
¢@ﬂ+¢@ﬁ]

ew1§1 eﬂ)zEz !

(218) <T*

where

10(
T*:=.f 1k ' [h(1) + h(1 —1)]d1
0

Corollary 2.15. Under assumptions of Theorem 2.1, taking h;(1) = (1 —1)° and
h, (1) =1° for s € (0,1], we obtain

k?Tié ()
[Foaez — &I

5z (15 B+ Fga (B = 80) + 1, o 6,10y 1G]

o) S 4

Corollary 2.16. Under assumptions of Theorem 2.1, choosing h;(1) = (1 —1)7%
h,(1) =17° for s € (0,1), we have

k?Tié ()
[Foaez — &I

(2.20) <[B(%,1_S) — ks] Y& |, ¥(&)

- ew181 ew2§2

52 (16 B+ Fga (B = 80) + 1, 0 6,610y iG]

Corollary 2.17. Under assumptions of Theorem 2.1, taking h; (1) = h,(1) =1(1 —1),
we get

KT ()
2[F (& — EDT*

52 (16 B + Fga (B = 800) + 1, 0, 6,6,y )]
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k2 [¢(§1) + lIJ(EZ):I
e®181 w282
(2.21)

= (@ + k) (a+2k)

Corollary 2.18. Under assumptions of Theorem 2.1, choosing h; (1) = E and

h,(1) = \/\/__ we obtain

k21
(@) z_a[l W+ F =) + 1§ ipo 6, ey WD)
[F 252 — &I &

e i

(a )] Y(61) tb(Ez)

k 2 2 e®1§1 ew2 Ez

Case 4. Taking ¢(1) = 1(21 + TEA(EZ —-&)— 1)0(_1 and a € (0,1), we obtain the
following inequalities for the conformable fractional integral:

Corollary 2.19. Under assumptions of Theorem 2.1, taking h; (1) = h,(1) = 1, we
have

1 o -
[El + TST}L(EZ _ El)]a — Eix X [IETLIJ(El +F )\(EZ El)) + I(§1+Tg?\(52 51))—‘1‘[(21)]

VE) |, W)

223 < e®151 eﬁ’ZEZ.
(223) oo

Corollary 2.20. Under assumptions of Theorem 2.1, choosing h;(1) = h(1 —1) and
h, (1) = h(1), we get

VG | vE)

(2.24) I%r‘b(ﬁ +For(§2 —§1)) + I(§1+T°'A(§2 £y)-V(E) < H corts T a0, |

where

1
e := | [h) + (1 = D]fEs + (1~ DS G — &)1

Corollary 2.21. Under assumptions of Theorem 2.1, taking h;(1) = (1 —1)° and
h, (1) =1° for s € (0,1], we obtain
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(2-25) Ig;rq"(zl +F )\(EZ El)) + I(§1+ x(§2—§1)) ¢(§1) <H w181 + w28 |’
where

1 & +For(§2—81)
H* := f
NGEEI

1 - §)°
+ (21 + TUA(EZ €1)

1

- l)s]dl.

Corollary 2.22. Under assumptions of Theorem 2.1, choosing h;(1) = (1 —1)~
h,(1) =175 for s € (0,1), we have

(226)  I%WC + TG — 80D 1% 4re 6, g)-W(ED) < P[‘i’f;) ‘i’f?]
where
1 E1+Tg,)l(52—§1) w—t 1 1
NG —zo]l-sf 1 it

]
&+ Fa —8) —1)
Corollary 2.23. Under assumptions of Theorem 2.1, taking h; (1) = h,(1) = 1(1 —1)
we get

(Q21) G+ 6 ~ 8+ g, G0 < L[ e + o]
where
2 RSO .
G fE 1 (= E)(8 + Fae — 8

—1)d1.
Corollary 2.24. Under assumptions of Theorem 2.1, choosing h;(1) =

_ Vil d
2 A
h,(1) = \/\/-_ we obtain

(228)  IUCE +FoGe -

610) + 1 a5, gm0 V) < T+ 22

e0)1§1 ew:2 &
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§1+Tg,x(§2—§1) 1—&; & + Tc;\(iz &) —1
a1 L di
<) ! {Jzﬁm(zz—zl)—ﬁj TR

1

Case 5. Taking (1) = éexp(—AL) where A = 1?70( and a € (0,1), we obtain the
following inequalities for the fractional integral with exponential kernel:

Corollary 2.25. Under assumptions of Theorem 2.1, taking h; (1) = h,(1) = 1, we
have

1-a) . ]
A= o (A7 G =]~ 50+ Fga G = 80) + 1 10, 6,-00) WD)

229 _VE) | W)

= e®1§1 ew282’

Corollary 2.26. Under assumptions of Theorem 2.1, choosing h; (1) = h(1 —1) and
h, (1) = h(1), we get

(230)  IGWE + Foa G — 80D + I o 6,5, W) < Q[¢(El) w(zz)]

018, eszz

Where

Fora —
(04

&) (1 o
Q:= fo [hQ) +h(1 - )]exp(~AF (&, — E1)d.

Corollary 2.27. Under assumptions of Theorem 2.1, taking h;(1) = (1 —1)° and
h, (1) = 1° for s € (0,1], we obtain

@31 TG+ FoaCe = 8)) + g 0, -5 WED < Q [, V)

e(*)1§1 eﬂ)zEz
where

R
Q=T fo

[+ (- 1)S]exp(—ATg,;\(Ez —&))du
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Corollary 2.28. Under assumptions of Theorem 2.1, choosing h;(1) = (1 —1)~°
h,(1) =175 for s € (0,1), we have

(232) W+ PG ) + g, VG0 = Q[0+ 08

e(*)1§1 eﬂ)zEz
where

**._TS,A(EZ_Q) 11
Q "TL[FJ’

1
e (AT & — B

Corollary 2.29. Under assumptions of Theorem 2.1, taking h; (1) = h,(1) = 1(1 —1)
we get

(233) TP + Foa(t — 8)) + Ig 0

pX(EZ

b < @ [L, &)

018, ew:2 &
where

2F (&2 — !
Q:= ML [1(1— 1)]exp(—ATg)\(Ez — El)l)dl.

Corollary 2.30. Under assumptions of Theorem 2.1, choosing hy(1) =$ and

h,(1) = \/\/—_ we obtain

239 TgeG +Fuk - V&), W)

e®1§1 eszz

El)) + I(§1+T 2 (G2—81))” LlJ(El) s Q""

where

Q= TF?,A(EZ — &) Jlexp(—ATé’,x(Ez - 51)1) &
. Vil —1)
Theorem 2.2. Let h;,h,:[0,1] = [0,+) be two continuous functions and
Py, Py:A - (0,40) are  exponentially  (wq, w,, hy, hy)-nonconvex  and

exponentially (w;, ®@,, hy, hy,)-nonconvex functions, respectively. Then the
following inequality for the generalized fractional integral holds:
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e +loWs (21 + For(z — 21)) U, (21 + Foasz — 21)) + ( )‘ TpW1 (€)W2(81)

§1+Tg,x(52—§1)

(235) S C]_Pl + C2P2 + C3P3,

where
c UG W2 (€ c Ui (82) W2(82) c UG U2(82)
1= e(*)1§1 em1E1 2 = ew2§2 emzzz ! 37 ew1§1 emzzz
llJ1(Ez) Y2(&1)
eﬂ)zEz 355151
and

¢(T;§5,A(Ez — &)1 di,

1

1
P1:=f0[ 2() + h2(1 - )]

O(Foa€z — &V a,

1

1
Pz:=j0 [h2() + h3(1 - 1)]
ST =8

1

1
Py:= f [hy (s () + hy (1 = Dhy(1 = 1]

Proof. Since Y1, P, are respectively, exponentially (w;, w,, hy, hy)—nonconvex and
exponentially (@;, @,, hy, hy)-nonconvex functions, we have

Uy (21 +1F) (& — 21)) U, (21 +1F5, (82 — 51))

<hl()¢1(i1)+h2()¢1(iz)> (hl()%@l) 2()lIJz(Ez)>

Vi) W@ 5 Wi(E) V2 ()

_h1 Oz ew181 @®i§y +h,"() 028 e®2E2
@36+ O (Ll )

and
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Uy (21 + (1 =)F G2 — 21)) U, (21 + (1 —)Fa2— 21))

<h1(1 IR )wl(z2)> <h1 -8 )wz(zz)>

@282
TR L CHNET IR LA
e e eWwW262 @262
(2.37) + hy(1 - Dhy(1—1) <‘~|Jt)(21) wi;(%) n Lljt)(%) QJ;(E;)).
eW1s1  @®252 e®W252 W11

Adding (2.36) and (2.37), we have
Uy (El +1Fp (& — 51)) v, (El +1F5 (& — 51))

+ U (E1 + (1 =DF)E; — 51)) U, (El + (1 =DF)E; — 51))
Y1 (&) U2 (E1) 2, U1 (E2) W2 (&)

<h1 O—= ew1d1 @18 + h,“(1) it ooih
oo (S L)

+h12(1 -1 Y1 (1) W2 (81) 2 U1 (E2) U2 (E2)

ew181  @®1§1 +h2 (1_1) ew282 W28

(2.38) + hy(1 = Dhy(1—1) <¢1(E1) P2 (&) | bi(E2) sz(El))_

e(*)1§1 eﬁ’2§2 eU)zEz eﬁ’1§1

Multiplying (2.38) with on both sides and integrating the obtained
inequality with respect to 1 over [0,1], then we have our required inequality (2.35).

O (Foa (B2~51)1)
1

We point out some special cases of Theorem 2.2.

