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FOREWORD 

 
On behalf of the Organizing Committee, we are very pleased to welcome you to the 
First  Western Balkan Conference on Mathematics and Applications, June 10-12, 
2021 (http://fwbcma2021.ilirias.com), in E-form 
supported by Ilirias Research Institute(www.ilirias.com) and University of Prishtina 
(www.uni-pr.edu), Prishtina, Kosovo. We hope that, fwbcma2021 will be one of the 
most beneficial scientific events, bringing together mathematicians from all over the 
world, and demonstrating the vital role that mathematics play in any field of science 
and its application.  
 
Naim L. Braha 
 
On behalf of the organizing committee 
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Triangular Fuzzy Numbers for the Linear Demand 

and Supply Functions 
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Salih Aytar 
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Abstract: In this paper, we use the linear demand function � � � � ��, 0 � � � �/� 

and linear supply function � � 
 � ��, � � 0,where �, �, 
, � are positive constants 

and � is a quantity. We fuzzified the coefficients �, �, 
, � by using the interval valued 

triangular fuzzy numbers in order to calculate the consumer surplus and producer 

surplus. 

 

Keywords: Interval valued triangular fuzzy numbers; Consumer surplus and producer 

surplus. 

 

1   Introduction 

Many authors uses fuzzy set theory to study economic problems such as 

estimating optimal revenue [2] and optimal profit [14], calculating the consumer and 

producer surplus [11,12]. In [12], Yao and Wu considered linear demand function and 

linear supply function in which the demand quantity and the supply quantity are 

triangular fuzzy numbers. Then they calculated the consumer surplus and the producer 

surplus. Following paper, Wu [11] estimated these surpluses taking into consideration 

demand function and supply function to be linear or quadratic. He fuzzified 
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coefficients instead of quantity. In the both of the papers [11,12], triangular fuzzy 

numbers has been used for fuzzification. 

Recently, Akbaş and Aytar [1] have calculated the consumer surplus of the 

demand function � � � � ��, 0 � � � �/� and the producer surplus of the supply 

function � � 
 � ��, � � 0, where � is a quantity as an interval valued fuzzy number. 

In this paper, we fuzzify  the coefficients �, �, 
, and � by using interval valued fuzzy 

numbers. Later we use the signed distance defuzzification method. 

 

2   Preliminaries  

The concept of interval valued fuzzy numbers was first defined by Zadeh [15]. 

Now we recall this concept using Gorzalczany's [4] notations as follows: 

An interval valued fuzzy set (an IV fuzzy set) on the set of real numbers is given 

by                                � �  ���, �������, �������� : � ∈  � �(2.1)��� , ��� ∶ ! →
#0,1%;  for all� ∈ �,������ � ������.            (2.2) 

Let  �(����� � �������, ������� , � ∈R 

and let )#0,1% denote the family of all closed intervals contained in the interval #0,1%, 
i.e. 

for all�*, �+ ∈ #0,1%, �* � �+, #�*, �+% ∈ )#0,1%. 
Therefore, for each fixed  � ∈ �, �(����� ∈  )#0,1%.Hence, expression (2.1) and (2.2) 

may be rewritten in a more concise form as 

�� � �,�, �(�����- : �(�� ∶ ! → )#0,1%, � ∈  ��. 
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Thus, interval  �(����� � �������, �������  (a subset of  #0,1% ) and not a number from 

the interval  #0,1%  is assigned to each element� ∈ R.It follows from definition that an 

arbitrary IVfuzzy set A� is unequivocally represented by the lower and upper limits ��� , ��� respectively, of its generalized membership �(��. 

If we take the fuzzy sets of  ��� and ��� used here as a triangular fuzzy number, we 

get the definition of an interval valued triangular fuzzy number [10]. For the sake of 

convenience, we will use interval valued fuzzy number Chiao [3] uses as interval 

valued general triangular fuzzy number, that is if we choose the upper and lower 

membership functions as  

����/� �  
⎩⎪⎨
⎪⎧ / � �4 � �      , � � / � 4    / � 54 � 5       , 4 � / � 5     0            , 67ℎ
9:;<
    

 

����/� �  
⎩⎪⎨
⎪⎧ / � �4 � �      , � � / � 4    / � =4 � =      , 4 � / � =     0            , 67ℎ
9:;<
    

 

(where� � � � 4 � = � 5� in (2.1) and (2.2) respectively, then A� is called an interval 

valued triangular (briefly, IVT) fuzzy number and is denoted as A� � �#�, �%, 4, #=, 5%�. 
We denote the set of all IVT fuzzy numbers byF�>?@�[3]. 

Now let us briefly review the operations of summation and scalar multiplication 

on the setF�>?@�. For �*� � �#�, �%, 4*, #=, 5%�,  �+� � �#
, A%, 4+, #�, ℎ%� ∈ F(T), 

summation, subtraction and scalar multiplication are defined as 

       �*           � �  �+ �   �   �#� � 
, � � A%, 4* � 4+, #= � �, 5 � ℎ%�, 
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�*� �  �+ �   �   �*� � ���+� � � �#� � ℎ, � � �%, 4* �  4+, #= � A, 5 � 
%�,             
k�*�  �   B. �*� �  C   #B�, B�%, B4*, #B=, B5%    , B D 0   #B5, B=%, B4*, #B�, B�%    , B E 0 

The operations that enable converting an IV fuzzy numbers into an triangular 

fuzzy numbers and maintaining, at least partially, pieces of information stored in the 

former one, are frequently needed. This kind of operation is called type reduction by 

Karnik and Mendel [5,6] and Mendel [7]. In 2006 Niewiadomski et al. [8] have 

defined different approaches for this process as follows. 

Let A� be an IVT fuzzy number and μG� and μG�  be its lower and upper membership 

functions, respectively. The following operations transform A� into a triangular fuzzy 

number: 

      @>H���� � ����/�, / ∈ �                                             (2.3)                   

                                       @>I���� � ����/�, / ∈ �                                             (2.4) 

                                       @>J���� � KL��M�NKL��M�
+ , / ∈ �.(2.5) 

Here, lower indices mean: I ‒ optimistic, K ‒ pessimistic, O ‒ realistic. Optimistic 

means that in the triangular fuzzy number which is the result of (2.3), membership 

degrees for/'s, are taken as the highest (the most optimistic) degrees in �� and (2.4), 

(2.5) are defined accordingly. It is also possible to modify (2.5) with a weighted 

average of  ����/�  and  ����/� , if there are premises that one of membership levels 

could be more influential on a description of phenomenon than the other. In that case, 

(2.5) is in the form of 
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   @>�J ���� � :*����/� � :+����/�, / ∈ �  (2.6) 

provided that  :* � :+ � 1. Formula (2.6) is a generalization of the definitions above 

[8]. 

Yao and Wu [13] introduced the concept of signed distance in the fuzzy sense as 

follows: If �~ ∈ F(T) then the signed distance of �~ � ��*, �+, �P� measure from as  

 

5∗ ��~, 0*� �  *R  ��* � 2�+ � �P� .    

 

3   Results 

Let the demand function be � � �‒ ��, 0 � � � UV and the supply function be 

� � 
 � ��,  � � 0 where � D 
 D 0, � D 0, 
 D 0 and � D 0are fixed numbers and � is the unit price with respect to quantity �. For a fixed unit price �we fuzzify the 

positive coefficients of the demand and of the supply functions as  

�� � �#� � W**U , � � W+*U %, �, #� � W++U , � � W*+U %�, 
�� � �X� � W**V , � � W+*V Y, �, X� � W++V , � � W*+V Y�, 

� � �#
 � W**Z , 
 � W+*Z %, 
, #
 � W++Z , 
 � W*+Z %�, 
�� � �X� � W**[ , � � W+*[ Y, �, X� � W++[ , � � W*+[ Y�, 

where0 � W+*\ � W**\ E 7, 0 � W++\ � W*+\ , and 7 ∈ ]�, �, 
, �^. 
Hence the IVF demand function is 

_�̀ � aX� � W**U � �� � W*+V ��, � � W+*U � �� � W++V ��Y ,� � ��,X� � W++U � �� � W+*V ��, � � W*+U � �� � W**V ��Y b. 



First Western Balkan Conference on Mathematics and 
Applications 10-12-June 2021, Prishtine, Kosovo 

(http://fwbcma2021.ilirias.com/) 

 

22  

We have the triangular fuzzy numbers using the type reductions as  

           @>Hc�_�̀ � � �� � W**U � �� � W*+V ��, � � ��, � � W*+U � �� � W**V ��� 
          @>I�_�̀ � � �� � W+*U � �� � W++V ��, � � ��, � � W++U � �� � W+*V ��� 
        @>�J�_�̀ � � a�1 � :*��� � W**U � �� � W*+V ��� � :*�� � W+*U � �� � W++V ���,� � ��,�1 � :*��� � W*+U � �� � W**V ��� � :*�� � W++U � �� � W+*V ���b 

          @>J�_�̀ � �
⎝
⎜⎜⎜
⎛� � W**U � �� � W*+V �� � � � W+*U � �� � W++V ��2 ,

, 2�� � ���2� � W*+U � �� � W**V �� � � � W++U � �� � W+*V ��2 ⎠
⎟⎟⎟
⎞. 

 

The signed distance of triangular fuzzy number  @>J�_�̀ �  is  

j*���  �  14
⎝
⎜⎜⎜
⎛ � � W**U � �� � W*+V �� � � � W+*U � �� � W++V ��2� 4�� � ���2� � � W*+U � �� � W**V �� � � � W++U � �� � W+*V ��2 ⎠

⎟⎟⎟
⎞ 

                                    �  � � �� � *l m  �W*+U � W++U � � �W**U � W+*U � �X�W**V � W+*V � � �W*+V � W++V �Y�n                 (3.1)             

wherej*estimates the demand quantity in the IV fuzzy sense when the price is�. 
On the other hand, the IVF supply function is 
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_�o � aX
 � W**Z � �� � W**[ ��, 
 � W+*Z � �� � W+*[ ��Y,
 � ��,X
 � W++Z � �� � W++[ ��, 
 � W*+Z � �� � W*+[ ��Yb. 
We have the triangular fuzzy numbers using the type reductions as  

@>Hc�_�o� � �
 � W**Z � �� � W**[ ��, 
 � ��, 
 � W*+Z � �� � W*+[ ��� 
@>I�_�o� � �
 � W+*Z � �� � W+*[ ��, 
 � ��, 
 � W++Z � �� � W++[ ��� 
@>�J�_�o� � a�1 � :*��
 � W**Z � �� � W**[ ��� � :*�
 � W+*Z � �� � W+*[ ���,
 � ��,�1 � :*��
 � W*+Z � �� � W*+[ ��� � :*�
 � W++Z � �� � W++[ ���b 

@>J�_�o� �
⎝
⎜⎜⎜
⎛
 � W**Z � �� � W**[ �� � 
 � W+*Z � �� � W+*[ ��2 ,2�
 � ���2 ,
 � W*+Z � �� � W*+[ �� � 
 � W++Z � �� � W++[ ��2 ⎠

⎟⎟⎟
⎞. 

The signed distance of triangular fuzzy number @>J�_�o�is  

j+��� �  14
⎝
⎜⎜⎜
⎛ 
 � W**Z � �� � W**[ �� � 
 � W+*Z � �� � W+*[ ��2� 4�
 � ���2

� 
 � W*+Z � �� � W*+[ �� � 
 � W++Z � �� � W++[ ��2 ⎠
⎟⎟⎟
⎞ 

                          �  
 � �� � * l p �W*+Z � W++Z � � �W**Z � W+*Z � �X�W*+[ � W++[ � � �W**[ � W+*[ �Y � q                          (3.2) 

wherej+ estimates the supply quantity in the IV fuzzy sense when the price is �. 
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Similar operations can be repeated easily by taking@>H�_�o�or @>I�_�o� or 

@>�J�_�o�  instead of @>J�_�o�. 
Now we recall the classical consumer surplus and producer surplus for the linear 

case as follows. 

 
PROPOSITION 3.1 ([9]).If the demand equation is � � � � ��, and the supply 

function is � � 
 � �� then the consumer surplus for the crisp case is  

CSC � *+ ��∗+                (3.3)                           

and the producer surplus for the crisp case is  

PSC � *+ ��∗+                      (3.4) 

where�∗is the equilibrium quantity. 

PROPOSITION 3.2 (CSF and PSF). If the demand equation is _�̀ � �� � ���, and the 

supply function is_�o � 
� � ���then the consumer surplus for the interval valued fuzzy 

case is 

 rst �  �∗ u� � 18 #�W*+U � W++U � � �W**U � W+*U �% � �∗w 
                                    � �∗+2 u18 xX�W**V � W+*V � � �W*+V � W++V �Yy � �w 

and the producer surplus for the interval valued fuzzy case is _st �  �∗ p#�∗ � 
 � 18 #�W*+Z � W++Z � � �W**Z � W+*Z �%q 
                                   � �∗+2 u18 X�W*+[ � W++[ � � �W**[ � W+*[ �Y � �w 

where 
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�∗ � � � 
 � *l #�W*+U � W++U � � �W**U � W+*U �% � *l #�W*+Z � W++Z � � �W**Z � W+*Z �%� � � � *l X�W**V � W+*V � � �W*+V � W++V �Y � *l X�W*+[ � W++[ � � �W**[ � W+*[ �Y 
and 

�∗ � � � ��∗ � 18 m �W*+U � W++U � � �W**U � W+*U ��XxW**V � W+*V y � xW*+V � W++V yY �∗n . 
PROOF. Let us calculate the equilibrium quantity. We have  

� � �� � 18 ��W*+U � W++U � � �W**U � W+*U � � XxW**V � W+*V y � xW*+V � W++V yY �� 
            � 
 � �� � 18 ��W*+Z � W++Z � � �W**Z � W+*Z � � XxW*+[ � W++[ y � xW**[ � W+*[ yY�� , 

        � � �∗
� � � 
 � *l #�W*+U � W++U � � �W**U � W+*U �% � *l #�W*+Z � W++Z � � �W**Z � W+*Z �%� � � � *l X�W**V � W+*V � � �W*+V � W++V �Y � *l X�W*+[ � W++[ � � �W**[ � W+*[ �Y 

by using the equations (3.1) and (3.2). Then the equilibrium price can be determined 
by using  j*  or  j+  as:  

�∗ � j*��∗� � � � ��∗ � 18 m �W*+U � W++U � � �W**U � W+*U � �XxW**V � W+*V y � xW*+V � W++V yY�∗n . 
Hence we can calculate the consumer surplus:  rst � z #j*��� � �∗%5�{∗

|  
                    � z p� � �� � 18 m �W*+U � W++U � � �W**U � W+*U ��X�W**V � W+*V � � �W*+V � W++V �Y�n � �∗q 5�{∗

|  
                    � �∗ u� � 18 #�W*+U � W++U � � �W**U � W+*U �% � �∗w 
                    � �∗+2 u18 xX�W**V � W+*V � � �W*+V � W++V �Yy � �w . 
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Similarly, we get the produces surplus:  _st � z #�∗ � j+���%5�{∗
|  

                    � z p#�∗ � 
 � �� � 18 m �W*+Z � W++Z � � �W**Z � W+*Z ��X�W*+[ � W++[ � � �W**[ � W+*[ �Y�nq 5�{∗
|  

                    � �∗ p#�∗ � 
 � 18 #�W*+Z � W++Z � � �W**Z � W+*Z �%q 
                    � �∗+2 u18 XxW*+[ � W++[ y � xW**[ � W+*[ yY � �w . 

 
 
EXAMPLE 3.1.Define the demand function  � � 20 � 2�, 0 E � � 10 
and the supply function  � � 10 � 2�, � � 0. 
Here our coefficients are� � 20, � � 2, 
 � 10and � � 2.We use [11, Example 2.6] 

in order to compare our results and Yao and Wu's results [11]. 

Crisp Case([11]) From 20 � 2� � 10 � 2�, the equilibrium quantity is �∗ � 2.5 
and equilibrium price is �∗ � 15. Then we have the consumer surplus and producer 
surplus: 

CSC � 12 ��∗+ � 6.25, 
PSC � 12 ��∗+ � 6.25. 

We note that in the rest of paper, if we require that the constants W��\  to be compatible 

with Yao and Wu's [11] triangular fuzzy numbers. 

 
Case 1 (IVT): Let the fuzzified coefficients                                      W**U � 3 W+*U � 1   W++U � 3 W*+U � 5W**V � 1.5 W+*V � 0.5    W++V � 1 W*+V � 3                                     W**Z � 4 W+*Z �  2  W++Z � 1 W*+Z � 3W**[ � 1.5 W+*[ � 0.5 W++[ � 1 W*+[ � 3.

 

Hence the equilibrium quantity is �∗ � 2.3889. 
Then the equilibrium price �∗can be calculated as 
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  j*��∗� � j+��∗� � 15.1250. 
The consumer surplus and producer surplus estimate as                                                     rst � 6.4202                                                     _st � 6.4202. 
 

Case 2 (IVT):Let the fuzzified coefficients W**U � 5  W+*U � 1 W++U � 1 W*+U � 3   W**V � 1.5     W+*V � 0.5 W++V � 0.5  W*+V � 1.5W**Z � 4 W+*Z  � 2 W++Z � 1 W*+Z � 3W**[ � 1.5 W+*[ � 0.5  W++[ � 1  W*+[ � 3.
 

Hence the equilibrium quantity is �∗ � 2.3529. 
Then the equilibrium price �∗can be calculated as                                                j*��∗� � j+��∗� � 15.0442. 
The consumer surplus and producer surplus estimate as                                                    rst � 6.4202,                                                    _st � 6.2285. 
The values for the middle-type reduction methods using the new formulas calculated 

are given in Table 1. 

 

 

 �∗ �∗ PSF CSF 

Crisp 2.5 15 6.25 6.25 

Yao and Wu’s [11], Case 1           2.357 15.167 6.481 6.481 

Yao and Wu’s[11], Case 2           2.231 14.871 5.807 4.977 

Case 1 Middle type reduction     2.3839 15.1250 6.4202 6.4202 

Case 2 Middle type reduction     2.3529 15.0442 6.4202 6.2285 

Table 1.PSF/CSF for the triangular and IVTfuzzy numbers 
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As can be seen Case 2 in the Table 1, our total surplus value (12.6487) is higher 

than not only crisp value but also triangular value (Case 2). Moreover the surpluses 

can be increased if the type reduction technique is changed. 

 
References 

[1] Akbaş, B., Aytar, S., Consumer surplus and producer surplus of the linear demand 

and supplyfunctions using interval-valued triangular fuzzy numbers, International 

Journal of Applied Mathematics and Statistics, accepted. 

 
[2] Chang, S.C. and Yao J.S. 2000. Optimal revenue for demand function in fuzzy 

sense, Fuzzy  Sets and Systems, 111: 419-431. 

 
[3]Chiao, K. P. 2011 Multiple criteria group decision making with triangular interval 

type-2 fuzzy sets, In 2011 IEEE International Conference on Fuzzy Systems, 2575-

2582. 

 
[4] Gorzalczany, M.B. 1987. A method of inference in approximate reasoning based 

on interval valued fuzzy sets, Fuzzy Sets and Systems, 21: 1-17. 

 
[5]Karnik, N.N. and Mendel, J.M. 1998. An Introduction to Type-2 Fuzzy Logic 

Systems, University of Southern California, Los Angeles. 

 
[6]Karnik, N.N. and Mendel, J.M. 1999. Type-2 Fuzzy Logic Systems. IEEE 

Transactions on Fuzzy Systems 7(6): 643-658. 

 
[7] Mendel, J.M. 2001, Uncertain Rule-Based Fuzzy Logic Systems: Introduction and 

New Directions, Prentice-Hall, Upper Saddle River, NJ. 

 



First Western Balkan Conference on Mathematics and 
Applications 10-12-June 2021, Prishtine, Kosovo 

(http://fwbcma2021.ilirias.com/) 

 

29  

[8]Niewiadomski, A. Ochelska, J. and Szczepaniak, P. S. 2006. Interval-valued 

linguistic summaries of databases, Control and Cybernetics, 35(2): 415-443. 

 
[9]Varian, H.R. 2014. Intermediate Microeconomics with Calculus, W.W Norton & 

Company, New York. 

 
[10]Wang, Y. J. 2019. Ranking triangular interval-valued fuzzy numbers based on the 

relative preference relation, Iranian Journal of Fuzzy Systems, 16(2): 123-136 

 
[11]Wu, K., 1999, Consumer surplus and producer surplus in fuzzy sense, Fuzzy Sets 

and Systems, 103: 405-419. 

 
[12]Yao, J.S. and Wu, K. 1999. Consumer surplus and producer surplus for fuzzy 

demand and fuzzy supply, Fuzzy Sets and Systems, 103: 421-426. 

 
[13]Yao, J.S. and Wu, K. 2000. Ranking fuzzy numbers based on decomposition 

principle and signed distance, Fuzzy Sets and Systems, 116: 275-288. 

 
[14]Yao, J.S. and Chang, S.C. 2001. Economic principle on profit in fuzzy sense, 

Fuzzy Sets and Systems, 117: 113-127. 

 
[15]Zadeh, L.A. 1975. The concept of a linguistic variable and its application to 

approximate reasoning. Information Sciences 8(3): 199-249. 

 

 

 

 

 

 



First Western Balkan Conference on Mathematics and 
Applications 10-12-June 2021, Prishtine, Kosovo 

(http://fwbcma2021.ilirias.com/) 

 

30  

 

On Bernstein Operators Based on Shape Parameter 

λ 
Faruk Özger 

Department of Engineering Sciences, İzmir KatipÇelebiUniversity, 
İzmir,Turkey 

farukozger@gmail.com 
 

Abstract: In order to approximate functions many Bernstein type operators have been 

constructed using shape λ, where λ ∈ #�1,1%. In this work, we combine certain results 

about λ Bernstein type operators and related approximation properties. 

 

Keywords: Convergence by operators, shape parameter λ convergence, 

approximation properties. 

 

 

1. Introduction 

A famous mathematician S. N. Bernstein [1] constructed polynomials 
nowadays called Bernstein polynomials which is familiar and widely-investigated 
polynomials in theory of approximation. Bernstein gave a simple and very elegant 
way to obtain Weierstrass approximation theorem with the help of his newly-
constructed polynomials. For any continuous function A��� defined on r#0,1%, 
Bernstein polynomials of order n are given by  

 ���A; �� � ∑  ���| A � ��� ��,����          �� ∈ #0,1%�, 
where the Bernstein basis functions ��,���� are defined by  

 ��,���� � ��; � ��  �1 � �����                  �; � 0, … , ��. 
Stancu [2] presented a generalization of Bernstein polynomials with the help of two 
parameters α and β such that 0 � α � β, as follows:  

 s�,�,��A; �� � ∑  ���| A � �N��N�� ��; � �� �1 � �����          �� ∈ #0,1%�. 
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 If we take both the parameters α � β � 0, then we get the classical Bernstein 
polynomials. The operators defined above are called Bernstein-Stancu operators.  
In the next section we give a list of certain � �Bersntein operators. In order to 
construct those operators we consider folowing newly defined Bézier bases [7]: 

 ���,|��; �� � ��,|��� � ��N* ��N*,*���, 
 ���,���; �� � ��,���� � ��+�N*���* ���N*,���� � ��+��*���* ���N*,�N*���,       ; � 1,2 … , � � 1, 
 ���,���; �� � ��,���� � ��N* ��N*,����, 

 in this case λ ∈ #�1,1% and ��,���� are the Bernstein basis functions. By taking above 
operators into their account, they established various approximation results, namely, 
Korovkin and Voronovskaja-type theorems, rate of convergence via Lipschitz 
continuous functions, local approximation and other related results.  
In the same year, Cai [8] generalized λ-Bernstein operators by constructing the 
Kantorovich-type λ-Bernstein operators as well as its Bézier variant and studied 
several approximation results.  
Later, various approximation properties and asymptotic type results of the 
Kantorovich-type λ-Bernstein operators have been studied by Acu et al. [9].  
Recently, Özger [10] obtained statistical approximation for λ-Bernstein operators 
including a Voronovskaja-type theorem in statistical sense. In the same article, he also 
constructed bivariate λ-Bernstein operators and studied their approximation properties. 

The Bernstein operators are one of the most studied positive linear operators 
which were modified by many authors, we are mentioning some of them [3, 4, 11-18, 
27]. 

 
2. Results on λ-Bernstein type operators  

We are now ready to mention newly defined � –Bernstein type operators:  1.  � �Bersntein operators: 

����A; �� � �  �
��| A , ;�- ���,���; ��   Cai et al. #6%.  

2.  � �Bersntein-Stancu operators: 

 ��,�,�� �A; �� � �  �
��| A , ; � �� � �- ���,���; ��  Srivastava et al. #23%. 

3.  � �Bersntein-Schurer operators: 
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��,�,��,£ �A; �� � �  �N£
��| A , ;�- <̃�,���; ��  Özger #24%. 

4.  � �Bersntein-Kantorovich operators: 

�̈,��ℎ; �� � �� � 1� �  �
��| ���,���; �� z  ©ª«¬ª«

©¬ª«
ℎ�7�57  Acu et al. #9%. 