Case 1. Taking ¢ (1) = 1, we obtain the following inequalities for the Riemann
integral:

Corollary 2.31. Under assumptions of Theorem 2.2, taking h; (1) = h,(1) = 1, we
have
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f§1+7:gx(§z—§1)
T 1)dt<C; +C, +Cs.
Z[T';):}L(EZ _ El)]3 £ lI‘ll ( )llJZ( ) 1 2 3

Corollary 2.32. Under assumptions of Theorem 2.2, choosing h; (1) = h(1 —1) and
h, (1) = h(1), we get

1 E+Foa(E2—81)
(2.40) f

[:FG7 (EZ — E )|3 lIJ] (T)ll]z(‘[)d-[ <] [(‘ +C C ,
P 1 11 2] 3L2
where

1 1
Ly := 2f h?()dy, L,:= 2f h ()h(1 —1)du
0 0

Corollary 2.33. Under assumptions of Theorem 2.2, taking h;(1) = (1 —1)° and
h, (1) =1° for s € (0,1], we obtain

1 & +For(§2—81)
(2.41) f

GRCEA Vs (D¥(t)de
_20C+ G

S T 2GBGHLs + ).

Corollary 2.34. Under assumptions of Theorem 2.2, choosing h; (1) = (1 —1)~° and
h,(1) =175 for s € (0,1), we have

1 &1 +F g (82=81) q
g Rl P B(1—s,1—5)
= 1-2s 3 ’ '

Corollary 2.35. Under assumptions of Theorem 2.2, taking h; (1) = h,(1) = 1(1 —1),
we get

1 §1+F g2 (62=81) 4[C; + Cy + C4]
. d .
(2 43) [TEA(EZ _ El)]S Ll ll‘ll (T)qJZ (T) T= 3
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Case 2. Taking (1) = To™e obtain the following inequalities for the Riemann

fractional integral:

Corollary 2.36. Under assumptions of Theorem 2.2, taking h; (1) = h,(1) = 1, we
have

T'()l(a+1) [Igﬂh(zl + ForGz = 80281 + Fop (& — 51))]

2[F 5 (G — G HE 15 650 W1 GOW2E)
(2.44) <C,+C,+Cs.

Corollary 2.37. Under assumptions of Theorem 2.2, choosing h;(1) = h(1 —1) and
h, (1) = h(1), we get

F()l(a+1) 1‘5}%(21 + For&a =82 (& + Foa (G — &)
[FoaEa — &) +1&1+T;A(§2_§1))—¢1(E1)¢'2 (81)

(2.45) < L{[C; + C3] + C3L,,

where L; and L, are defined as in Corollary 2.32.

Corollary 2.38. Under assumptions of Theorem 2.2, taking h;(1) = (1 —1)° and
h, (1) =1° for s € (0,1], we obtain
F'()l(a+1) 1‘5}%(21 + ForGz = 8))W2(& + Foa (G2 — &)
GRACEDE I 450, 601 GOV ED

< 2[C; + C5]
2s+1

(2.46) + 2C3B(s+1,s+1).

Corollary 2.39. Under assumptions of Theorem 2.2, choosing h; (1) = (1 —1)~° and
h,(1) =17° for s € (0,1), we have

I()r(a+1) l?;lbl(il + For(Gz — &2 (&1 + For(§2 — &)
[TSI,}L(EZ - &) +Ig§1+y:gh(§2_§1))—q’l(zl)wz (61)
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2[C, + Cy]
(2.47) < ——+2C3B(1 —5s,1=5).
1-2s
Corollary 2.40. Under assumptions of Theorem 2.2, taking h; (1) = h,(1) = 1(1 —1),
we get

M)l (a+1) 1‘5}%(21 + For€2 =82 (& + Foa Gz — &)

[F, G — e I 450, 6t 01 GOV ED
4[C,+Cy +C
(2.48) < [C; +C; 3].
3
Case 3. Taking (1) = krllza), we obtain the following inequalities for the k—Riemann
k

fractional integral:

Corollary 2.41. Under assumptions of Theorem 2.2, taking h; (1) = h,(1) = 1, we

have
Tk ()T (a + k) 12},1(% &1+ ForGe — W21 + For Gz — El))]
Z[TS,}L(EZ — 21)]3?0( +I?§1+Tg:}t(§2—§1))__k¢1 G2 (81)
(2.49) < Cy +Cy + Cs.

Corollary 2.42. Under assumptions of Theorem 2.2, choosing h;(1) = h(1 —1) and
h, (1) = h(1), we get

Ik ()T (a + k) Ig;,k¢1 (& + ForGe — 821 + Foa (G2 — 21))]
[T;?:A(EZ — El)]%a +Ié1+y:gl(§2_§1))—,k'~|11(El)q"z(zl)
(2.50) < Li[C; + C] + C3L,,

where L, and L, are defined as in Corollary 2.32.

Corollary 2.43. Under assumptions of Theorem 2.2, taking h; (1) = (1 —1)° and
h, (1) =1° for s € (0,1], we obtain
Tk ()T (a + k) Ig;,k¢1(z1 + For(&2 = E)W2 (1 + Foa (8o — 21))]

[F (6 — EDTF

)y )y

+Ié1+}"g;l(§2—§1))_,k¢1 GW2(61)
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2[C; + G5
(2.51) <l B 2CB(s+ 1,5+ 1)
2s+1

Corollary 2.44. Under assumptions of Theorem 2.2, choosing h; (1) = (1 —1)° and
h,(1) =17° for s € (0,1), we have

Ty ()T (a + k) I%r,k‘lh(ﬁ + ForGz = )2 (& + Foa(E — El))]
[od o
[F (6 — EDTF &, 478, @ -s kW1 GOW2 ()
2[C;+C
(2.52) LAt Cl 2C5B(1—s,1—s).
1-2s
Corollary 2.45. Under assumptions of Theorem 2.2, taking h; (1) = h,(1) =1(1 —1),
we get
T (T (o + k)

I8 1 W1 (&1 + Fa (&2 — 52 (1 + Fop(§a — 21»]

[F (6 — EDTF I a0, 6y a1 GOV )

_4[C1 +Co +Co]
< : :

(2.53)

Case 4. Taking ¢(1) = 1(21 + T,;’,)\(Ez -&) — 1)a_1and a € (0,1), we obtain the

following inequalities for the conformable fractional integral:

Corollary 2.46. Under assumptions of Theorem 2.2, taking h; (1) = h,(1) = 1, we
have

)y

a 12‘;1111(21 + Foa(Ga — &)Wy + Foa (G2 — &)
2{[& + F5 (&2 — &)]* — &} +I?§1+T§A(Ez—21))‘¢1 EW2(81)

(2.54)  <C;+Cy +Cs.

Corollary 2.47. Under assumptions of Theorem 2.2, choosing h;(1) = h(1 —1) and
h, (1) = h(1), we get

1 [Igﬂh G+ For(Gz — 82 (& + Fa (82 — 21))]

Fo (6 — &) I ar, 6y~ V1 GOV D)
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(2.55) < A4[C; 4 Cy] + C3A,,
where

1
Ari= [ B + R =D&+ (- DFS G~ B,

1
Az:= 2f h(Mh(1 =D& + (1 = DFor (€ — )] du
0
Corollary 2.48. Under assumptions of Theorem 2.2, taking h;(1) = (1 —1)° and
h, (1) = 1° for s € (0,1], we obtain

1

Igﬂh &+ Té’
For&2 —&1)

A2 = 82§ + Fy

2 (82 —61))
iy 179, -2~ V1 G W2 (1)
(2.56) < A[Cy + Cy] + C3A3,
Where
1 E+Foa(82—81)
SN CACEA L Gl
+ (& + For(Gz —81) — l)zs]dl,
2 &1 +Fga(82=81)
R TGS e f

: 17— 51)(21 + TEA(EZ —&) - 1)]Sd1-

Corollary 2.49. Under assumptions of Theorem 2.2, choosing h; (1) = (1 —1)~° and
h,(1) =17° for s € (0,1), we have

1 IerWs o + FoaGe — 821 + Fou (€2 — &)
?SA(EZ —&1) + ?51+fg'x(§2_§1))—¢1(El)wz(zl)
(2.57)

< AT[C; + C,] + C3AY,
where
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1 §1+F g (82—81) L 5
AY = = O [ = £)
[For€a — 8125 Uy,
—2s
+ (&5 + Fora — &) — 1) Tldi
2 §1+Tg,x(§2—§1) 1 ( )
Ay = = S0~ 8 (6 + P — &) — )]
[F o — eI % )y,

A=

Corollary 2.50. Under assumptions of Theorem 2.2, taking h; (1) = h,(1) =1(1 —1),
we get

[0 1+ Fga G = 802Gt + FoaCEe = &) + 15, 1m0, 51y W1 BV (60
(258) < A*[C; + Cy + G5,
where

2 El+Tg,x(§z—§1)
[Foa(z —§0)]* )i 10— &) (& + Foa (&2 — &) —1)]%du
P 1

Case 5. Taking ¢(1) = iexp(—Al), where A = %a and a € (0,1), we obtain the
following inequalities for the fractional integral with exponential kernel:

Corollary 2.51. Under assumptions of Theorem 2.2, taking h; (1) = h,(1) = 1, we

have
1-o
2[1 - eXP(_ATg,A(Ez - 51))]
[I + W1 (& +TG)\(§2 ED)W2 (8 + TGA(EZ €1))
LN N AP
(259) < Cy+Cy+Ca.