5.  � �Bersntein-Schurer-Kantorovich operators: 

�̈,�,U�ℎ; �� � �� � 1� �  �NU
��| <̃�,���; �� z  ©ª«¬ª¯ª«

©¬ª¯ª«
ℎ�7�57  Özger et al. #25%. 

 
 6.  � �Bersntein-Kantorovich operators (with shifted knots): 
 

�̈,���,���A; �� � ,� � �� -� �� � �
� 1� �  �

��| �°�,���,����; �� z  ©ª±ª«¬ª²ª«
©ª±¬ª²ª«

A�7�57 Rahman et al. #26%.  
7.  � � genuine Bernstein-Durrmeyer: 
 

·�,�¸ �A; �� � �  ��*
��* z  *

| p7�¸�*�1 � 7������¸�*��;¹, �� � ;�¹� A�7�57q ���,���; �� 

�ℎ�0����,|��; �� � ℎ�1����,���; ��  Acu et al. #21%. 8.  � � Szász � Mirakian operators: 
 ¿�,��ℎ; �� � �  �

��| 4À�,���; ��A , ;�- , � ∈ #0, ∞�, Qi et al. #20% 
 where  

 4À�,|��; �� � 4�,|��� � ��N�N* 4�N*,*���, 
 4À�,���; �� � 4�,���� � ����* u �� � 2; � 1�4�N*,������� � 2; � 1�4�N*,�N*�Ã�w 

 4À�,���; �� � 4�,���� � ��N* 4�N*,���� 

 and  
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4�,,��Ã� � 
��{ �����;! . 
9.  � �Bersntein- Bézier -Kantorovich operators: 

Å�,�,��ℎ; Ã� � �� � 1� �  �
��| Æ�,������; �� z  ©ª«¬ª«

©¬ª«
A�7�57,   Acu et al. #8% 

 where  

 Æ�,������; �� � �Ç�,������; ���� � �Ç�,�N*��� ��; ����   and 

Ç�,������; �� � �  �
��� ���,���; ��. 

 
Following theorem is called Korovkin type theorem. 
 
Theorem 1. �-Bernstein type operators have the following  lim�→ÉÅ�� �A; �� � A���        
uniformly in #0,1%, where Å�� �  ���,  ��,�,�� , ��,�,��,£ , �̈,�, �̈,�,U , ·�,�¸ , ¿�,�, Å�,�,� , �̈,���,��

.  

Proof. Since � -Bernstein type operators have the following relations  Å�,� �1; �� � 1  as � → ∞; Å�,� �7; �� � �  as � → ∞; Å�,� �7+; �� � �+ as � → ∞ 
for � ∈ #0,1%, theorem is proved. 
 
As an application of this theorem we consider the function A��� � cos ��P� and take � � 0.5 and � � 20, and we provide convergence of � �Bersntein operators in Figure 
1. 
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Figure 1. Convergence of � �Bersntein operators 

 
In all these studies, many approximation theorems including Korovkin type theorems, 
rates of convergence, point-wise convergence, shape preserving properties, global 
approximation formula, local direct estimate of the rate of convergence by Lipschitz-
type function involving two parameters, statistical convergence, weighteded statistical 
convergence, Grüss-Voronovskaja and a quantitative Voronovskaja types. Behavior of 
polinomials s( is considered in [25]. Also λ �Bersntein type operators are considered in 
weighted spaces.  
With the help of the provided numerical evaluations, certain tables and graphs were 
provied for λ �Bersntein type operators in order to illustrate the efficiency of related 
results when it is compared with other results in the literature. 
Moreover, bivariate versions of λ �Bersntein type operators are constructed in certain 
papers (for instance see, [10]). 
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Abstract: The purpose of this paper is to construct generating function for modified 

beta polynomials. By utilizing this generating function, we consider the modified beta-

type polynomials and also investigate some basic properties of these polynomials. 

Moreover, we provide several fundamental equations and partial differential equations 

(PDEs) associated with this generating function. 
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functions, special polynomials 

Introduction 
 

Along this paper, the familiar notations C , R , Z , N  and 0N  are, respectively, 

referred to the set of all complex numbers, the set of all real numbers, the set of all 
integers, the set of all natural numbers, and the set of all non-negative integers. 
Polynomials are often used in both mathematics and engineering applications because 
they are closed under addition, multiplication, differentiation, integration and 
composition. Therefore, they have become an efficient tool to represent different 
systems, simulate various processes and compute final decisions. Recently, generating 
functions for special polynomials and numbers have also been used in many branches 
of mathematics, physics and engineering. Using the generating functions, many 
fundamental properties and identities for special polynomials and numbers can be 
obtained. 
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For 0,n kN , the beta-type rational functions  ,n k xM  are defined by the following 

formula (cf. [1-4]): 

                                                   , = 1 .
n k k

n k x x x


M  

Let 0,n kN , the beta polynomials  ,n k xB  of degree n  on the interval  1,0  are 

defined as follows: 

                                                   , = 1 ,
n k k

n k x x x


B  

where = 0,1, 2, .k n…  

Simsek [1] constructed generating functions for the beta-type rational functions and 
the beta polynomials and then investigate some properties of these generating 
functions. In order to give derivative formulas, a recurrence relation and a variety of 
identities related to the beta-type rational functions and the beta polynomials, many 
functional equations and PDEs for these generating functions are derived in [1]. Also, 
some of these functional equations and PDEs are given. 

The generating functions of the beta-type rational functions  ,n k xM  are given by 

(cf. [1-4]) 

                                  1
,

=0

, = = ,
1 !

k n
t x

k n k
n

x t
t x e x

x n


 

  
b M  

where 0k N  and tC . By (1.3), the generating functions of the beta polynomials 

 ,n k xB  are provided by 

   
 

 ,
=0 =

, = , = .
! !1

k n nk

k k n kk n
n n k

x t t
t x t x x

n nx






 F b B  

In this paper, we construct generating function for modified beta polynomials. By 
utilizing this generating function, we consider the modified beta polynomials and also 
investigate some basic properties of these polynomials. Moreover, we provide several 
fundamental equations and partial differential equations (PDEs) associated with this 
generating function. 

 

Modified Beta-Type Polynomials 
 

In [5,6], the modified version of the Sumudu and Laplace integral transforms are 
defined and some of their properties are investigated. In the mentioned studies, some 



First Western Balkan Conference on Mathematics and 
Applications 10-12-June 2021, Prishtine, Kosovo 

(http://fwbcma2021.ilirias.com/) 

 

39  

advantages of modified forms are also examined. In this section, we introduce the 
modified beta polynomials and derive some properties of these polynomials. 

Definition 1 We introduce the modified beta polynomials  , ;n k x aB  of degree n  on 

the interval  1,0  as follows: 

      , ; = ln 1 ,
n n k k

n k x a a x x


B  

where = 0,1, 2, .k n…   

We note that when =a e , the modified beta polynomials  , ;n k x aB  reduces to the 

beta polynomials  ,n k xB  in (1.2). 

Remark 1 For mathematical convenience, we set 

  , ; = 0n k x aB  

if >k n  or < 0k .  
We now perform to derive some properties of the modified beta polynomials. 
By (2.1), we compute the first few modified beta polynomials as follows: 

        0,0 1,0 1,1; = 1, ; = 1 ln , ; = lnx a x a x a x a x aB B B  

           2 2 22
2,0 2,1; = ln 1 , ; = lnx a a x x a x x a B B  

 

              2 3 3 32 3
2,2 3,0 3,1; = ln , ; = ln 1 , ; = 2 lnx a x a x a a x x a x x x a  B B B

 

          3 32 3
3,2 3,3; = ln , ; = lnx a x x a x a x aB B  

 

               1
,0 , 1 ,; = 1 ln , ; = ln , ; = ln .

n n n nn n n
n n n n nx a x a x a x x a x a x a

 B B B

 
We also observe that 

    , ,0; = 1; = 0.n k n ka aB B  

By (2.1), for n k , we construct the generating function of the modified beta 
polynomials as follows 

        , ,
=0 =0

, := ; = ln 1 =
! 1 !

kn n
n n

k a n k
n n

t x t
t x x a a x

n x n

      
 b B  
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      1 ln

=0

= ln 1 = ,
1 ! 1

k kn
n n t x a

n

x t x
a x e

x n x


          

  

thus, we get 

      1
, ,

=

, = ; = .
! 1

kn
t x

k a n k
n k

t x
t x x a a

n x


 

  
b B  

 
By (2.2), we see that 

    
2

, ,, , =
1

k

k a k a

x
t x t x

x

    
b b  

and 

  , , = .
1

k

t tx
k a

x
t x a a

x
  

  
b  

 
For = 0k  into (2.2) and 1,x    we attain 

   1
0, , = ,t x

a t x a 
b  

which is the analytic functiıon for all .tC  Also, for 0,k   we get 

 , ,0 = 0k a tb  

Using (2.2), we have 

        
1 2

1 1
, ,1 2

, , =
1 1

k k
t x t x

k a k a

x x
t x t x a a

x x
    

       
b b  

                                     
1 2

2 1
,1 2

= = 2 , ,
1

k k
t x

k k a

x
a t x

x





 
  

b  

which gives the following theorem. 
Theorem 1 The following relationship 

                                      , , ,1 2 1 2
, , = 2 ,k a k a k k at x t x t xb b b  

is valid for 0nN .  

By (2.4), we see that 

   
1 2

, ,1 2
, , = .

1

k k

k a k a

x
t x t x

x


    

b b  
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In view of (2.2), we observe that 

     1
,

=0

1
, = 1 ,

1

mt x k m
k a

m

m k
t x a x

k


   

  
b  

where < 1.x  Then we derive 

 , , 1 = .k a t  b  

 
We observe that 

             ,
=0 =0

1 ; = 1 ln 1
n n

k k n n k k
n k

k k

x a a x x


   B  

    
=0

= ln 1
1

kn
n n

k

x
a x

x

    
  

    

1

1
1

= ln 1 ,
1

1

n

n n

x

x
a x

x

x


    





 

which gives the following theorem. 
Theorem 2 For n k , we acquire 

                 1 1

,
=0

1 1
1 ; = ln 1 .

1 2

n n nn
k n n

n k
k

x x
x a a x

x

   
 

 B  

  

By (2.1) and for < 1
1

x

x
, we get 

          1

,
=0 =0

; = ln 1 = ln 1 ,
1

k
n n n n

n k
k k

x
x a a x a x

x

 
    

 B  

 
which provides the following theorem. 
Theorem 3 The following summation formula 

                                             1

,
=0

; = ln 1
n n

n k
k

x a a x



B  
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holds for < 1
1

x

x
.  

Upon setting = 0k  in (2.3) and utilizing (2.2), we attain 

      ,0
= =0 =

ln = ; 1
! ! !

n n n
n n

n
n k n n k

t t t
x a x a

n n n

  

  B  

                                     ,0
=0 =0

= 1 ; ,
!

nn
l

n l
n l

n t
x a

l n





 
  

 
 B  

which gives the following theorem. 
Theorem 4 The following formula including the modified beta polynomials 

                                 
 

   ,0
=0

1
= 1 ;

ln

n
ln

n ln
l

n
x x a

la


 
  

 
 B  

is valid for 0nN .  

From (2.2), we attain 

   ,
= =0 =0

; = ln .
! 1 !

kn nn
l l

n k
n k n l

nt x t
x a a x

ln x n

    
     

 B  

We arrive at the following theorem. 
Theorem 5 The following relation 

                                 ,
=0

; = 1 ln
n

k l l k
n k

l

n
x a x a x

l

  
  

 
B  

holds for non-negative integers n .  
By means of (2.2), we obtain 

   1
,

=0 =0

, = ,
1

k
t x

k a
k k

x
t x a

x

 
  

  
 b  

using the geometric series for < 1
1

x

x
, then 

       1 1
,

=0

1
, = = 1 ,

1
1

t x t x

k a
k

t x a x a
x

x


 




b  

and also 

     1 1= ln 1 ,t x t xd
a a x a

dt
   
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which gives the following theorem. 

Theorem 6 Let < 1.
1

x

x
 Then, we have 

   1
,

=0

1
= ,

ln
t x

k a
k

d
a t x

dt a


 b  

  
Now, we give some partial differential equations for the modified beta polynomials as 
follows. 
Taking the derivative of (2.2) with respect to x ,  we acquire the following PDEs: 

     ,
1, ,2

,
= , ln ,k a

k a k a

t x k
t x t a t x

x x 






b
b b  

and 

 
 

   ,
1, ,2

,
= , ln ,

1

k a
k a k a

t x k
t x t a t x

x x





 

b
b b  

By means of (2.2), we attain 

             1
,

=

; =
! 1

kn
t x

n k
n k

d t d x
x a a

dx n dx x


 

  
 B  

                                         
1

1 1

2
= ln

1 1

k k
t x t xk x x

a a t a
x x x


           

 

    
1

, 1 ,2
= =

= ; ln ; ,
! !

n n

n k n k
n k n k

k t t
x a a x a

x n n

 

  B B  

which gives the following theorem. 
Theorem 7 The following derivative formula 

                , , 1 1,2
; = ; ;n k n k n k

d k
x a x a n x a

dx x  B B B  

holds for 1n  .  
From (2.2), we obtain 

    1
,

=

; =
! 1

kn
t x

n k
n k

d t d x
x a a

dx n dx x


 

  
 B  

  

 
 1 1

2
= ln

1 11

k k
t x t xk x x

a a t a
x xx

           
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 

   
1

, 1 ,2
= =

= ; ln ; ,
! !1

n n

n k n k
n k n k

k t t
x a a x a

n nx

 

 


 B B  

which gives the following theorem. 
Theorem 8 The following derivative formula 

  
 

   , , 1 1,2; = ; ;
1

n k n k n k

d k
x a x a n x a

dx x
 


B B B  

holds for 1n  .  

Conclusion 
 

In the present study, we have introduced modified beta-type polynomials. We have 
then constructed generating function for modified beta polynomials. By utilizing this 
generating function, we have investigated some basic properties of these polynomials. 
Moreover, we have provided several fundamental equations and partial differential 
equations (PDEs) associated with this generating function. 
After this study, one can resarch this polynomials under the operatinal methods or 
umbral calculus to get more formulas and properties. And also one can investigate 
corellations for modified beta-type polynomials in conjuction with the Bernoulli, 
Euler, Hermite polynomials and so on. 
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Abstract: In this study, we introduce β-extension of Hermite-Bell polyomials and 

then, investigate some of their porperties and identities. Also, we derive several 

relations with some other well-known special polynomials. Moreover, we provide a 

derivative property and an integral representation for these polynomials. 

 

Keywords: Hermite polynomials, Bell polynomials, Hermite-Bell polynomials, 

modified exponential function, generating functions 

 

Introduction 
 

Throughout this paper, the familiar symbols C , R , Z , N  and 0N  are referred to 

the set of all complex numbers, the set of all real numbers, the set of all integers, the 
set of all natural numbers, and the set of all non-negative integers, respectively. 

The Bernoulli polynomials  nB x , the Euler polynomials  nE x  and the Genocchi 

polynomials  nG x  are defined as follows (cf. [7]): 

                                   
=0

= < 2 ,
! 1

n
xt

n t
n

t t
B x e t

n e




  
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                                   
=0

2
= < .

! 1

n
xt

n t
n

t
E x e t

n e




  

and 

                                    
=0

2
= < .

! 1

n
xt

n t
n

t
G x e t

n e




  

Upon setting = 0x  in (1.1), (1.2) and (1.3), we get  0 := ,n nB B   0 :=n nE E  and 

 0 :=n nG G  known as the usual Bernoulli numbers, the Euler numbers and the 

Genocchi numbers, respectively. 

The Stirling polynomials  2 , :S n k x  and numbers  2 ,S n k  of the second kind are 

given by the following exponential generating functions (cf. [1-4,7-11]): 

 
 

 
 

2 2
=0 =0

1 1
, : = and , = .

! ! ! !

k kt tn n
tx

n n

e et t
S n k x e S n k

n k n k

  
   

The Stirling numbers of the second kind can also be derived by the following 
recurrence relation for 0nN  (cf. [1-4,7-11]): 

                                                    2
=0

= , ,
n

n

k
k

x S n k x  

where  
n

x  = ( 1)( 2) ( ( 1))x x x x n   ⋯  for nN  with  0
= 1x . 

The bivariate Bell polynomials are defined as follows: 

                                                   1

=0

; =
!

n ty e
xt

n
n

t
Bel x y e e

n

 

  

When = 0x ,    0; :=n nBel y Bel y  called the classical Bell polynomials given by 

means of the following generating function (cf. [1-4,8-11]): 

                                                       1

=0

= .
!

n ty e

n
n

t
Bel y e

n

 

  

The Bell numbers nBel  are acquired by taking = 1y  in (1.7), that is 

   0;1 = 1 :=n n nBel Bel Bel  and are given by the following exponential generating 

function (cf. [9]): 

                                                         
 1

=0

= .
!

n te

n
n

t
Bel e

n

 

  
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The Bell polynomials have been intensely investigated and studied by several 
mathematicians, cf. [1-4,8-11] and see also the references cited therein. 
The Hermite polynomials are defined by (cf. [1-4]):  

                                                
22

=0

, = .
!

n
xt t

n
n

t
H x y e

n


  

In this study, we introduce  -extension of Hermite-Bell polynomials and then, 
investigate some of their porperties and identities. Moreover, we provide two 
derivative property for these polynomials. Also, we examine some relationships with 
some well known special polynomials such as Bernoulli, Genocchi and Euler 
polynomials. 

 

 -Hermite-Bell Polynomials 

 
Recently, modified (  -) version of some integral transforms are studied and some of 
their properties and applications are invesitgated in [5,6]. 

In [6], the  -Laplace transform of a function  f t  which is peace-wise continuous 

and of exponential order is considered as follows 

                                       
0

= ; = ,stf t F s f t dt  
   

where   > 0Re s  and    0, \ 1 .    Note that upon setting = e , the  -Laplace 

transform reduces to usual Laplace transform. Then the authors gave several basic 
properties of  -Laplace transform and provided connections with different functions 
in [6]. 
Motivated by the above, the  -Sumudu transform is defined as follows. 

Definition 1 Let    0, \ 1    and 

                    
 

       

1 2

1/

, , > 0 such that
= .

< ,if 1 0,
jj

f t M
A

f t M t t
 

 



  
 

     

 

Then, for   af t A , the  -Sumudu transform is considered by the following 

improper integral: 

                               1 20

1
= = , , .

s

uu f t f t dt u
u    




    G S  

  


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Note that 

   := .e f t f t      SS  

By the same motivation, we now introduce the  -extension of Hermite-Bell 

polynomials follows. 

Definition 2 Let    0, \ 1 .    The  -Hermite-Bell polynomials are introduced by 

the following exponential generating function: 

                                              
  

,
=0

= .
!

n rrx x t
r
n

n

t
H x

n 
  

  

 Remark 1 In the special case = e  in (2.4), we acquire the usual Hermite-Bell 

polynomials as follows (cf. [1-4]): 

                                                 
  

=0

= .
!

n rrx x t
r
n

n

t
H x e

n

  

  

Remark 2 In the special case = 1r  in (2.4), we attain the generalized exponential 
function as follows (cf. [1-4]): 

 1
,

=0

= .
!

n
t

n
n

t
H x

n 


  

 Remark 3 In the special case = 2r  in (2.4), we obtain the generalized exponential 
function as follows (cf. [1-4]): 

 
22 2

,
=0

= ,
!

n
xt t

n
n

t
H x

n 


  

which is the  -extension of the Hermite polynomials in (1.9).  

Upon letting = 0x  in (2.4), the  -Hermite-Bell polynomials  ,
r
nH x  satisfy the 

following relation 

         ln 1
,

=0 =0

0 = = = ln 1 ,
! !

n rnr r n rnt tr
n

n n

t t
H e

n n


  
 

        

which gives the following relation: 

       1
,

!
0 = ln 1 .

!

n rnr
nr

nr
H

n     

Setting = 1r  in (2.4), the  -Hermite-Bell polynomials  ,
r
nH x  satisfy the 

following relation 
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      1
,

=0 =0

= = = ln ,
! !

n n
nx x t t

n
n n

t t
H x

n n   
 

    

which provides the following relation: 

   1
, 0= ln ( ).

n

nH x n  N  

Also, by (2.4), we observe that  

 0, = 1,rH x  

which shows that the  -Hermite-Bell polynomials  ,
r
nH x  is an Appell 

polynomials. So, some of properties of the polynomials  ,
r
nH x  can be investigated 

under the umbral calculus and operational methods. But, here we invetigate some 
properties of these polynomials by means of the series manipulation methods by using 
their generating function in (2.4). 

For C  with = 1r , by (2.4), we have 

 
         , ,

=0 =0

= = = ,
! !

n n nr r rrx x t x x t
r r
n n

n n

t t
H x H x

n n

  

 


  

    

   

which gives the following theorem. 

Theorem 1 For C  with = 1r , we obtain 

   , ,= .r n r
n nH x H x    

  
By (2.4), we have 

                 
  

,
=0

=
!

n rrx x t
r
n

n

d t d
H x

dx n dx 
  

  

 
     = ln

rrx x t rrd
x x t

dx
 

 
   

  
     11= ln

rrx x t rrrx r x t 
      

          11
,

=0

= ln ,
!

n
rr r

n
n

t
r H x x x t

n


    

which provides the following derivative formula. 
Theorem 2 The following derivative formula 

                                      11
, ,= ln

rr r r r
n n

d
H x x x t H x

dx       



First Western Balkan Conference on Mathematics and 
Applications 10-12-June 2021, Prishtine, Kosovo 

(http://fwbcma2021.ilirias.com/) 

 

51  

is valid for 0nN .  

By (2.4), we have 

                  
  

,
=0

=
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n rrx x t
r
n

n

d t d
H x

dt n dt 
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rrx x t rrd
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dt
 

 
   

                                                  
     1

= ln
rrx x t r

r x t 
  

  

    1

,
=0

= ln ,
!

n
r r

n
n

t
r x t H x

n



   

which gives the following theorem. 
Theorem 3 The following derivative formula 

                                           1

, ,= ln
rr r r

n n

d
H x x t H x

dt   
  

is valid for 0nN .  

We now perform to acquire several representations for  ,
r
nH x  by means of the 

familiar Bernoulli, Euler and Genocchi numbers and polynomials. 
By (1.1) and (2.4), we see that 

                
  
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! 1
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t t e
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1
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= 1 ,
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H x B B
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 

 
  

which provides the following relationship including the  -Hermite-Bell polynomials 

 ,
r
nH x  and usual Bernoulli polynomials and numbers. 

Theorem 4 For nN , we have 

      
1

, 1 ,
=0

11
= 1 .

1

n
r r
n n k k k

k

n
H x H x B B

kn 



 

 
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  

 By (1.2) and (2.4), we observe that 
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   

which gives the following relation including the  -Hermite-Bell polynomials 

 ,
r
nH x  and familiar Euler polynomials and numbers. 

Theorem 5 For nN , we have 

      , ,
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 By (1.1) and (2.4), we see that 
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which provides the following correlation covering the  -Hermite-Bell polynomials 

 ,
r
nH x  and usual Genocchi polynomials and numbers. 

Theorem 6 For nN , we have 

 
 
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, 1 ,
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
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Conclusion 
 

In the present paper, we have introduced  -extension of Hermite-Bell polyomials and 
then, investigated some of their porperties and identities. Moreover, we have provided 
two derivative property for these polynomials. Also, we have examined some 
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relationships with some well known special polynomials such as Bernoulli, Genocchi 
and Euler polynomials. 
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Abstract: In this work, using the operator extension of the Jensen inequality and 

Hölder-McCarthy inequality, we obtain Berezin number inequalities for f(A), where A 

is a self-adjoint operaor on the reproducing kernel Hilbert space and f is a strongly 

convex function. 

 

Keywords: Berezin number, Berezin symbol, self-adjoint operator, strongly convex 

function. 

 

1. Introduction 
Let RJ  be an interval and let c  be a positive number. A function RJf :  is 

said to be strongly convex with modulus c  if  

           2111 bacbfafbaf   

for every Jba ,  and  1,0  (see [14]). A function RJf :  is strongly 

convex with modulus c  if and only if for every  Ja int0   (the interior of J  ) there 

exists a number  Rl  such that 

        . ,00
2

0 Jaafafaalaac              (1) 

The differentiable function f  is strongly convex with modulus c  if and only if 

       22 bacbabfaf 


                       (2) 

for all Jba , . 
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Let A  be a selfadjoint linear operator on a complex Hilbert space H . The Gelfand 
map establishes a  -isometrically isomorphism   between the set   AC pS  of all 

continuous functions defined on the spectrum of A , denoted by  ApS , and the C -

algebra  AC   generated by A  and the identity operator H1  on H  as follows [6]: 

For any   ACgf pS,  and any C ,  we have  

 i      ;gfgf     

 ii      gffg   and     ; ff 

 iii  
 

 ;sup tfff
At pS

   

(iv)   Hf 10   and   ,1 Af   where   10 tf  and   ttf 1 , for  .At pS   

With this notation we define    fAf   for all   ACf pS  and we call it the 

continuous functional calculus for a selfadjoint operator .A  If A  is a selfadjoint 

operator and f  is a real-valued continuous function on  ApS , then   0tf  for 

any  At pS  implies that    0Af . Moreover, if both f  and g  are real-valued 

functions on  ApS  then the following important property holds: 

         AgAfAttgtf p   that implies any for  S 

in the operator order of  .HB   

 

The following result that provides an operator version for Jensen's inequality is due to 
Mond and Pecaric [13]. 