Corollary 2.52. Under assumptions of Theorem 2.2, choosing h; (1) = h(1 —1) and
h, (1) = h(1), we get

(0

TEA(EZ - El)
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X |10 (& + Por G2 — 802 (&1 + Foa (B — §))
FIG ur, -t V1 GOW2 D]

(2.60) < P[C; +C,]+C3R,

where

1
P.— fo [h2(1) + h2(1 — 1)Jexp(~AF; (& — E)1)ds

1
R:= 2] [h(Dh(1 - 1)]exp(—A.‘F’§’_A(E2 — El)l)dl.
0
Corollary 2.53. Under assumptions of Theorem 2.2, taking h;(1) = (1 —1)° and
h, (1) =1° for s € (0,1], we obtain
a
For&z — &)
x |18 1 + Fia (e — 5002 (&1 + Fg
+ 17

(&2 — £1)
470, 6yt V1 G2 )|

(2.61) < P;[C; +C,]+ C3Ry,

Where Py := [[125 + (1 — 1)*Jexp(—AF S, (&, — ED1)d,

1
R1 = Zf [1(1 - 1)]Sexp(_ATg}l(Ez - El)l)dl.
0
Corollary 2.54. Under assumptions of Theorem 2.2, choosing h; (1) = (1 —1)~° and
h,(1) =175 for s € (0,1), we have

(0

For& — &)
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X |10 (& + Por G2 — 802 (&1 + Foa (B — §))
FIG ur, -t V1 GOW2 D]

(2.62) < P,[Cy + C,] + C3R,,

where

1
P,:= -fo [1725 + (1 - 1)_25]exp(—ATg;\(Ez —&)dy,

1
R,:=2 fo [1(1 = D] Sexp(—AF 5, (€2 — & )1)du.

Corollary 2.55. Under assumptions of Theorem 2.2, taking h; (1) = h,(1) =1(1 —1),

we get

o
2756 — &)

X |10 (& + Por G2 — 802 (&1 + Foa (B — §))

»

FIE upe, 6oty V1 G2 G|
(2.63) < P3[C; +Cy +C5],

Where  P3:= fol[l(l —1)]%exp(—AF, (& — §)1)du.

Corollary 2.56. Under assumptions of Theorem 2.2, choosing hy(1) =\/21__\/—11 and

h,(1) = 2\/%, we obtain

__*
TEA(EZ - El)

X (1801 (&1 + ForE2 — 802 (1 + Foa (2 — §0)
+ I?Eﬁ:)-"g,t(gz_gl))—llll(zl)wz (21)]
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(2.64) < P,[Cy + Cy] + RyCs,

where

3 1 1—
P,: =J0 [11_ +— I]CXP(—ATS,A(EZ —&)1)dy,
= exp(—AF g5 (&2 — &)
4 ZATS;\(EZ -&)

Remark 2.1. If we take w; = @; = 0 for all i = 1,2 in all proved results of this paper,
then all results holds for the (h;, h,)-nonconvex functions.

Remark 2.2. If we choose Tg’ 1 (&2 — &) = & — &; in our Theorems 2.1 and 2.2, then
all results holds for the exponentially (w;, w5, hy, h;)—convex functions.

Remark 2.3. For different positive values of p, A, where o = (0(0), ..., o(k), ...) is
bounded sequence of positive real numbers involving F g 5 () (Raina function) in our
Theorems 2.1 and 2.2, we have different fascinating inequalities of Hermite—
Hadamard type. Moreover, from our corollaries some applications to special means for
different positive real numbers and bounds regarding error estimations for quadrature
formula can be found as well. This demonstrates the efficient of our results. We omit
here their proofs and the details are left to the interested reader.

3. Conclusion

In this paper, the authors defined new class of functions, the so-called exponentially
(w1, w3, hy,hy)nonconvex function involving Tg,;l() (Raina function). Utilizing
this, some Hermite-Hadamard type integral inequalities via generalized fractional
integral operator are provided. Under suitable condition regarding parameters w, and
w,, the results hold at the same time for all convex functions. Interested reader can
establish new inequalities via fractional operators or multiplicative integrals. We
believe that our results can be applied in convex analysis, quantum calculus,
optimization and different areas of pure and applied sciences.
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On the Rough Statistical Convergence of a Sequence
of Sets

Oznur Olmez' and Salih Aytar®
L2Department of Mathematics, Siileyman Demirel University,
oznur_olmez@hotmail.com
salihaytar@sdu.edu.tr

Abstract: In this paper, we give the equivalent definitions for both rough statistical
Wijsman convergence and rough statistical Hausdorff convergence of a sequence of
sets. Then we prove the relation between rough statistical Wijsman convergence and
rough statistical Hausdorff convergence.

Keywords: Sequence of sets; Rough statistical Wijsman convergence; Rough

statistical Hausdorff convergence.

1. Introduction

The notion of statistical convergence of sequences was introduced by Fast [4] and
Schoenberg independently [14]. Fridy [5] defined the concept of a statistically Cauchy
sequence and prove that it is equivalent to statistical convergence. Fridy and Orhan [6]
gave the definitions of statistical limit superior and statistical limit inferior.

Wijsman [17,18] defined a new concept of convergence by using the pointwise
convergence of sequences obtained from distance functions. If this pointwise
convergence is replaced to uniform convergence, then Hausdorff convergence is
obtained. Nuray and Rhoades [7] generalized the concepts of Wijsman convergence
and Hausdorff convergence using the theory of statistical convergence. Later, Nuray et
al. [8] gave the notion of Wijsman statistical convergence of double sequences of sets.

The rough convergence theory was first introduced by Phu [12] in 2001. Aytar [1]
gave a new definition by combining rough convergence theory with the statistical
convergence theory. Debnath and Rakshit [2] studied on rough convergence in metric
spaces.
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Recently, the rough convergence theory has started to be applied in set theory as well.
Olmez and Aytar [9] first defined the notion of rough Wijsman convergence. Olmez et
al. [10] stated the equivalent definition of rough Wijsman convergence. Subramanian
and Esi [15,16] introduced the concepts of rough Wijsman convergence and rough
Wijsman statistical convergence for a triple sequence of sets, respectively.

In this paper, the equivalent definitions of rough Wijsman statistical convergence and
of rough Hausdorff statistical convergence are given. Then the relation between rough
Wijsman convergence and rough Hausdorff convergence is examined (see Theorem
3.1). The proof techniques are similar to that of classical case (see [10]).

2. Preliminaries
Throughout this paper, we assume that X is a nonempty set and p, is a metric on

X and A, A, are nonempty closed subsets of X foreach neN .

We briefly recall some of the basic notions in the theory of statistical convergence and
we refer readers to [4,5,6,14] for more details. Let K be a subset of the set of positive
integers N, and let us denote the set {k eK:k< n} by K. Then the natural density

K|

of K is given by 0(K):=lim~*, where |Kn
K .

n

denotes the number of elements in

st

The sequence {x,} is said to be statistically convergent to x, denoted by x, —x or
st—limx, = x, if for each £ >0 the set

neN : p.(x,,x)>¢g}
has natural density zero [5].
For a sequence {x,}, the notions of statistical limit superior and statistical limit
inferior are defined as follows:

sup B ,B %)
st—limsup{xn};:{ P5y )

- ,otherwise’
L inf4,, ,4,,#9

st —liminf{x }:= " e,
+ 00 ,otherwise

where

4, , ={aecR : s(lneN : x, <a})#0}
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and

B, ={peR : 5({fneN : x,>b})%0} [6].

{x,
Let » be a nonnegative real number. The sequence {x,6} is said to be rough

convergent to x with the roughness degree 7, denoted by x, — x, if for each £ >0
there exists an 7(s)e N such that p, (x,,x) < r+ & for each n > n(g) [12].
The distance function d(-, A): X — [0,0) is defined by the formula

d(x, 4) = inf{py (x,y): ve 417
We say that the sequence {4, } is Wijsman convergent to the set 4 if
limd(x,A4,)=d(x,A4)forallx e X.

w
In this case, we write 4, — A, as n — oo [17].
We say that the sequence {4, } is Wijsman statistically convergent to the set A4 if
S((neN : |d(x,4,)—d(x,4)>})=0

st=Ww
for every ¢ >0 and each x € X. In this case, we write 4, — A4, as n — o [7].

3. Rough Statistical Convergence

In this study, inspired by the work of Olmez et al. [10], we obtained some results for
rough statistical Wijsman convergence and rough Hausdorff statistical convergence.

Definition 3.1 ([9]). A sequence {4, } is said to be » — Wijsman convergent to the set
A if for every & >0 and each x € X thereisan N(&,x) € N such that
|d(x,4,)—d(x,4)|<r+eforalln> N(g,x)

r r=w
and we write d(x,4,)—>d(x,A) or A, — A as n — .

Now define
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r-w
(3.1) 1-LIM"A, ={Ac X : A, > A}.

Definition 3.2 ([16]). A sequence {A, } is said to be r—Wijsman statistically

convergent to the set A if we have

S(neN : |d(x,4,)—d(x,4)|>r+})=0

r—st r—st=Ww

for every ¢ >0 and each x € X and we write d(x,4,) > d(x,4) or A, — A as

n — oo,
Now define

r—st—w
3.2) st —LIMrAn ={dcX : 4, — A4}.

If a sequence is Wijsman statistically convergent, then this sequence is 7 — Wijsman
statistically convergent to the same set for each 7.

The following proposition characterizes » —Wijsman statistical convergence by
means of the upper limit.

Proposition 3.1. The set

neN :|d(x,4,)—d(x, 4)|>r+ ¢}
has natural density zero for every £ >0 and each x € X if and only if
st —limsup|d(x, 4,) —d(x, A)| < r.

r—st
Proof. (Necessity) Assume that d(x, A, ) = d(x, A) . Define

]i’l ()C) = |d(xa An ) - d(xa A)|
Then for every £ >0 and each x € X the set {n €N : f,(x)>r+&} has natural

density zero. On the contrary, suppose that
st—limsup f,(x)>r.

Let
st—limsup f, (x)—r

é‘x: n—>x0
(x) 3

By definition of st — limsup, we have
f,(x)>st=limsup f, (x)—0o(x)

n—>0
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for each n € K, where K is a subset of N with 0(K) # 0. Take & =7(x), then we
have

(3.3) S(neN : £, (x)=r+n(x)})=0.