 

Lemma 1. Let  tf  be a real valued continuous convex function, and let A  be a self-

adjoint operator on a Hilbert space H . Then Jensen's inequality asserts that  

  xxAfxAxf ,,  
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for any unit vector Hx . 

 

Lemma 2. Let  ,HBA  0A  and let Hx  be any unit vector. Then  

 a xxAxAx rr
,,   for ;1r   

 b 
rr xAxxxA ,,   for .10  r   

Recall that a reproducing kernel Hilbert space (shorty, RKHS) is the Hilbert space 
( ) H H  of complex-valued functions on some set   such that: 

(a) the evaluation functional  ff   is continuos for each ;   

(b) for any   there exists Hf   such that .0)( f   

Then by the classical Riesz representation theorem for each   there exists a 

unique function Hk  such that  kff ,)(   for all Hf . The function k  is 

called the reproducing kernel of the space H . It is well known that (see [2,15]) 

     
0

n n
n

k z e e z 




 

for any orthonormal basis    0nn ze  of the space  .H  Let  

k
k

k







⌢

 

denote the normalized reproducing kernel of the space H  (note that by (b), we surely 
have 0k ). For a bounded linear operator A  on the RKHS H  , its Berezin symbol 

A  is defined by the formula (see [3])  
⌢

( ) : , ( ).A Ak k   
⌢ ⌢

H

 

The Berezin symbol is a function that is bounded by the norm of the operator. 

Berezin set and Berezin number of operator A  are defined by respectively (see 
Karaev [9,10])  
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 
⌢
 

⌢
    

⌢
  : :  and : sup : .Ber A Range A A ber A A        

Recall that    1:,: 
H

ffAfAW  is the numerical range of the operator A  

and 

   : sup , : 1w A Af f f 
H

 

is the numerical radius of A  (see for detail information, [1, 5, 11, 12, 23]). It is well 
known that  

   ber A w A A  

and 

 
2

A
w A 

for any  HBA . But, Karaev in [10] showed that 

 
2

A
ber A 

is not hold for every  HBA . Some important result related with Berezin number 
inequality were obtained by authors in [4, 16, 17, 20, 22]. Also, Berezin number 
inequalities were given by using Hardy-Hilbert type inequalities in [7, 8, 18, 19, 21]. 

 

In this paper, using the operator extension of the Jensen inequality and Hö lder-

McCarthy inequality, we obtain Berezin number inequalities for  Af , where A  is a 

self-adjoint operaor on the reproducing kernel Hilbert space and f  is a strongly 

convex function. 

 

2. Results 
 

The main result of this section is the following: 
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Theorem 1. Let )( HH  be a RKHS, A  HB  be a selfadjoint operator with 

   JA intS  and RJf :  be strongly convex with modulus c  and 

differentiable on  Jint . Then 

         2 2 .f ber A cber A ber f A cber A   

 

Proof By using functional calculus for  2 , we have 

     2
0 0 0 02c A a I a T lT la I f a I f T      

which is equivalent to  

     2 2
0 0 0 0, 2 , ,c A k k a a l Ak k la f a f A k k          

⌢ ⌢ ⌢ ⌢ ⌢ ⌢
 

for all  . 

Putting 0 ,a Ak k 
⌢ ⌢

 above inequality, we get 

⌢
    �   �  

⌢
  22f A f A c A A      

and hence  
⌢
   �  

⌢
  

⌢
 22f A cA f A cA                   (3) 

for all .  Taking supremum on   above inequality, we have  

         2 2 .f ber A cber A ber f A cber A   

 

Theorem 2. RJf :  be strongly convex with modulus c . If vf  with  1,0v  is 

strongly convex with modulus ,c  then 
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⌢
  

⌢
  

⌢
  

⌢
   �  

⌢
  

⌢
    �  
⌢
    �  

 
⌢
    �  

 �     �  
⌢
  

 �  

21 1 2

1

1

22

1

1

v v v

v v

v
v

f A f A f A c f A A A

f A f A

f A f A

v f A v f A

f A c v A A

f A

     

 

 

 

  



 





  



 
 

  

   



 

for any positive operator A  with   JA S  and . 

Proof. Since vf  is strongly convex, we get from  3   

 

⌢
    �   �  

⌢
  22v vf A f A c A A      

for all .  Multiplying both sides by 
⌢
  1 vf A  , we have that 

⌢
  

⌢
  

⌢
  

⌢
    �  

⌢
   �  

⌢
  

1

21 1 2

v v

v v v

f A f A f A

f A f A cf A A A

  

    



 



  
 

 

for all .  Rearranging the terms, we get that 

⌢
  

⌢
  

⌢
  

⌢
   �  

⌢
  

⌢
    �  

21 1 2

1

v v v

v v

f A f A f A cf A A A

f A f A

     

 

 



  


 

for all  . On the other hand, by using the Hölder-McCarthy inequality, we obtain 

 �  
⌢
   .

v
vf A f A     

Multiplying both sides by
⌢
  1 vf A  , we have 
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⌢
    �  

⌢
  

⌢
  

 
⌢
  

⌢
  

⌢
     �  

⌢
  

1 1

22

1

1

v
v v vf A f A f A f A

v f A vf A

f A c v A A

   

 

  

     
  

   

 

Combining above inequalities, we have the desired result. 

 

Theorem 3. Let A  be a self-adjoint operator on reproducing kernel Hilbert spaces 

with    JA int . If RJf :  is strongly convex with modulus c  and 

differentiable on  Jint , and the derivative of f  is continuous on  Jint , then 

�  
⌢
   �  

⌢
   �  22 1

2
A A f A A A f A

c
    

     
 

 

for all  . 

 

Proof. Utilizing functional calculus for  2 , we get 

         2 2 22 2c A y I A y f A A yf A f y A yf y I
   

      

which is equivalent to 

�  
⌢
    �    �    

⌢
   2 22 2c A y y A f A A y f A f y A yf y    

   

      

for all  . Putting the
⌢
 y A  , we obtain  

�  
⌢
    �  

⌢
   �  222 ,c A A f A A A f A    

 

   

which gives the desired result. 

  

  

  

 



First Western Balkan Conference on Mathematics and 
Applications 10-12-June 2021, Prishtine, Kosovo 

(http://fwbcma2021.ilirias.com/) 

 

61  

REFERENCES 

 

[1] A. Abu-Omar, F. Kittaneh, Numerical radius inequalities for products and 

commutators of operators, Houston J. Math.,   2015441 , 1163- .1173   

[2] N. Aronzajn, Theory of reproducing kernels, Trans. Amer. Math. Soc., 68  ,1950  

337 - .404   

[3] F.A. Berezin, Covariant and contravariant symbols for operators, Math. USSR-
Izv., 6 (1972), 1117-1151. 

[4] M. Bakherad, Some Berezin Number Inequalities for Operator Matrices, Czech. 
Math. J., 68(2018), 997-1009. 

[5] S.S. Dragomir, A survey of some recent inequalities for the norm and numerical 

radius of operators in Hilbert spaces, Banach J. Math. Anal.,   200721 , 154-
175. 

[6] T. Furuta, J. Mićić Hot, J. Pečarić, Y. Seo, Mond-Pečarić method in operator 
inequalities (Inequalities for bounded selfadjoint operators on a Hilbert space), 
Element, Zagreb, 2005. 

[7] M. T. Garayev, M. Gürdal, S. Saltan, Hardy type inequaltiy for reproducing kernel 

Hilbert space operators and Related Problems, Positivity,   2017421 , 1615-

1623. 

[8] M. T. Garayev, M. Gürdal, A. Okudan, Hardy-Hilbert's inequality and a power 

inequality for Berezin numbers for operators, Math. Inequal. Appl.,   2016319 , 
883-891. 

[9] M.T. Karaev, Berezin symbol and invertibility of operators on the functional 

Hilbert spaces, J. Funct. Anal.,  ,2006238  181-192. 

[10] M.T. Karaev, Reproducing kernels and Berezin symbols techniques in various 

questions of operator theory, Complex Anal. Oper. Theory,  20137 , 983-1018. 

[11] F. Kittaneh, Notes on some inequalities for Hilbert space operators, Publ. Res. 

Inst. Math. Sci.,   ,1988224  283-293. 



First Western Balkan Conference on Mathematics and 
Applications 10-12-June 2021, Prishtine, Kosovo 

(http://fwbcma2021.ilirias.com/) 

 

62  

[12] F. Kittaneh, Numerical radius inequalities for Hilbert space operators, Studia 

Math.,   20051168 , 73-80. 

[13] B. Mond, J. Pecaric, Convex inequalities in Hilbert space, Houston J. Math., 
19(1993), 405-420. 

[14] B.T. Polyak, Existence theorems and convergence of minimizing sequences in 
extremum problems with restrictions, Soviet Math. Dokl., 7 (1966), 72-75. 

[15] S. Saitoh, Y. Sawano, Theory of reproducing kernels and applications, Springer, 
2016. 

[16] S. Sahoo, N. Das, D. Mishra, Berezin number and numerical radius inequalities 
for operators on Hilbert spaces, Adv. Oper. Theory, 5(2020), 714-727. 

[17] Taghavi A. , Roushan T.A., Darvish V. Some upper bounds for the Berezin 
number of Hilbert space operators. Filomat. 33(2019), 4353-4360. 

[18] U. Yamancı, M. Gürdal, On numerical radius and Berezin number inequalities for 

reproducing kernel Hilbert space, New York J. Math,  201723 , 1531-1537. 

[19] U. Yamancı, M. Gürdal, M. T. Garayev, Berezin number inequality for convex 

function in reproducing kernel Hilbert space, Filomat,   20171831 , 5711-5717. 

[20] U. Yamancı, M. Garayev, Some results related to the Berezin number 
inequalities, Turk. J. Math., 43(2019), 1940-1952. 

[21] U. Yamancı, M. Garayev, C. Çelik, Hardy-Hilbert type inequality in reproducing 
kernel Hilbert space: its applications and related results, Linear Multilinear 
Algebra, 67(2019), 830-842. 

[22] U. Yamancı, R. Tunç , M. Gürdal, Berezin number, Grü ss-type inequalities and 
their applications, Bull. Malays. Math. Sci. Soc., 43(2020), 2287-2296. 

[23] T. Yamazaki, On upper and lower bounds of the numerical radius and equality 

condition, Studia Math.,  ,2007178  83-89. 

 
 
 



First Western Balkan Conference on Mathematics and 
Applications 10-12-June 2021, Prishtine, Kosovo 

(http://fwbcma2021.ilirias.com/) 

 

63  
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3Department of Cardiology, American Hospital 3 Albania 
 
Abstract 
Sometimes it is difficult to implement advanced statistics in research areas 
such as medicine especially for a non statistical expert.  Nowadays 
bootstrapping is becoming a useful and very popular tool in wide areas of 
research, and also in other statistical applications such as regression. An 
interesting use of nonparametric bootstrap is in regression models. In our study 
we will use medical records in cardiology and will perform a stepwise multiple 
logistic regression is to identify risk factors and we will also implement 
bootstrap technique with intention to develop a better use and implementation 
of these techniques in practice. 
Key words: bootstrap, logistic regression, estimation, cardiology, data records 
 
INTRODUCTION 
Nowadays it is very difficult to apply advanced statistics in research areas such 
as medicine especially for a non statistical expert.  We are focused in 
implementing advanced statistics elements in a study conducted with data 
records from a hospital with intention not only to identify the significant risk 
factors in mortality of the patients, but also to use bootstrap in obtaining the 
estimation for the model coefficients. 
Bootstrap is based on resampling of the data and since its introduction by Efron 
(1979), bootstrap has resulted a useful tool in estimating parameters and 
constructing confidence intervals for the parameters.  
Considering 15 covariates, we constructed a logistic regression model in the 
case of studying the mortality of the patients hospitalized. We used both R 
programming language and SPSS to obtain the logistic regression model and 
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also we used nonparametric bootstrap to obtain the coefficient estimations for 
the model.  
There are some difficulties that associate our study. First, it is not easy to find 
an appropriate logistic regression model to determine the significant factors 
and to obtain important conclusions in the area of study. 
Second, implementing both: logistic regression and bootstrap it is considered a 
difficult task, but in our study we obtained good results and a premise to 
continue applying bootstrap in similar studies. 
 
 
 
OBJECTIVES 
 
The aim of this paper is to implement bootstrap methods and logistic regression 
in a study with data from cardiology. From the medical point of view, we want 
to obtain the significant factors in the model and to identify the risk factors for 
mortality of the patients. From a statistical point of view we want to examine 
the impact of using bootstrap methods in estimating the coefficients of the 
model and compare the results using both R and SPSS.  
 
 
METHODOLOGY 
 

1. Data in the case study 
 
We used the data records from the Cardiology Department in a hospital in 
Tirana, Albania, with a total of 2201 patients that include the following 
variables: Gender, Age, Coronary Artery Disease, Diabetes Mellitus, Ejection 
Fraction, Body Mass Index, Smoking, Dyslipidemia, Post Miocardiac 
Infarction, Dissection, Lesion type, Diameter of Stents, Length of Lesion, 
Number of Stents and Arterial Hypertension. Many of them are considered as 
risk factors for heart failure and we are interested to construct a model that 
determines the impact of these risk factors in the mortality of the patients 
studied. 
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2. Bootstrap methodology 
 

Traditional methods for statistical inference often require fulfilling several 
assumptions and sometimes the measures of accuracy are based on asymptotic 
theory and cannot be used for small samples. A recent and effective alternative 
is using the bootstrap method, introduced by Efron (1979). The bootstrap is a 
computer-intensive resampling method for estimating a population statistics by 
resampling the data with replacement. The idea behind the bootstrap method is 
that in the conditions of the lack of any information about the population 
distribution, the sample contains all the required information and using this 
information in the right way can lead to good results. 
In the traditional methods of statistics, the random sample is used to obtain the 
statistics of interest. On the other hand, when using bootstrap, we have an 
empirical distribution and we obtain the bootstrap sample. Then after repeating 
the process a large number of times, we obtain the bootstrap estimate of the 
sampling distribution using the Monte Carlo method. 
The bootstrap algorithm to obtain a bootstrap estimate and also for estimating 
the standard error is as follows:   

Let we have a sample 1 2, ,..., nX X X  from a population with unknown 

distribution F and an unknown parameter �. 

 Calculate estimator Ï°   for unknown parameter Ï. 
 Construct empirical distribution tÐ . 

 From  t°, we take the sample 1 2, ,..., nX X X    (resample) 

 Approximate the distribution of  Ï° with the distribution of  Ï°∗ (obtained 
from bootstrap sample) 

 Repeat B times obtaining bootstrap estimations   Ï°∗*, Ï°∗+, … , Ï°∗Ñ . 
 Based on Monte Carlo method, bootstrap estimation for unknown 

parameter   is: Ï°∗ � *Ñ ∑ Ï°∗VÑV�*      

 Estimate the standard error of Ï° by the standard deviation of the B 
replications: 

  <
ÑÒ xÏ° y � # *Ñ�* ∑ �ÑV�* Ï°∗V � Ï°∗�+%«�     
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3. Logistic regression 
 

Multiple logistic regression analysis is used when there is a single dichotomous 
outcome and more than one independent variable. The independent variables 
are called covariates and can be continuous or categorical variables. We use 
multiple logistic regression to construct a model to explain the relationship 
between the explanatory variables (covariates) and the binary outcome. The 
outcome as a binary variable it takes two values and often is used 0 and 1 to 
code the outcomes. Usually 1 is used to denote the outcome of interest in the 
binary variable. The multiple logistic regression model can be written as 
follows:  

0 1 1 2 2ln( )
1 m ma a X a X a X



    


…  

(  is the probability that the outcome is present, 1-  is the probability that  
the outcome is 0 and we have m covariates). 
The logit transformation is called the natural logarithm transformation of the 
probabilities (the left side in the model). If we want to calculate the probability 
that the outcome is 1 when a particular value of X is given, we have: 

0 1 1 2 2

0 1 1 2 21

m ma a X a X a X

m m

e

a a X a X a X


   


    

…

…
. 

So, the coefficients of the model are 0 1 2, , ,..., ma a a a and odd ratios are obtained 

by taking the exponent of the coefficients. To test the significance of the 
regression coefficients Wald ratio is used. If the significance value from the 
test is less than 0.05, it indicates that the corresponding coefficient is 
significant in the model. We can construct 95% confidence intervals for the 
coefficients of the model and if the confidence interval includes value zero, 
then the coefficient itself cannot be significant in the model. We can also 
calculate odd ratios and confidence intervals for odd ratios, taking in 
consideration that a confidence interval for the odd ratio that includes 1, 
indicates that the corresponding odd ratio is not significant in the model. 
As measures of fit there are Classification Tables that indicate the percentage 
of correctly predicated values by the given model. Also there is the possibility 
to use Hosmer and Lemeshow test that gives good results especially in large 
datasets. This test is a statistical test for goodness of fit for the logistic 
regression model. In SPSS the Hosmer Lemeshow statistics indicates a poor fit 
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if the significance value is less than 0.05. The Omnibus test is a likelihood ratio 
Chi Square test of current model versus the null model and a significance value 
less than 0.05 indicates that the current model outperform the null model. The 
Nagelkerke pseudo 2R indicates an approximated percentage that the variance 
of the dependent variable is accounted by the predictors overall. 
 

4. R and SPSS  
 

In our study we used both SPSS and R to obtain the results for multiple logistic 

regression model and also for applying bootstrap.  

SPSS (Statistical Package for the Social Sciences) is a statistical package and it 
is used by researchers to conduct advanced statistical analysis. 
R is a programming language and free software environment for statistical 
computing and graphics.  
In this study we compare the performance of both R and SPSS in finding the 

model and performing bootstrap replications. 

 
RESULTS 
 
As stated above, we used the data records from the Cardiology Department in a 
hospital in Tirana, Albania, with a total of 2201 patients that include: Gender, 
Age, Coronary Artery Disease, Diabetes Mellitus, Ejection Fraction, Body 
Mass Index, Smoking, Dyslipidemia, Post Myocardial Infarction, Dissection, 
Lesion type, Diameter of Stents, Length of Lesion, Number of Stents and 
Arterial Hypertension. Many of them are considered as risk factors for heart 
failure and we are interested to construct a model that determines the impact of 
these risk factors in Mortality of the patients studied. 
Our dependent variable is Mortality, and it is a dichotomous variable. We 
performed Multiple Logistic Regression to determine which factors are 
significant in the model, and the impact of each of them in the mortality 
following the hospitalization for the patients with heart failure. 
The dependent variable is mortality (coded 0 and 1), with value 0 that indicates 
the survivors and 1 indicates the patients that did not survive. There are 15 
explanatory variables in the model, but all of them are not significant in the 
model. We have marked in red the significant variables in the model in the 
tables below. Using SPSS, we obtained the following results: 
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By applying non-parametric bootstrap using SPSS, with the number of 
replications N=1000, we obtain the following results: 
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Using R programming language to obtain the Logistic Regression Model, we 
obtain the following results: 



First Western Balkan Conference on Mathematics and 
Applications 10-12-June 2021, Prishtine, Kosovo 

(http://fwbcma2021.ilirias.com/) 

 

71  

 

 
 

We use the nonparametric bootstrap in R with the number of bootstrap 
replications N=1000, and we have the results: 
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Based on the results obtained, we noticed that we have the same significant 
factors from both SPSS and R. We have six significant factors that are: 
Ejection Fraction (EF), Body Mass Index (BMI), Arterial Hypertension (HTA), 
Dissection (DISEK), Dual Antiplatelet Therapy (DAPT) and Lesion (B2C) 
(this is determined by the value of sig. in the corresponding column in each 
table, a value less than 0.05 indicates a significant factor in the model). Factors 
that increase the odds to the outcome are Body Mass Index (BMI), Arterial 
Hypertension (HTA), Dual Antiplatelet Therapy (DAPT) and Lesion (B2C). 
Factor that decrease the odds to the outcome are Ejection Fraction (EF) and 
Dissection (DISEK).  
We have the same model coefficients and confidence intervals close to each 
other using both R and SPSS. 
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Applying bootstrap resulted in good estimations from both R and SPSS, but to 
highlight the similarities and differences between R and SPSS, we have 
constructed graphs to make a more evident comparison: 
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CONCLUSIONS 
 
To identify the factors that predict mortality in the in a data records sample 
from the hospital that have cardiac problems, a multiple logistic regression was 
conducted, entering 15 covariates in the model. The results indicated that we 
have only six significant factors in the model. 
The Omnibus Tests of Model Coefficients indicates a significant model also 
the Hosmer and Lemeshow Test indicates that the model fits the data. 
The overall percentage must be at least 80% (in our model this value is 95.5%) 
so this is a good indicator for the model obtained. We had the same results 
from both SPSS and R in determining the significant factors for the model: 
Ejection Fraction (EF), Body Mass Index (BMI), Arterial Hypertension (HTA), 
Dissection (DISEK), Dual Antiplatelet Therapy (DAPT), and Lesion (B2C). 
The impact of these factors in predicting the mortality and the risk associated 
with each of them is different. 
Factors that increase the odds to the outcome are Body Mass Index (BMI), 
Arterial Hypertension (HTA), Dual Antiplatelet Therapy (DAPT) and Lesion 
(B2C). The factors that decrease the odds to the outcome are Ejection Fraction 
(EF) and Dissection (DISEK). 
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Also model coefficients and odd ratios are the same from both R and SPSS. 
Bootstrap gives good results in both cases, but we noticed that bias obtained 
from R is smaller than the bias obtained using SPSS and the bootstrap Standard 
Error is nearly the same in both cases. We calculated Confidence Interval 
length for the coefficients and in most of cases we have smaller interval length 
using SPSS than R. 
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Abstract: In this paper we prove some results on the existence of a dense set of pairs in the 

product of an infinite-dimensional complex Banach space with its dual space such that each 

pair of this set has an � �tuple weak orbit tending to infinity for specific countable family of 

mutually commuting bounded linear operators. 
 

Keywords: Banach spaces, weak orbits, n-tuple weak orbits, sequences of operators. 

 

1. Introduction 

  Let ! be an infinite-dimensional Banach space over the field of complex numbers ℂ , ��!� the algebra of all bounded linear operators on ! and !∗ its dual space, i.e., the space of 

all bounded linear functionals �∗: ! →  ℂ. For the direct product ! Ô !∗ we assume that is 

endowed with the product topology. As usually, if � ∈ ! and �∗ ∈  !∗, we will denote ⟨�, �∗⟩  ∶� �∗���. If @ ∈ ��!�, then σ�@� and 9�@� will denote the spectrum and the spectral 

radius of the operator @, respectively. 

 If @*, @+, … , @� ∈ ��!� are mutually commuting operators, � �tuple orbit of the vector � ∈ ! (or, the orbit of � under the � �tuple Ø � �@*, @+, … , @��) is the set 
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 Orb�]@�^��*� , �� � Û@*Ü«@+Ü� … @�Ü¬�: B� � 0; 1 � ; � �Ý. (1.1) 

The � �tuple orbit tends to infinity if 

limÜ©→ÉÞ@*Ü«@+Ü� … @�Ü¬�Þ �  ∞, for all B� � 0, ß à ;, 1 � ;, ß � �. 

 

For � � 1, the � �tuple orbit (1.1) reduces to a simple sequence of form Orb�@, �� � ]@��: � � 0,1,2, … ^, 
usually referred as single orbit (or, simply orbit) of the vector � ∈ ! under the operator @. 

 The � �tuple weak orbit of the pair ��, �∗� ∈ ! Ô !∗ (or, the weak orbit of the pair ��, �∗� under the � �tuple Ø � �@*, @+, … , @��) is the set 

Orb�]@�^��*� , �, �∗� � Û〈@*Ü«@+Ü� … @�Ü¬�, �∗〉: B� � 0; 1 � ; � �Ý. (1.2) 

The � �tuple weak orbit tends to infinity if 

limÜ©→Éã〈@*Ü«@+Ü� … @�Ü¬�, �∗〉ã �  ∞, for all B� � 0, ß à ;, 1 � ;, ß � �. 

For � � 1, the � �tuple weak orbit (1.2) reduces to a sequence of form Orb�@, �, �∗� � ]〈@��, �∗〉: � � 0,1,2, … ^, 
usually referred as weak orbit of the pair ��, �∗� ∈ ! Ô !∗ under the operator @. 

In [5] we gave only a brief survey without proofs of some results on the existence of a 

dense set of pairs ��, �∗� ∈ ! Ô !∗ each having a single weak orbit tending to infinity under 

every operator of a specific sequence of operators in ��!�. In this paper we are going to give 

an appropriate generalization for � �tuple weak orbits only of the results in [5] that do not 

involve any requirements upon specific subsets of the spectra of the operators.  