The expression (3.3) contradicts to the definition of s¢—Ilimsup. Hence, we get
st —limsup f, (x) <r foreach x € X.

n—>0

(Sufficiency) Now let us st —limsup f, (x) <r for each x € X . On the contrary,

n—»0

suppose that there exists an & = (} and an x € X such that

S({neN:f,(x) <r+&})=0.
By the assumption, we have
vef) =0

(3.4) ) <{ne N: f,(x) >
This expression (3.4) contradicts to the fact that

6({ne N:f() <r+ é}) # 0,
which completes the proof.

We say that a sequence {4, } is Hausdorff convergent to the set A if

st —limsup f, (x)

n—>0

H H
limH(A4,,A4) =0, and we denote 4, — A, as n —> co. That is, we have 4, — 4

n—0

provided that, for every & > 0 there exists an N(g) €N such that
H(4,,A)=supld(x,4,)—d(x,A)| < eforalln > N(¢) [13].
xeX

The sequence {4,} is said to be r —Hausdorff convergent to the set A if for every
&> 0 there exists an N(&) €N such that

H(A,,A)=supld(x,4,)—d(x,A)|<r+eforalln>N(e).
xeX

r—-H
In this case, we write 4 — 4 as n —> oo [10].We say that a sequence {4 } is
Hausdorff statistically convergent to the set 4 if st—1limH(A,,A)=0, and we

n—»0
st—-H st—H
denote 4, — A, as n — co. That is, we have 4, — A provided that, the set

{n eN : supld(x,4,)—d(x,A)|> g}

xeX
has natural density zero for every £ > 0 [7].

114



e
=

3
T

N i
A

e 4
4
- \ .

- i

| T First Western Balkan Conference on Mathematics and
* # Applications 10-12-June 2021, Prishtine, Kosovo
(http://fwbcma2021.ilirias.com/)

>

HINTE

o

ST T

Example 3.1. Define a sequence {4, } by
4 {[— 3,-1-1]x[-1,1] , if nisa nonsquare number

" [FLa]x[-1,1] , otherwise '
This sequence is Hausdorff statistically convergent to the set 4 = [— 3,—1]>< [— L, 11

The concept of rough statistical convergence was defined by Diindar and Cakan [3]
and Pal et al. [11] in an infinite dimensional normed space. This definition can be
easily generalized in any metric space. Moreover, since Hausdorff distance is a metric,
we can define a new type of Hausdorff statistical convergence for a sequence of closed
sets as follows:

Definition 3.3. The sequence {4, } is said to be r—Hausdorff statistically

convergent to the set A if

5({11 eN : sup|d(x,An)—d(x,A)| > r+g}j =0

xeX
r—st—H
for every & > 0. In this case, we write 4, — A4 as n —> 0.

Now let us define
r—st—H
sty —LIM" A, = {ACX A, > A}.

If a sequence is HausdorfT statistically convergent, then this sequence is 7 —Hausdorff
statistically convergent to the same set for each r. However, the converse of this
claim does not hold in general, as can be seen following

Example 3.2. Let us consider the sequence {4 } defined in Example 3.1. This

sequence is 7 —Hausdorff statistically convergent to the set 4= [— 3, 3]>< [— 1,1] for
each r > 4.

The following proposition characterizes the concept of » —Hausdorff statistical
convergence by means of the statistical upper limit. Its proof is similar to that of
Proposition 3.1.

Proposition 3.2. For every & > 0 we have

5({11 eN : sup|d(x,An)—d(x, A)| >r+ 5}) =0
xeX
if and only if
st —limsup sup|d (x, 4,) —d (x, A)| < r.
eX

n—>0 X!
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Finally, giving the relation between the concepts of rough Wijsman statistical
convergence and rough Hausdorff statistical convergence, we will end our work.
Theorem 3.1. If the sequence {4, } is7 —Hausdorff statistical convergent to the set A4,
then it is 7 — Wijsman statistical convergent to the same set.

Proof. Let us the sequence {4, } is » —Hausdorff statistically convergent to the set

A. Then, we have

5({;1 eN : supld(x,4,)—d(x, A)|>r+ g}j = 0.

xeX
Thus we get

|d(x,,4,)—d(x,, A)| < supld(x,4,)—d(x,A)|<r+e
xeX

for almost all 7. Since x, € X is an arbitrary point, we say that the sequence {4, } is

r — Wijsman statistically convergent to the set A.
The converse of the above theorem does not hold in general as can be seen in the
following

Example 3.3. Define the sequence {4, } as follows:

. 5 _ ,ifnisa
CH{x,y)eR? : x +y +(n+2)2y+4(n+1)=0}

A = nonsquare number-

{(0,—n)} , otherwise

This sequence is 7 — Wijsman statistically convergent to the set
A={(x,y)eR* : xeRand y=-1}

for 7 =1, but it is not » —Hausdorff statistically convergent to the set A .
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Some Inclusion Relations for the Rough Statistical
Wijsman Limit Set
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Abstract: In this paper, we define the set of rough statistical Wijsman limit of a

sequence of sets. Then we prove some inclusion relations related to this limit set.

Keywords: Rough statistical convergence; Wijsman convergence; Rough limit set.

1. Introduction

The idea of statistical convergence, it was introduced by Fast [4] and Schoenberg [12]
independently. Fridy [5] gave the definition of statistically Cauchy sequence. Fridy
and Orhan [6] defined the notions of statistical limit superior and statistical limit
inferior.

Wijsman [15,16] introduced the famous concept of Wijsman convergence, which
corresponds to the pointwise convergence of sequences made up of distance functions.
Nuray and Rhoades [7] extended the notion of Wijsman convergence to statistical
convergence. Later, Nuray et al. [8] generalized the concept of Wijsman statistical
convergence to double sequences of sets.

As for the concept of rough convergence was first introduced by Phu [11] in finite
dimensional normed spaces. Aytar [2] applied the statistical convergence theory to the
rough convergence theory. Debnath and Rakshit [3] gave some results related to the
rough limit set in metric spaces.

Recently, many authors have studied on the theory of rough convergence of sequences

of sets. Olmgz and Aytar [9] first introduced the concept of rough Wijsman
convergence. Olmez et al. [10] gave the equivalent definition of rough Wijsman
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convergence. Subramanian and Esi [13,14] defined the concepts of rough Wijsman
convergence and rough Wijsman statistical convergence for a triple sequence of sets,
respectively.

In this paper, defining the concept of the set of rough Wijsman statistical limit, some
inclusion relations related to this limit set are proved. The proof techniques are similar
to that of classical case (see [10]).

2. Preliminaries

Throughout this paper, we assume that X is a nonempty set and p, is a metric on
X and A, A, are nonempty closed subsets of X foreach n e N .

We briefly recall some of the basic notions in the theory of statistical convergence and
we refer readers to [4,5,6,14] for more details. Let K be a subset of the set of positive

integers N, and let us denote the set {k eK: k< n} by K,. Then the natural density

of K is given by 0(K):= limm, where |Kn| denotes the number of elements in

n
n
K

.-
st
The sequence {x,} is said to be statistically convergent to x, denoted by x, = x or

st—limx, = x, if for each £ >0 the set
neN : p.(x,,x)>¢&}
has natural density zero [5].
Let » be a nonnegative real number. The sequence {x, } is said to be rough

convergent to x with the roughness degree 7, denoted by x, — x, if for each £ >0
there exists an n(g)e N such that p, (x,,x) <7 +¢ foreach n > n(g) [11].
The distance function d(-, A): X — [0,0) is defined by the formula

d(x,4)=inf{p,(x,): yed}.
We say that the sequence {4, } is Wijsman convergent to the set A if
limd(x,A4,)=d(x,A4)forallx e X.

w
In this case, we write 4, — A, as n — o [15].
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The set A is called Wijsman cluster point of the sequence {4} provided that there is

a subsequence that Wijsman converges to the set 4. In this case L{ 4,y denotes the set

of all cluster points of the sequence {4, }.

We say that the sequence {4, } is Wijsman statistically convergent to the set A if
S(neN @ |d(x, 4,)-d(x, 4)|>£})=0

st=W
for each x € X and every & > 0. In this case, we write 4, = A, as n — o [7].

The set A4 is called Wijsman statistical cluster point of the sequence {4, } provided
that
S(tneN : |d(x,4,)—d(x, )| < &})#0

for each x € X and every &> 0. In this case I',, denotes the set of all statistical

cluster points of the sequence {4, } [7]-

3. Rough Statistical Wijsman Limit Sets

Definition 3.1 ([9]). A sequence {4, } is said to be » — Wijsman convergent to the set
A if for every £ >0 and each x € X there isan N(&,x) € N such that
|d(x,A4,)—d(x,4)|<r+e&foralln> N(e,x)

r r=w
and we write d(x, 4 )—>d(x,A) or A, — A as n — ©.
Definition 3.2 ([14]). A sequence {A } is said to be r —statistically Wijsman

convergent to the set A if we have

S(neN : |d(x,4,)—d(x,4)|>r+})=0

r—st r=st-w
for every £ >0 and each x € X and we write d(x,4,) > d(x,A) or A, — A as
n— o,
Now define
r—st=w
(3.2) st —LIM"A, ={Ac X : A, — A}.

If a sequence is Wijsman statistical convergent, then this sequence r— Wijsman
statistical converges to the same set for each 7. However, there are some sequences of
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sets which are » —Wijsman statistically convergent, but not Wijsman statistically
convergent as can be seen in the following

Example 3.1. Define a sequence {4,} by

1
|{ {—} X [—1,0] , ifnisan odd and nonsquare integer

n
= 1 .
An 4' {E} x [0,1] , ifnis an even and nonsquare integer
k {n}x[0,1] , otherwise

We modified this sequence for the statistical convergence. You can see in [1] for the
classical version of this sequence. This sequence is not statistically Wijsman
convergent to the set 4={(0,0)}. Indeed, if we take x=(0,1) then we have

d((0,1),4)=1 and

1+, if nisan odd and nonsquare integer
d((0,1),4,) = L , if nis an even and nonsquare integer.
n , otherwise

Since

st —limsup d((0,1), 4,) = 1and st — liminf d((0,1), 4,) =0,

n—0

we have that sf—Ilim d(x, A4 ) does not exist. Therefore, this sequence is not

n—>0
Wijsman statistically convergent to the set A4, but this sequence is » —Wijsman
statistically convergent to the set 4 for » > 1.

Remark 3.1. In the Example 3.1, if we take 4 € st, — LIM" A, , then we have

(3.3) Ac B((0,0),r)

where E((0,0), r)= {x eR? : p((0,0),x) < r} Now let us prove the inclusion (3.3)
. On the contrary, assume that 4 ¢ Z_3((0, 0), r). For the sake of generality let us

choose x =(x,,x,)€R* such that x, >0 and x, >1. Then, there exists an

x = (x,,x,) € A such that 1/x; +x; >r. Then we have
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U , if nisan odd and
(xl - ) X, )
nonsquare 1nteger
Ay > , if nisan even and
d(x,4,)= (xl _7) +(xz _1) . .
nonsquare mteger
2 2 .
\/(xl —n) +(x, 1) , otherwise

Since |d (x,4,)—d(x, A)| >r with odd and nonsquare integer, we get
A¢st,—LIM" A, . This contradiction completes the proof. If the origin is an element
of the set A and A 1is contained in the 7 —closed ball, then we have
Aest,—LIM"4,.

Remark 3.2. In the Example 3.1, if we take A = {(%,O)} then the sequence {4, } is
not 7—Wijsman statistically convergent to the set 4 for r=1. Since
r= sup ||(%,O)— c” = @, the sequence {4,} is r—Wijsman statistically

CEF{AM

convergent to the set A = {(i 0)} for =32 Moreover this sequence is not » —

5° 5
Wijsman statistically convergent to the set A for all » < @ .

Now define
(3.4) st,—LIM"4, = (\B(c,r)={de X : T,,, < B(4,r)}.

ey )
Then, for the usual rough statistical convergence of a sequence of elements in any
metric space, the sets defined by the equalities (3.2) and (3.4) coincide with each
other. But these sets are not equal for an arbitrary sequence of sets. The following

example compares the sets st, — LIM" A, and st, — LIM" A,.
Example 3.2. Define a sequence {4,} by
[£,3]x[0,2] , if nisan odd and nonsquare integer
A, ={[-3,-1]x[0,2] ., if nisan even and nonsquare integer.
[0,n]x[-2,0] , otherwise
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This sequence is not Wijsman statistically convergent to the set 4 = {(0,0)} x[0,2].
But, this sequence is 7 —Wijsman statistically convergent to the set A for r>3.
Moreover, we have A4 € st, —LIM" 4, and

st, — LIM" A, = B([0,3]x[0,2],3)n B([-3,0]x[0,21,3)
= [-3,3]x[-3,5]
for »=3. Hence, the definition of st, — LIM" A, does not coincide with that of
st,—LIM"A,.
We are ready to give following inclusion.
Proposition 3.1. If Aest,—LIM"A,, then Acst,—LIM"4,.
Proof. Let A € st, — LIM" A, . On the contrary, suppose that
Agst,—LIM"A,.
Then there exists y € 4 such that y ¢ st, — LIM" A, . Therefore, we have

yest,—LIM'4, =ye (\B(cr)
ey} _
= 3dcely,,..yeB(cr)
= p(y,c)>r
:iyllgp(y,c)>r
=d(c,A)>r.
Since Aest, —LIM"4,, we get
5({11 eN : |d(x,An)—d(x,A)|Zr+g}):0

for every £ >0 and each x € X . If we take x = ¢ which is a statistical cluster point,
then

S({fneN : d(c,4,)<¢&})=0.

Because of d(c,4) 2 r and d(c,A,)< & foreach n e {n eN : d(c,4))< 8}, we
have

(3.5) S(freN : ld(c,4,)-d(c, 4)|<&})=0.
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This expression (3.5) contradicts to the fact that A € s¢t, — LIM" A, . This implies that
Acst,—LIM"4,.
Proposition 3.2. If {4, } is a subsequence of {4, }, then
sty—LIM"A, < st, - LIM" 4, .

Proof. Let A € st, —LIM" A, . Then, for every &£ >0 and each x € X there exists an
N(g,x) €N such that

S(reN :|d(x,4,)-d(x,4)|>r+s})=0.
Since {Ak,,} is a subsequence of {4, }, we have

SlneN : |d(x, 4, ) ~d(x, )= r+ef)=0.
Therefore we get A € st, — LIM" 4, .
Proposition 3.3. If 7; < r,, then we have

st,—LIM" A4, c st,—LIM"* A, and st, - LIM" A, c st, —LIM" 4,.
Proof. First we show that st,—LIM"A cst,—LIM"A,. Let r,<r, and
Aest,—LIM" A4, . Thus, for every £ >0 and each x € X we have
5({11 eN : |d(x,4,)-d(x,4)|2r+e>r +€}): 0.
Hence we get A€ st, —LIM" A, . 1f , <r, and c €I, , , then we have
B(e.n) < B(e.n))
ﬂE(C, n)c ﬂE(c, r).
Ty Ty

This shows that st, — LIM" A, < st, — LIM" A4,.
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Analysis of several ways to formulate the Cayley-

Dickson construction
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Abstract The algebraic structure of algebra is obtained by introducing a multiplication
operation on a vector space. The elements of vector space expressed in the canonical
basis define the algebraic form of the elements of algebra. The Cayley-Dickson
construction is a method of obtaining new algebras by doubling the size of the vector
space. A sequence of algebras is obtained by the recurrent definition of an application
called involution and the definition of multiplication of vectors in doubled algebra
relative to the originally considered set. Multiplication is defined as a multiplication of
two-dimensional vectors. A matrix writing of multiplication that highlights the role of
each element is proposed. Several forms of matrix writing are analyzed. The
propagation of the commutativity and associativity properties from the initially
considered algebra to the doubled size algebra is analyzed.

Keywords: Cayley-Dickson construction, multiplication matrix writing, switches of
factors, imaginary base elements

1. Introduction

The Cayley-Dickson construct is a method of constructing an algebra whose
components are two-dimensional vectors with components of a given algebra. Its
general formulation for any algebra is presented in [Flaut, 2019]. The sequence of
algebras doubled in size was analyzed in the paper [Bulacu, 2009]. The construction of
quaternions, octonions, and sedenions in these algebras was shown in [Eakin, 1990],
[Bresar, 2011] showed that in the Cayley-Dickson construction a series of unitary
algebras is formed in which the subalgebra generated by any scalar element is
isomorphic with C.These have been called "locally complex algebras".[Castro, 2020]
presented the construction of hypercomplex numbers. [Felipe, 2010] used the Cayley-
Dickson construction to construct "relaxed algebras" that do not respect all the
properties of algebra, especially the lack of associativity. A generalization of

126



vk
Tk ;
i %

e
=

3
T

N i
A

| T First Western Balkan Conference on Mathematics and
* L2 Applications 10-12-June 2021, Prishtine, Kosovo
¥ (http://fwbcma2021.ilirias.com/)

>

ey s

e

ST T

the construction is proposed in which two parameters are introduced, one in each
component and a generalization method in which an algebra is obtained as a direct
sum of two distinct algebras.

[Pumplun, 2014] studied how to obtain division algebras by generalizing the
duplication process in the Cayley-Dickson construction. This paper analyzes the
formulation of the Cayley-Dickson construction.

Although its application is widely used, the meaning of the terms that appear
in the multiplications in the definition of multiplication is not highlighted. It is also
necessary to correlate the formulation of the Cayley-Dickson construction with the
introduction of quaternions, octonions and other hypercomplex numbers in general.

1I. Cayley-Dickson construction

Let be A algebra over a field /' and a nonzero element from /" and be
X — x* alinear function called involution such that we have:

X+ x*=1tr(x) € F function trace ,

(1

xx*=n(x) € F', function norm,
)

(xy)* = py*x*
3)

We will consider the direct sum of linear spaces 4> = 4@ A. On this we
have the structure of algebra, 4 being subalgebra of 4* through x — (x,0) and the

involution extends to 4 through:
(ay,a,)*=(a,*~a,)

(4)

Thus we have:

tr(a,,a,) =(tr(a,),0)or tr(a,,a,) =tr(a,),
(5)

n(a,,a,) =n(a,)+on(a,)
(6)

,where 6 e F,
We have the following forms of definition of multiplication:
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- multiplication on the right, the conjugates of the components of the right
element appear:

(a),a,)(b,,b,)=(a,b, —0b, *a,, a,b, *+b,a,)
(7)

- multiplication on the right, the conjugates of the components of the left

element appear:

(a,,a,)(b,b,) = (a,b, = b, a,*, a,*b, +ba,)
®)
These writings do not highlight the role of each of the four terms. Several similar
writings can be considered by switching the terms to both addition and multiplication.
Such writing may be considered to represent multiplication in the Cayley-Dickson
construction if it respects:

(a,,a,)(a,,a,)*=(n(a,,a,), 0)
€)

To make clear the considerations behind the previous formulas we will
consider a matrix writing. One of the two two-dimensional vectors is expanded into a
second-order square matrix. Multiplication is the matrix product between a two-
dimensional line vector and a second-order square matrix. Thus the result is a two-
dimensional line vector. We will consider the following definitions of multiplication:

- Multiplication on the right:

(e o )
(ay,a,)®(b,,b,) =(a,,a,)-

—Sby* b *
(10)
- Multiplication on the left:
o(b,,b,) = (b,b “o
(ay,a,)®(b,,b,) =(b,b,) _Sa,* a*
(11)

These coincide with the previous ones only if we consider the multiplication
of the elements of the commutative matrices. The multiplication of matrices with
elements in a non-commutative algebra requires that the order in the multiplication be
between the element of the vector with components on the line and the element of the
vector with components on the column.