 

2. Preliminary Results 

 

Lemma 2.1. ([2, Lemma V.37.15]) Let ε D 0 and �����å* be a sequence of positive numbers 

satisfying ∑ ���å* E ε. Then there is a sequence of positive numbers �����å* such that �� → ∞ as � → ∞ and ∑ �����å* E ε. 
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Theorem 2.2. ([2, Theorem V.39.5]) Let ! and æ be Banach spaces and �@���å* be a 

sequence of operators in ��!, æ�. Let �����å * be sequence of positive numbers with ∑ ��*/+�å* E ∞. Then there are  � ∈ ! and /∗ ∈ æ∗ such that |〈@��, /∗〉| � ��‖@�‖, for all � � 1. 

Moreover, given balls � ⊂ ! and �∗ ⊂ æ∗ of radii greater than ∑ ��*/+�å* E ∞, then it is 

possible to find � ∈ � and /∗ ∈ �∗ with this property. 

  

Corollary 2.3. ([2, Corollary V.39.6]) Let ! and æ be Banach spaces and �@���å* be a 

sequence of operators in ��!, æ� satisfying ∑ ‖@�‖�*/+É��* E ∞. Then there exist � ∈ ! and /∗ ∈ æ∗ such that |〈@��, /∗〉| → ∞. Moreover, the set of such pairs ��, /∗� is dense in ! Ô æ∗. 

 

3. Main Results for N-Tuple Weak Orbits 

 

Let t � ]1,2, . . . , ê^ for some ê ∈ ℕ, ê � 2, or t � ℕ. 

 

Theorem 3.1. If ! is a Banach space, ]@� : ; ∈ t^ ⊂ ��!�  and �x��,�y�å*: ; ∈ t� is a family of 

sequences of positive numbers such that ∑ ��,�*/+�∈ì,�å* E ∞, then for every open ball � ⊂ ! and 

every open ball �∗ ⊂ !∗ with radii strictly larger then ∑ ��,�*/+�∈ì,�å*  there are � ∈ � and 

�∗ ∈ �∗ such that ã〈@�Ü�, �∗〉ã � ��,ÜÞ@�ÜÞ, for all ; ∈ t and B ∈ ℕ. 

 

Proof. Let � ⊂ ! and �∗ ⊂ !∗ be open balls, each with radius strictly larger then ∑ ��,�*/+�∈ì,�å*  

and put @�,Ü ≔ @�Ü, ; ∈ t, B ∈ ℕ.  Let A: t Ô ℕ → ℕ be the bijective mapping defined with: 
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A�;, ß� � î; � ê�ß � 1�, if t � ]1,2, . . . , ê^,�; � ß � 2��; � ß � 1�2 , if t � ℕ,  

and �: ℕ → t Ô ℕ denote its inverse. If �α���å* is a sequence of positive numbers and �s���å* 

is a sequence of operators defined with α� � �[��� and s� � @[���, for all � ∈ ℕ, 

then ∑ α�*/+�å* � ∑ ��,�*/+�∈ì,�å* E ∞ and hence (by Theorem 2.2, applied on �α���å *, �s���å * 

and ! � æ) there are � ∈ � and �∗ ∈ �∗ such that 

 |〈s��, �∗〉| � α�‖s�‖, for all � � 1. 

Given �;, B� ∈ t Ô ℕ and � � A�;, B�, these inequalities, along with the definition of �α���å * 

and �s���å *, will give ã〈@�Ü�, �∗〉ã � ã〈@�,Ü�, �∗〉ã � ã〈@[����, �∗〉ã � �[���Þ@[���Þ � ��,ÜÞ@�ÜÞ,  

which completes the proof.   

 

Theorem 3.2. If ! is Banach space and ]@� : ; ∈ t^ ⊂ ��!� is a family of operators such that 

∑ Þ@�ÜÞ�*/+ÉÜ�* E ∞, for all ; ∈ t, then there is a dense set ) ⊂ ! Ô !∗ such that the weak 

orbit Orb�@� , �, �∗� tends to infinity for every pair ��, �∗� ∈ ) and every ; ∈ t. If, in addition, ]@� : ; ∈ t^ is a family of mutually commuting operators such that the sequences �@�Ü � @�Ü�Üå* 

are norm bounded for all ;, ß ∈ t, then for every � ∈ t, every 1 E 4 � � and every pair 

��, �∗� ∈ ), the 4 �tuple weak orbit Orb �]@�ð^��*ñ , �, �∗� tends to infinity for all 1 � ;* E
;+ E ⋯ E ;ñ � �. 

 

Proof. To prove the first assertion let ε D 0, � ⊂ ! and �∗ ⊂ !∗ be open balls each with a 

radius ε. For ; ∈ t, let ε� D 0 be such that 

ε� ó� 1Þ@�ÜÞ*/+
É

Ü�* ô E ε2�N* , 
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and, by Lemma 2.1, let ���,Ü�Üå* be the sequence of positive numbers such that ��,Ü → ∞ as  B → ∞ and 

 

� ε���,ÜÞ@�ÜÞ*/+
É

Ü�* E ε2�N* . (3.1) 

For �;, B� ∈ t Ô ℕ, put ��,Ü � ε�+��,Ü+ Þ@�ÜÞ�*
. Then by (3.1) we have 

� ��,Ü*/+
�∈ì,Üå* � � � ε���,ÜÞ@�ÜÞ*/+

É
Ü�*�∈ì E � ε2�N*�∈ì  E ε2 . 

 

Hence, by Theorem 3.1, there are � ∈ � and �∗ ∈ �∗ such that 

ã〈@�Ü�, �∗〉ã � ��,ÜÞ@�ÜÞ � ε�+��,Ü+ Þ@�ÜÞ�*Þ@�ÜÞ � ε�+��,Ü+ , for all ; ∈ t and B � 1. 

Letting B → ∞, we obtain limÜ→Éã〈@�Ü�, �∗〉ã � ∞, for all ; ∈ t. (3.2) 

If, in addition, ]@�: ; ∈ t^ is a family of mutually commuting operators such 

that the sequence �@�Ü � @�Ü�Üå* is norm bounded for all ;, ß ∈ t, let ¿�,� D 0 be such 

that Þ@�Ü � @�ÜÞ � ¿�,�, for all B � 0, and let ��, �∗� ∈ ! Ô !∗ be a pair satisfying  

(3.2). We continue by induction.  

Let 4 � 2 and 1 � ;* E ;+ � �. Then 

ã〈@�«Ü«NÜ��, �∗〉ã � ã〈@�«Ü«NÜ�� � @�«Ü«@��Ü��, �∗〉ã � ã〈@�«Ü«@��Ü��, �∗〉ã
� ã〈@�«Ü«x@�«Ü� � @��Ü�y�, �∗〉ã � ã〈@�«Ü«@��Ü��, �∗〉ã
� Þ@�«Ü«Þ ∙ Þ@�«Ü� � @��Ü�Þ ∙ ‖�‖ ∙ ‖�∗‖ � ã〈@�«Ü«@��Ü��, �∗〉ã
� Þ@�«ÞÜ« ∙ ¿�«,�� ∙ ‖�‖ ∙ ‖�∗‖ � ã〈@�«Ü«@��Ü��, �∗〉ã. 

Since ã〈@�«��, �∗〉ã → ∞ as � → ∞ (hence  ã〈@�«Ü«NÜ��, �∗〉ã → ∞ as B+ → ∞ , for all B* � 0), the 

above inequalities imply that 

ã〈@�«Ü«@��Ü��, �∗〉ã → ∞, as B+ → ∞, for all B* � 0. 

Similarly, 
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ã〈@��Ü«NÜ��, �∗〉ã � ã〈@��Ü«NÜ�� � @�«Ü«@��Ü��, �∗〉ã � ã〈@�«Ü«@��Ü��, �∗〉ã
� ã〈@��Ü�x@��Ü« � @�«Ü«y�, �∗〉ã � ã〈@�«Ü«@��Ü��, �∗〉ã
� Þ@��Ü�Þ ∙ Þ@��Ü« � @�«Ü«Þ ∙ ‖�‖ ∙ ‖�∗‖ � ã〈@�«Ü«@��Ü��, �∗〉ã
� Þ@��ÞÜ� ∙ ¿��,�« ∙ ‖�‖ ∙ ‖�∗‖ � ã〈@�«Ü«@��Ü��, �∗〉ã, 

imply that 

ã〈@�«Ü«@��Ü��, �∗〉ã → ∞, as B* → ∞, for all B+ � 0. 

To complete the proof, it is enough to show that the claim is true for 4 � �, under an inductive 

assumption that the �� � 1� �tuple weak orbit Orb �]@�ð^��*��*, �, �∗� tends to infinity for all 

1 � ;* E ;+ E ⋯ E ;��* � �. For fixed ; ∈ ]1,2, … , �^ and B*, B+, … ,  B� � 0 and arbitrary ß ∈ ]1,2, … , �^ ∖ ];^, we have 

÷〈@*Ü« . . . @��*Ü©ø«@�Ü©@�N*Ü©ª« . . . @�Ü¬�, �∗〉÷        
� ÷〈@*Ü« . . . @��*Ü©ø«@�Ü©@�N*Ü©ª« . . . @�Ü¬��@*Ü«@+Ü� . . . @�Ü¬�, �∗〉÷  
� ã〈@*Ü«@+Ü� . . . @�Ü¬�, �∗〉ã        
� ÷〈@*Ü« … @��*Ü©ø«@�N*Ü©ª« … @�Ü¬�@�Ü© � @�Ü©��, �∗〉÷  � ã〈@*Ü«@+Ü� . . . @�Ü¬�, �∗〉ã        
� Þ@*Ü« … @��*Ü©ø«@�N*Ü©ª« … @�Ü¬Þ ∙ ù@�Ü© � @�Ü©ù ∙ ‖�‖ ∙ ‖�∗‖
� ã〈@*Ü«@+Ü� . . . @�Ü¬�, �∗〉ã        
�

⎝
⎛úÞ@ûÞÜü�

û�*ûý� ⎠
⎞ ∙ ¿�,� ∙ ‖�‖ ∙ ‖�∗‖ � ã〈@*Ü«@+Ü� . . . @�Ü¬�, �∗〉ã. 

Since ß ∈ ]1,2, … , �^ ∖ ];^, 〈@*Ü« . . . @��*Ü©ø«@�Ü©@�N*Ü©ª« . . . @�Ü¬�, �∗〉 ∈ þ9��]@*, . . . , @��*, @�N*, . . . , @�^, �, �∗�, 
and since, by the inductive assumption, this �� � 1� �tuple weak orbit tents to infinity, we 

have 

÷〈@*Ü« . . . @��*Ü©ø«@�Ü©@�N*Ü©ª« . . . @�Ü¬�, �∗〉÷ → ∞, as  B� → ∞, for all B� � 0, ß à ;. 
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This, together with the above inequalities implies that ã〈@*Ü«@+Ü� . . . @�Ü¬�, �∗〉ã → ∞, as  B� → ∞, for all B� � 0, ß à ;. 
which completes the proof.   

Corollary 3.3. If ! is Banach space and ]@�: ; ∈ t^ ⊂ ��!� is a family of operators such that 9�@�� D 1 for all ; ∈ t, then there is a dense set ) ⊂ ! Ô !∗ such that the weak orbit Orb�@� , �, �∗� tends to infinity for every pair ��, �∗� ∈ ) and every ; ∈ t. If, in addition, ]@� : ; ∈ t^ is a family of mutually commuting operators such that the sequences �@�Ü � @�Ü�Üå* 

are norm bounded for all ;, ß ∈ t, then for every � ∈ t, every 1 E 4 � � and every pair  

��, �∗� ∈ ), the 4 �tuple weak orbit Orb �]@�ð^��*ñ , �, �∗� tends to infinity for all 1 � ;* E
;+ E ⋯ E ;ñ � �. 

Proof. By Theorem 3.2 it is enough to show that an operator @ ∈ ��!� with spectral radius 9�@� D 1 satisfies: ∑ ‖@�‖�*/+É��* E ∞.  If 9�@� D 1, then there is λ ∈ σ�@� such that |λ| D 1. 

Clearly |λ|*/+ D 1 and hence the series ∑ |λ|��/+É��*  converges. On the other hand, by the 

Spectral Mapping Theorem, λ� ∈ σ�@�� for all � ∈ ℕ. Hence |λ|� � 9�@�� � ‖@�‖ and ∑ ‖@�‖�*/+É��* � ∑ |λ|��/+É��* E ∞.   