Thus in matrix writing:
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(al,az)-(_(gb1 *Jzalbl —da,b, * % a, b, - b, *a,
2

(12)

The order of the terms in the sum does not pose problems because the addition
is always commutative but must be respected to highlight the meaning of the terms.

Once we chose a form for multiplying two-dimensional vectors, we completed
the Cayley-Dickson construction. The Cayley-Dickson construction has the following

elements:

- consideration of algebra 4 ;

- definition of norm, applicationzn : A — F and function of involution
(conjugate number);

- the constant 0 € F that appears in the definition of multiplication;

- the way of defining the multiplication

This gives a series of algebras doubled in size. A sequence of algebras is
formed:

Ac AP c AY < A® ..

(13)

II1. Application of the matrix writing of multiplication for a non-commutative
algebra

Let be multiplication for an element of algebra 4® by its conjugate by
applying multiplication to the right:

(a,,a,)e(a,a,)* =

a, —a,
(al’a2).(a1*’_a2):(apaz){ J

—o(-ay)* (a,")*
_ a* -a,
=(a, a,)- &, * a

=(aa,*+0aya,* —a,a,+a,a,)
=(n(a)+on(a,) -—a,a,+a,a)=(n(a,a,), —a a,+a,a,)

(14)
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Weusedto Vae 4, a-a*=a*-a=n(a)(2)and (a*)*=a
(15)

We notice that this respects the condition (9) if and only if the multiplication
in is commutative. This condition is not met for non-commutative algebra so we must
intervene in the definition of the multiplication. This was done for the relations (7) but
it do not respect the order of the factors in the matrix multiplication. In order to have
both the correctness of the relations and the advantage of matrix writing, we introduce
a switching operator in the matrix writing. It acts on the element it "multiplies on
right" and switches the order of factors into multiplication. We will write:

def
a-(Fb)y=b-a Vabe A

(16)

Thus the relation:

(a,,a,)(b,,b,)=(a,b, - b, *a,, a,b, *+b,a,)
(17)

is written in matrix multiplication:

3 b, 7172

(a,,a,)e(b,,b,) =(a,,a,)- —57b2 % b *

(18)

The previous demonstration shows that the switching operator on the first
column has no effect on determining the norm formula. Its presence comes from a
logical association between the switching operator and the conjugation operator. Thus
we can give up the switching operator if we consider that the multiplication of the
conjugate element when it is the second element of the multiplication also achieves the
switching of the multiplication. We have:

bl b2
(alaaz).(blabz):(alaaz)' —57172 " Fbl %

Zapan| 0 (19)
=(a,,a,)- - N
=8 b,F ) b7

This means a composition of the two operators.

In the following we will eliminate unnecessary switching on the first column
and we will establish the formula for multiplication as:
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def bl b2
(a,,a,)e(b,b,) =(a,,a,)-

_Sh.* Fhb % J:(albl_é‘azbz*: a\b, +b, *a,)
2 |
(20)

IV. Checking the properties of multiplication

Using the form of multiplication defined in the previous relation we will
check the properties of multiplication.

Let's check the distributivity:

- distributivity to the right:

b, +b, b, +b,
(al,a2)°[(bl,bz)+(b3,b4)]2(01,612)'(_5@ +b,)* 7 (b +b)* ]_

b, b, b, b,
(a,a,)- —5b,* Fb* + (a,a,)- =

—5b,* Fb,*
(a,,a,)e(b,,b,)+ (a,,a,)e(bs,b,)

(21
We used that: (x + y)*=x*+y* Vx,ye 4
(22)
F(x+y)=rx+ry
(23)
- distributivity to the left
b b
[(al,a2)+(a3,a4)]0(b1,b2):(a1+a3,a2+a4)-(_5b12* 7b12* J:
(a,,a,)e(b,,b,)+(as,a,)e(b,,b,)
(24)

The distribution of the multiplication of the matrices relative to the sum of the
matrices is used.

Let's check the multiplication of an element with its conjugate:
(alaaz) .(alaaz)* =

a, —a,
(apaz)'(al*’_az):(al’aZ).[_é'(—a )* F(a*)* J
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a,

* —a

= (q, az)'(é‘a * 7; ]:(alal*+5a2a2*n —a,a, +aa,) =(n(a;,a,), 0)
2 1

(25)

a a,

(alaaz)*'(anaz):(al*a_az)°(a1:az):(a1*_02)( X % % J
-da,* ra

=(a,*a,+da,a,*,a,*a,—a, *a,) =(n(a,)+dn(a,), a, *a,—a, *a,)

=(n(a,,a,), 0)

26
20 This shows that the multiplication thus defined respects the condition (6)
Let's calculate the square of an element of algebra AP
a, a,
(a;,a,)(a,,a,) :(apaz)'(_ Sa,* Fa,* J =(a,a, - da,a,*, aya,+a;*
= (a12 —on(a,), tr(a;)a,)
27

This relation can be applied particularly for the elements that we will call in
the following imaginary elements of the base, respectively real elements of the base.

V. Particular applications

Proposition 1 If algebra is commutative and involution is the identical function then
algebra is commutative.

Let be commutative algebra 4. We will study the commutativity of algebra
A®

b b, * *
(a,,a,)e(b,,b,)=(a,,a,): . = x =(a,b, —a,b,*, ab,+b *a,)
-0b,* Tbh

(28)

a a

(bnbz)'(al:az):(bnbz)’(_é‘al s 7a2* ]:(blal_ébzaz*a ba, +a, *b,)
2 1

(29)

Equating the two relations and applying the commutativity in 4 results:
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a,b,* =b,a,

(30)

* — *

a,b, +b,*a, =ba, +a,*b,

(31)

The above relations are true for any elements in A if the involution is the identical
function and multiplication in A is commutative. This is the case of the algebra of
complex numbers obtained as a doubled algebra of the algebra of real numbers.

Another idea that emerges in the writing of the Cayley-Dickson construct is to
use the trace and norm functions instead of the conjugation operator. The definition of
multiplication according to the trace application is as follows:

b, b, -
(a,a;,)¢(by.0,) :(aljaz)(_é‘(ﬁ’(bz)_bz) F(tr(b) - by) ]_

0 0 b b,
@R suwyy Ty )T b, 7o,

The second term represents the multiplication of algebraic forms associated
with two-dimensional vectors. It is thus shown that if #(b,) =tr(b,) =0 then the
multiplication formulated in the Cayley-Dickson construction is an algebraic
multiplication. This happens for elements considered purely imaginary. The definition
of multiplication according to the norm application is as follows:

b, b,
(a,,a,)®(b;,b,) = (aI’aZ).(_é‘n(bz)bzl 7”(b1)bli1 j

(32)

(33)
Particular applications of this formula are obtained forn(b,) = n(b,) =1.

VI. Evaluation of the multiplication of the imaginary elements of the base from
A(2)

Definition 2 A subset [ of algebra4,l < A, called the imaginary elements of the
basis of algebra A has the following property:
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pr*=-p.Vpel
(34)

Consequence 3 We will have: tr(p) = p+ p*=0 and n(p)=p-p*=-p> € F .
Proposition 4V p € I, clements (p, 0)and (0,p) €I® < A®, are imaginary

elements of the base in 4.

Proof:
(p,O)* = (p*,O) = (_po O) = _(p’O)
(35)
(09 p)* = (O’_p) = _(O’ p)
(36)
Thus, we observe that the definition of the imaginary elements of the base in 4® is
respected.

Let be the multiplication of the imaginary elements of the base. We have the
following cases:

1 <p,0)-<q,0>=(p,0)'(_ oo o j=<pq, 0)
(37)

2) <p,0)-<o,q>=<p,0>-(_ 5o . }(o, P4)
(38)

3) (0,p>-(q,0)=<0,p)-[_ oo o }(o, ~qp)
(39)

n (0,p>-(o,q>=(o,p>-(_ 5oca) 70 ]=(5pq, 0)
(40)

These relations can be put in the form of a table:

Table 1 Multiplication of vector imaginary base elements from A build with
one component as imaginary element in 4.
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(9,0)
0.9)
(pq,0)
p,0) | (0,pq)
(Oa'qp)
0.p) | (6pq,0)

For p = g we will have:

Table 2 Application of Table 1 for p =g

(p,0)

(0,p)
0

p,0) | (0,p%
(0,-p%)

0.p) | (6p°0)

Even if at first look it seems that table 2 has elements from F’because p> € F , this
is not true. In the vector components the scalar element appears multiplied by the unit
element from 4 .

To multiply the imaginary elements of the base of algebra A, two hypotheses
are formulated, either this multiplication is commutative or this multiplication is
anticommutative.

Proposition 5 Multiplications of type (p,0)e(g,0)and (0, p)e(0,q) keep the
commutative or anticommutative property of algebra 4. But multiplications type
(p,0)e(0,g9) are anticomutative no matter the multiplication of A .

Proof: (p,0)¢(0,9)=(0, pq); (0,9)*(p,0)=(0, — pq) =—(0, pq).

Let's analyze the associativity of the elements of the set/® . We will
calculate:

1)(a,0)e[(D,0)e(c,0)]=(a,0)e(bc,0) = (abc,0)

(41)
[(a,0)e(b,0)]®(c,0)]=(ab,0)e(c,0) = (abc,0)
(42)
2)(0,a)e[(b,0)e(c,0)]=(0,a)e(bc,0) = (0,—bca)
(43)
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[(0,a) e (b,0)]®(c,0)]=(0,—ba)e(c,0)=(0, —c(-ba)) = (0,cba)

(44)
3) (a,0)e[(0,b) e (c,0)] = (a,0)e(0,—cb) = (0,—acb)
(45)
[(a,0)e(0,b)]®(c,0)=(0,ab)e(c,0)=(0,—cab)
(46)
4) (a,0)e[(h,0)e(0,c)]=(a,0)e (0, bc) =(0,abc)
(47)
[(a,0)e(b,0)]®(0,c) = (ab,0)e (0, c) =(0,abc)
(48)
5) (0,a)*[(0,b)®(c,0)]=(0,a)®(0,—cb) = (—dacb,0)
(49)
[(0,a)®(0,b)]®(c,0) = (cab,0) e (c,0) = (dabc,0)
(50)
6) (0,a)e[(b,0)e(0,c)]=(0,a)e(0,bc) = (dabc,0)
(51)
[(0,a)e(D,0)]®(0,c) =(0,—ba)e(0,c) = (—dbac,0)
(52)
7) (a,0)[(0,b)®(0,c)]=(a,0) ®(dbc,0) = (dabc,0)
(53)
[(a,0)e(0,b)]®(0,c)=(0,ab)e(0,c) = (dabc,0)
(54)
8) (0,a)*[(0,b)(0,c)]=(0,a) e (dbc,0) = (0,—bca)
(55)
[(0,a)e(0,b)]®(0,c) = (ab,0)e(0,c) = (0,—dbca)
(56)

These relations show the following:

- Regardless of the association mode, the form of the resulting vector is kept;

- There are particular cases in which multiplication is associative;

- Where equality is not achieved, this could be achieved by reversing two
factors. Based on the previous relations we formulate the following property.
Property 6 If multiplying the imaginary base elements in algebrad is

anticommutative, then multiplication of imaginary base elements in algebra 4® is
associative.
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VII. Evaluation of the multiplication of the real elements of the base from A%
Definition 7 It is considered a subset U — A of algebra A elements, called the real
base units with property:

u*=u YuelU
(57)

Proposition 8 If u €U < A4 then (u, 0)eU® < 4.
Proof: (u,0)* = (u*,0) = (1,0)
Let be the multiplication of two real units of the base:

0
(u,0)  (1,0) =(u,0)-[‘; - J — (uv, 0) = (v,0) (,0)

(58)
It is shown that the multiplication of the real elements of the base is always
commutative.

Observation 9 (0,u) € I> < A” ie is the imaginary unit
Proof : We have: (0,u)* = (0,—u), and hence (0,u)*+(0,u) =(0,0)
Let's analyze multiplication between real unity and imaginary units of the

base:
1 (u,O)-(q,0>=<u,0>-(_ 50 7o) j=(uq, 0)
(59)
0
(p,0>-(u,0)=(p,0)-[_ 50 J=(pu, 0)
(60)
2) (u,0>-<o,q>=<u,0>-(_ 5eca) 70 J=(0, ug)
(61)
u 0
(O,p)O(u,O)z(O,p)( 0 7-u ]:(0, up)
(©2)

It is noted that the multiplication of real base units with imaginary units is
commutative.
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VIII. Conclusions

A particular form of writing Cayley-Dickson was proposed.This has written
the multiplication of two-dimensional vectors by expanding one of the vector in a
square matrix. Thus, the multiplication of two-dimensional vectors was written as a
matrix product.To show the order of factors in the matrix multiplication a switch
operator was introduced. Thus, this write is also applicable for non-commutative
algebras.

A form of writing multiplication in the Cayley-Dickson construction that has a
single commutation between factors has been chosen. Matrix writing of multiplication

provides an important tool in assessing the transmission of properties from

algebra A elements to algebra A4” elements.

The distribution of multiplication for the addition was checked. The
multiplication formula was written using the functions trace and norm, instead of
using the involution function (the conjugate).

Among algebra A elements have been identified imaginary base elements and
real elements of the base according to the particular definitions of the involution
function (the conjugate).

This classification was made without identifying a basis in 4. The two-dimensional

vectors were built in 4 for which one components are these elements and the other
is null. It has been shown that relative to the definitions of the conjugate considered in

A® two-dimensional vectors built maintained their classification as imaginary base
elements or real base elements. Using the multiplication formula, the multiplication of
these vectors was studied. The commutativity and associativity of these
multiplications has been studied.
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In this paper, the concept of rough lacunary statistical convergence of sequences of
fuzzy numbers is introduced. Also, the set of rough lacunary statistical limit points of
such sequences is defined. Then, some properties of this set are proved by using
similar proof techniques in [6]. Finally, the relations between the set of lacunary
statistical cluster points and the set of rough lacunary statistical limit points of a
sequence of fuzzy numbers are investigated.

Keywords: Lacunary statistical convergence, Lacunary statistical cluster point,
Lacunary statistical limit point, Rough statistical convergence, Sequence of fuzzy

numbers.

Introduction

The concept of statistical convergence was defined for a complex number sequence by

Fast [8] as follows:
A sequence of x is said to be statistically convergent to L , if for each £ >0,
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In this definition, by replacing the set {k k< n} with {k k_ <k<k, } for some

lacunary sequence {kv} , Fridy and Orhan [9] defined lacunary statistical convergence.

Also, they linked this concept with the summability theory. Then, the idea was
extended to sequences of fuzzy numbers by Nuray [13], then studied by Kwon et. al.
[12]. Many authors have worked on this concept and its generalizations. For examples,
Altin, Et and Colak [2] defined lacunary statistical and lacunary strongly convergence
of generalized difference sequences of fuzzy numbers, Savas [15] defined lacunary
statistically convergent double sequences of fuzzy numbers, Gokhan, Et and
Mursaleen [10] studied almost lacunary statistical and strongly almost lacunary
convergence of sequences of fuzzy numbers.

In 2001, Phu [14] brought a different perspective to convergence called rough
convergence by expressing that the limit may not be unique for roughness degree in
finite dimensional normed spaces and thus the rough limit set can be defined. Then,
Avytar [3] introduced the statistical analogue of this new convergence. He defined the
set of rough statistical limit points of a sequence and gave two statistical convergence
criteria associated with the set. Also,

Akcay and Aytar [1] studied rough convergence of sequences of fuzzy numbers.
Babaarslan and Tuncer [4] generalized rough convergence for double sequences of
fuzzy numbers. Moreover, Debnath and Rakshit [6] introduced rough statistical
convergence of sequences of fuzzy numbers.

Recently, the ideas of rough statistical convergence and lacunary convergence has

been combined by many authors like as follows:

141



e
=

3
T

N i
A

LR e
h
- . 2

| T First Western Balkan Conference on Mathematics and
* # Applications 10-12-June 2021, Prishtine, Kosovo
(http://fwbcma2021.ilirias.com/)

>

HINTE

o

e
Kisi and Diindar [11] gave rough /, -lacunary statistical convergence of double
sequences, Das et. al. [5] studied rough lacunary statistical convergence of a sequence
of random variables in probability. Debnath and Subramanian [7] studied on
generalized rough lacunary statistical triple difference sequence spaces in probability
of fractional order defined by Musielak-Orlicz function.

In this work, we define the concept of rough lacunary statistical convergence in the
space of fuzzy number sequences that are not a normed space. In addition, the rough
lacunary statistical limit set is expressed and the properties of this set are mentioned.
Moreover, the concepts of lacunary statistical limit inferior and limit superior are
defined and their relationship with the rough statistical limit set is shown. Also, the
relationship between lacunary statistical convergence and rough lacunary statistical

convergence is given.

Preliminaries

A fuzzy number is a function X from Rto [0,1], satisfying
X is normal, i.e. there exists an x, € R such that X(x,)=1;
X is fuzzy convex, i.e. forany x,yeR and 0< A <1
XAx+(1-A)y)> min{X(x),X(y)}

X is upper semi-continuous;

the closure of X° ={xeR:X(x)>0} is compact.

These properties imply that for each « € (0,1], the & —level set
X% = {x eR:X(x)2 a} = [1“ ,}a} is a nonempty compact convex subsets of
R . The set of all fuzzy numbers is denoted by L(R). The supremum metric on L(IR)

X -y

b

is defined by d(X,Y)= sup max{‘)_(“ —y*

0<a<l

} and (L(R),&) isa
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metric space. A lacunary sequence 6 = (ks) is an increasing sequence of integers
such that k, =0, h, =k, —k_, — 0, as § —>0 and the interval determined by this

sequence is denoted by 1, =(k, .k, ].

. , _|1,NK]|
The lacunary density of K is defined as o, (K ) = hmh— , [9].

s

A sequence of X =(X,) of fuzzy numbers is said to be lacunary statistically

convergent to a fuzzy number X, if for every £ >0,
S (K(g)):hmhl‘{kefv :E(Xk’Xo)Zg}‘:O,

where K (&)= {k eN: 3(Xk,X0)Z g} , [13].
Throughout this paper, we assume that X = (X, ) is a sequence of fuzzy numbers,

0= (ks ) is a lacunary sequence and 7 is a non-negative real number.

Rough Lacunary Statistical Convergence of Sequences of Fuzzy

Numbers

Definition 3.1. A sequence of X = (X k) is said to be rough lacunary statistical

Sy

convergent to a fuzzy number X, , written as X, = X,, if for every £ >0,

liznhis‘{kels:E(Xk,X*)2r+g}‘:O. (1)
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Here, r is called the roughness degree. If we take 7 =0, we obtain the lacunary

statistical convergence.
In a similar fashion to the idea of rough convergence of sequence of fuzzy numbers,

we can interpreted our idea as follows:

Assume that ¥ = (Yk ) is lacunary statistically convergent to a fuzzy number X, . Let
Y= (Yk) cannot be determined exactly for every k € I . If it is difficult to calculate
with the elements of ¥ = (Yk ) , then we obtain a triangular fuzzy number sequences
(named approximated sequence) X = (X k) satisfying
g(X i Yk) <r. So, we can use approximate value of ¥ = (Yk) for calculated simply.
In here, X = (X k) is not lacunary statistical convergent but as the inclusion

{k el :d(Y,X.)> 5} - {k el :d(X,,X.)> r+g}
holds and from our assumption we get the sequence X = (X k) is rough lacunary
statistical convergent to X, . The rough lacunary statistical limit of a sequence may

not be unique for 7 > 0. So, we define the 7, — statistical limit set as
S,—~LIM'X, = {X* eL(R): X, AX*}.