4.  Few Remarks on N-Tuple Orbits Tending to Infinity 

The inequalities of form 

ã〈@*Ü« . . . @�Ü¬�, �∗〉ã � Þ@*Ü« . . . @�Ü¬�Þ ∙ ‖�∗‖, ��, �∗� ∈ ! Ô !∗, B� � 0, 1 � ; � �, 

clearly imply that the � �tuple orbit Orb�]@�^��*� , �� tends to infinity whenever there is �∗ ∈ !∗ 

such that the � �tuple weak orbit Orb�]@�^��*� , �, �∗� tends to infinity. Hence, in the light of the 

results from the previous section, we can state the following alternative results for � �tuple 

orbits tending to infinity to a part of the results in [7]. 

 

 

 

Theorem 4.1. If ! is Banach space and ]@� : ; ∈ t^ ⊂ ��!� is a family of operators such that 

∑ Þ@�ÜÞ�*/+ÉÜ�* E ∞, for all ; ∈ t, then there is a dense set ) ⊂ ! such that the orbit 
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Orb�@� , �� tends to infinity for every � ∈ ) and every ; ∈ t. If, in addition, ]@�: ; ∈ t^ ⊂ ��!� 

is a family of mutually commuting operators such that the sequences �@�Ü � @�Ü�Üå* are norm 

bounded for all ;, ß ∈ t, then for every � ∈ t, every 1 E 4 � � and every � ∈ ), the 4 �tuple 

orbit Orb�]@�ð^��*ñ , �� tends to infinity for all 1 � ;* E ;+ E ⋯ E ;ñ � �. 

Corollary 4.2. If ! is Banach space and ]@�: ; ∈ t^ ⊂ ��!� is a family of operators such that 9�@�� D 1 for all ; ∈ t, then there is a dense set ) ⊂ ! such that the orbit Orb�@� , �� tends to 

infinity for every � ∈ ) and every ; ∈ t. If, in addition, ]@� : ; ∈ t^ ⊂ ��!� is a family of 

mutually commuting operators such that the sequences �@�Ü � @�Ü�Üå* are norm bounded for all  ;, ß ∈ t, then for every � ∈ t, every 1 E 4 � � and every � ∈ ) the 4 �tuple orbit Orb�]@�ð^��*ñ , �� tends to infinity for all 1 � ;* E ;+ E ⋯ E ;ñ � �. 
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Abstract: In this paper, the authors defined a new general class of 
functions, the so-called exponentially �ω*,ω+, h*, h+�–nonconvex function 
involving ℱÎ,Í� �⋅� (Raina function). Utilizing this, some Hermite–Hadamard 
type integral inequalities via generalized fractional integral operator are 
obtained. Some new results as special cases are given as well. 

1. Introduction and preliminaries 

Convexity is one of the fascinating and natural concepts, it is beneficial in 
optimization theory, theory of inequalities, numerical analysis, economics and in other 
subjects of pure and applied mathematics. Convex functions are defined in different 
ways due to their interesting graphical shapes in euclidean space. A convex function 
defined on an interval of real line is always continuous in the interior points, but need 
not be differentiable. Although, it has left and right increasing derivatives at each 
interior point. The derivative of a differentiable convex function is always an 
increasing function. A twice differentiable convex function has downward concavity. 
In analytical forms it is defined in several ways and the classical one is given in #1% as 
follows: 

Definition 1.1. A function ψ: I ⊆ ℝ → ℝ is said to be convex on I, if   

  ψ�ıξ* � �1 � ı�ξ+� � ıψ�ξ*� � �1 � ı�ψ�ξ+� 

holds for all ξ*,  ξ+ ∈ I and ı ∈ #0,1%. 
In #2%, the notion of h–convex function is introduced. 

Definition 1.2. Let h: #0,1% → #0, �∞� be a function. A function ψ: I → ℝ is said to be h–convex, if 

ψ�ıξ* � �1 � ı�ξ+� � h�ı�ψ�ξ*� � h�1 � ı�ψ�ξ+� 
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holds for every ξ*,  ξ+ ∈ I and ı ∈ #0,1%. 
Exponentially convex functions have been introduced by Awan et al., see #3%. 

Definition 1.3. A function ψ: I ⊆ ℝ → ℝ is called exponentially convex, if 

ψ�ıξ* � �1 � ı�ξ+� � ı ψ�ξ*�e�
« � �1 � ı�ψ�ξ+�e�
�  

holds for all ξ*,  ξ+ ∈ I,  ω ∈ ℝ and ı ∈ #0,1%. 
Exponentially convex functions have been used for proving the convergence of a 
gradient type algorithm for minimizing a function. They play an important role in 
optimization theory and mathematical economics. 

The most significant inequality is the Hermite–Hadamard integral inequality, see #4%. 
This double inequality is expressed as: 

�1.1�                                  ψ ,ξ* � ξ+2 - � 1ξ+ � ξ* z ψ�ı�dı � ψ�ξ*� � ψ�ξ+��

�


«
. 

The double inequality �1.1� became a very important foundation within the field of 
mathematical analysis and optimization, several applications of these inequalities have 
been found in number of settings. Furthermore, several inequalities of special means 
can be discovered for the specific options of the function ψ. Due to large applications 
of double inequality �1.1�, literature is growing and giving its some new proofs, 
augmentations, improvements and generalizations, see #5 � 14% and the references 
therein. 

In #15%, Raina R. K. introduced a class of functions defined formally by 

�1.2�                                      ℱÎ,Í� �z� � ℱÎ,Í��|�,��*�,…�z� � � σ�k�Γ�ρk � λ�
NÉ
��| z�, 

where ρ, λ D 0, |z| E R and σ � �σ�0�, … , σ�k�, … � is a bounded sequence of positive 

real numbers. Note that, if we take in �1.2� ρ � 1, λ � 0 and σ�k� � ��������������  for k � 0,1,2, …, where α, β and γ are parameters which  

can take arbitrary real or complex values (provided that γ à 0, �1, �2, … �, and the 
symbol �a�� denote the quantity 
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�a�� � Γ�a � k�Γ�a� � a�a � 1� … �a � k � 1�,    k � 0,1,2, …, 
and restrict its domain to |z| � 1 (with z ∈ ℂ), then we have the classical 
hypergeometric function, that is 

ℱÎ,Í� �z� � F�α, β; γ; z� � � �α���β��k! �γ��
NÉ
��| z�. 

Also, if σ � �1,1, … � with ρ � α, �Re�α� D 0�, λ � 1 and restricting its domain to z ∈ ℂ in �1.2�, then we have the classical Mittag–Leffler function 

E��z� � � z�
Γ�1 � αk�

NÉ
��| . 

Now we are able to define a new general class of function involving ℱÎ,Í� �⋅� (Raina 
function). 

Definition 1.4. Let h*, h+: #0,1% → #0, �∞� be two functions and ψ: I ⊆ ℝ → ℝ. If ψ 
satisfies the following inequality 

ψxξ* � ıℱÎ,Í� �ξ+ � ξ*�y � h*�ı�ψ�ξ*�e�«
« � h+�ı�ψ�ξ+�e��
� , 
for all ı ∈ #0,1%,  ω*,  ω+ ∈ ℝ, and ξ*, ξ+ ∈ I where ℱÎ,Í� �ξ+ � ξ*� D 0, then ψ is called 
exponentially �ω*,  ω+,  h*,  h+�–nonconvex function. 

Remark 1.1. Taking ω* � ω+ � ω, h*�ı� � 1 � ı,  h+�ı� � ı and ℱÎ,Í� �ξ+ � ξ*� �ξ+ � ξ* D 0 in our definition, then we obtain Definition 1.3. 

Remark 1.2. Choosing ℱÎ,Í� �ξ+ � ξ*� � ξ+ � ξ* D 0, let us discuss some special cases 
in our Definition 1.4 as follows: 
(I) Taking h*�ı� � h+�ı� � 1, we have exponentially �ω*,  ω+,  P�–convex function. 
(II) Choosing h*�ı� � h�1 � ı� and h+�ı� � h�ı�, we get exponentially �ω*,  ω+,  h�–
convex function. 

(III) Taking h*�ı� � �1 � ı�� and h+�ı� � ı� for s ∈ �0,1%, we obtain exponentially �s,  ω*,  ω+�–Breckner–convex function. 
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(IV) Choosing h*�ı� � �1 � ı��� and h+�ı� � ı�� for s ∈ �0,1�, we have exponentially �s,  ω*,  ω+�–Godunova–Levin–Dragomir–convex function. 

(V) Taking h*�ı� � h+�ı� � ı�1 � ı�, we get exponentially �ω*,  ω+,  tgs�–convex 
function. 

(VI) Choosing h*�ı� � √*��+√�  and h+�ı� � √�+√*��, we obtain exponentially �ω*,  ω+,  MT�–convex function. 

To the best of our knowledge these classes of functions are all new. 

Definition 1.5. #16% The left and right side generalized fractional integrals for a 
function ψ are defined as 

I�ψ�τ�
«ª  � zϕ�τ � ι�τ � ι
#


«
ψ�ι�dι,     τ D ξ*, 

I�ψ�τ�
�ø  � z ϕ�ι � τ�ι � τ

�

#
ψ�ι�dι,     τ E ξ+. 

Our main goal during this paper is to prove some Hermite–Hadamard type integral 
inequalities for exponentially �ω*,  ω+,  h*,  h+�–nonconvex functions by using the 
generalized fractional integral operator. Moreover, we will derive several special cases 
from our main results. At the end, a briefly conclusion will be given as well. 

2. Main results 

Throughout this section the following notation is used: 

Δ : � #ξ*, ξ* � ℱÎ,Í� �ξ+ � ξ*�%   where   ℱÎ,Í� �ξ+ � ξ*� D 0 

and ω*,  ω+,  ϖ*,  ϖ+ ∈ ℝ. 
 

Theorem 2.1.  Let h*, h+: #0,1% → #0, �∞� be two continuous functions and ψ:Δ →�0, �∞� an exponentially �ω*,  ω+,  h*,  h+�–nonconvex function. Then the following 
inequality for the generalized fractional integral holds: 
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�2.1�           I�ψ �ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I�ψ�ξ*�,
«Nℱ&,'( �
��
«�-ø  
«ª  
� ψ�ξ*�e�«
« H* � ψ�ξ+�e��
� H+, 

where 

H* : � z #*
| h*�ı� � h*�1 � ı�%ϕxℱÎ,Í� �ξ+ � ξ*�ıyı dı,   ∀ i � 1, 2. 

Proof. Since ψ is exponentially �ω*,  ω+,  h*,  h+�–nonconvex function, we have 

�2.2�                        ψ�ξ* � ıℱÎ,Í� �ξ+ � ξ*�� � h*�ı�ψ�ξ*�e�«
« � h+�ı�ψ�ξ+�e��
�  

and 

�2.3�                      ψ�ξ* � �1 � ı�ℱÎ,Í� �ξ+ � ξ*�� � h*�1 � ı�ψ�ξ*�e�«
« � h+�1 � ı�ψ�ξ+�e��
� . 
Adding �2.2� and �2.3�, we get 

  ψ �ξ* � ıℱÎ,Í� �ξ+ � ξ*�� � ψ �ξ* � �1 � ı�ℱÎ,Í� �ξ+ � ξ*�� 

� mh*�ı�ψ�ξ*�e�«
« � h+�ı�ψ�ξ+�e��
� n � mh*�1 � ı�ψ�ξ*�e�«
« � h+�1 � ı�ψ�ξ+�e��
� n 

�2.4�            � ,�
«�-.«/« #h*�ı� � h*�1 � ı�% � ,�
��-.�/� #h+�ı� � h+�1 � ı�%. 

Multiplying �2.4� with 
��ℱ&,'( �
��
«���

�  on both sides and integrating the resultant 

inequality with respect to ι over #0,1%, we obtain our required result �2.1�. 

We point out some special cases of Theorem 2.1. 
 

Case 1. Taking ϕ�ı� � ı, we obtain the following inequalities for the Riemann 
integral: 

Corollary 2.1. Under assumptions of Theorem 2.1, taking h*�ı� � h+�ı� � 1, we have 
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�2.5�                                1XℱÎ,Í� �ξ+ � ξ*�Y+ z ψ�τ�
«Nℱ&,'( �
��
«�

«

dτ � ψ�ξ*�e�«
« � ψ�ξ+�e��
� . 
Corollary 2.2. Under assumptions of Theorem 2.1, choosing h*�ı� � h�1 � ı� and h+�ı� � h�ı�, we get 

�2.6�                                1XℱÎ,Í� �ξ+ � ξ*�Y+ z ψ�τ�
«Nℱ&,'( �
��
«�

«

dτ � A pψ�ξ*�e�«
« � ψ�ξ+�e��
� q, 
where 

A : � z h*
| �