Now, we introduce S, — limit superior and S, — limit inferior of X . Then, we give
the relationship between these concepts and 7, — statistical limit set of X .
Definition 3.2. If X = (X k) is a S, —bounded sequences of fuzzy numbers, then
rough lacunary statistical limit inferior of X is given by
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S, —liminf X, :=inf 4, ,

k—
and rough lacunary statistical limit superior of X is given by

S, —limsup X, :=sup B,

k—0

where

Ay ={neLR):5,({ke N: X, - M})=0},

By ={ueL(R):5,({keN:X,<M})=0}.
If S, —LIM"X, #@ for a sequence (X, ) of fuzzy numbers, then we have
S,-LIM'X, <[S,-limsup X, —r,S, —liminf X, +r].

To prove the Theorem 3.1, we first give Lemma 3.1.

Lemma 3.1.If X, €S, —LIM"X, , then we have

0

59({1« eN:d(S, ~limsup X, X.) > r})
and

5,({k eN:d(s, ~liminf X,,X.)>r})=0.

Proof. We assume that &, (k eN:d(S,-limsup X,,X,)> r) # 0. From this

assumption, we can define £ >0 as below

g(Sg —limsup X,, X, )—r
5 .

&=

By definition of S, —limit superior, we have E(SH —limsup X, X, ) <&

for each k € K, where 9, (Kl) 0.
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Also, since X, €S, —LIM"X,, we have 5(Xk,X*) >r+¢& foreach ke K,,
where 0, (Kz) =0.

Let K::Klﬂch.Then 59(K)¢0.

Hence,

d (S, ~limsup X, X,)<d(S, -limsup X,, X,)+d(X,,X.)<r+&

=r+d(S,~limsup X, X.)~r=d(S,~limsup X,, X.)
for each k € K . This contradiction proves the Lemma 3.1.

Theorem 3.1.If S, — LIM" X, # for a sequence (X, ), then we have
S,—LIM"X, [S,—limsup X, —r,S, —liminf X, +7r].
Proof. Let £ >0. Assume that X, € S, —LIM"X, . Then,
5,({ket,:d(X,.x.)2r+z})=0.

That is, for each k € K|, where 9, (Kl) # 0, we can write

a a —r1 —
sup max{( X~ - X, |,| X X, |[(<r+¢
0<a<l
or
a a 24 h—t1
sup| X" — X, |<r+¢ and sup | X —-X, |<r+e¢.
0<a<l 0<e<l

Hence, for each k € K|, where &, (K,)# 0, we have

X.—-(nh+e)<X, <X, +(r+¢).

In here, we obtain two conditions:
First, we get S, (k: X, < X, +(r,+¢))#0,ie, X, +(;+€&)€ B, and
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according to the Lemma 3.1, we write

S, —limsup X, =sup B =u< X, +(r,+¢).
Secondly, we get S, ({k X, - X, —(n +81)}) #0,ie, X,—(r+&)e 4, and
according to the Lemma 3.1, we write

S,—lminf X, =inf 4 =n=>X,—(r,+¢).

Hence, we obtain X, € [Sg —limsup X, —r,S, —liminf X, + r] .

Theorem 3.2. For a sequence (Xk ) , we have diam (Sg -LIM'X, ) <2r.
Proof. Assume that diam (Sg -LIM"X, ) > 2r. Then, there exists
- d(Y,Z)
Y, ZeS,—LIM" X provided that d(Y,Z) >2r. Let € € O,T—r . Since
Y,ZeS,-LIM"X ,wehave 6,(K,)=0 and 6,(K,)=0 for V& >0, where
K, = {k el :dX, V)= r+5} and K, = {k el :d(X,2)> r+5} .
Thus, for all k€ K,°NK,", we get
d(Y,Z)<d(X,.Y)+d(X,,Z)<2(r+¢&)=d(Y.Z).

So, it is a contradiction.

Theorem 3. 3. The 7, —statistical limit set of X = (X, )is closed.
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Proof. Let (Yk) be a sequence in S, — LIM" X, which converges to Y. . If we show

that ¥, €S, —LIM" X, , then the proof will be completed.

Let € >0 be given. Since (Yk) converges to Y., there exists k €/, such that

2

g

(Y,.,n)<§ forall k>k,.

2

Now, we choose a k, € I, such that k, >k, . Then we can write d (Y, ,Y, ) < £

2
Since

(Y,{)QSH—L]MVX,( , We write (Yko)gSg—L]Mer,
Namely

- - &
{kel :dx,Y.)<r+e ;{kels : d(Xk,Yko)<r+5}
. 1 5 &
lim-= {kergd(xy  )=r+3|
Let us show that the inclusion holds.

For ie{ke]s : J(Xk,)’ko)<r+§},we have J(Xl.,Yko)<r+£ . Since

0. )

d(X.Y.)<d(X,Y, )+d(Y, Y.)<r+e,

we have ie{ke]s : c?(Xk,Y*)<r+g}.

From Eq. (2), we can write

lim—
s

2 {ke]s :E(Xk,Yko)<r+§H:1,

S
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so we have

1imhi‘{k el :d(X,.Y,)< r+g}‘ -1,
which completes the proof.

Theorem 3.4. A sequence of (cX k) is » —lacunary statistical convergent to cX, ,

r
forany ce R ,if X = (X k) is H — lacunary statistical convergent to X, .
C|

Proof. Given & > 0, we write the inclusion

1 - 1 _ .\
een Feto el frer oty G2

by taking limit s — oo, the proofis completed.

Theorem 3.5.If X = (X k) is 7, —lacunary statistically convergent to X, and

Y= (Yk) is r, — lacunary statistically convergent to Y, , then (X, +7Y,) is
(r, +r,) — lacunary statistically convergent to X, +7, .

Proof. Given & > 0, we can write

hl‘{kels d(X,+Y,, X.+7,) 2 (5 +r2)+8}‘ﬁ

1

1 - &
— +h—{kelszd(Yk,Y*)Zr2+E}

s

b

{ke]s [d(X,,X.)>r, +§}

s

then, by taking limit s — oo, from our assumptions, we prove the theorem.
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Theorem 3.6. If there exists a sequence ¥ = (Yk) lacunary convergent to X, and

E(Xk ,Y,) <r foreach k € I, then a sequence X = (Xk) is r, — statistically
convergent to X, .

Proof. From our assumption, we have

.1 -
hmh—‘{k el :d(Y,X.)=> g}‘ =0
for every & > 0. Because d(X .»Y,) <r foreach k € I_, the inclusion

{kel :dY, X,)2e}lkel :dX, X,)>r+e}
holds. Hence, we get

.1 -
hfnh—‘{kels d(X,,X.)> r+g}‘ =0.
Theorem 3.7. If X = (X k) is lacunary statistical convergent to X, , then
S,~LIM' X, =B,(X.)=(p e L(R):d(u, X.)<r).

- s .1
Proof. Let K| ={k el :d(Xk,X*)Z 5} . Since X, - X., we have hmh—|K1| =0
. Let we take YeEr(X*).For all ke K°, we get

d(X,,Y)<d(X,,X,)+d(X.,Y)<e+r,
which shows that Y e S, -LIM" X, .
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Let K, :{kel‘T :E(Xk,X*)Zr—l—g}.Now, we take an arbitrary

. 1 Sp
YeS,-LIM"X, .So, we write llmh—|K2| =0. Since X, > X., we have

limhi|K1| =0. Forall ke K°NK,, we get

d(Y,X)<d(X,,Y)+d(X,,X,)<2&+r
which shows that ¥ € B, (X,).
Theorem 3.8. For any arbitrary C €', of X = (Xk) , we have d(X,,C)<r forall
X, eS,-LIM"X,.
Proof. Assume that there exist a point C €I’y and X, € S, — LIM" X, such that

d(X,,C)-r
e

E(X*,C) > r . Define ¢ =

Then, we write

{ke]s : J(Xk,X*)ZrJrg}Q{kels : c?(Xk,C)<g}

Since C €TI',, we have lifnhi‘{k el :dX,,C)< g}‘ #0.

1 _
Hence we get limh—‘{k el :d( X, X.)zr+ 8}‘ # 0, which contradicted

the fact that X, € S, - LIM" X, .
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Theorem 3.9.

a) If CeT, of X=(X,),then S, ~LIM"X, < B.(C)

b) S,~LIM'X, = () B:(C)= {X* ceL(R):T, gEr(X*)}

Cel'y

Proof.

a) Let X,eS,—LIM"X, and C eT',. By Theorem 3.8, we have

d(X,,C)<r otherwise there exists limhi‘{k el - d(X, X,)>r+ 8}‘ #0

_d(X,,C)-r
Tt

for ¢

b) By the inclusion in (a), we can write S, —LIM" X, < ﬂ B, ().

Cel'y

Let Y e ﬂ EV(C). Then we have E(X*,C) <r forall C eI',. This shows that

Celly

T, < B.(Y), thatis, () B,(C)={X, € L(R):T, < B, (X*)} .

Cel'y
Let Y ¢ S,—LIM"X, . Then there exists an & >0 such that

lzznhis\{kels (XY )zl #0.

This implies the existence of a lacunary statistical cluster point C of X

with d(Y,C)>r+¢.S0, T,z B,(Y) and Y ¢ {X* e L(R):T, gE,(X*)}.
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Hence, we get ¥ € {X* eL(R): T, c B, (X*)} which shows that

{X* e L(R):T', c B, (X*)} cS,~LIM"X,.
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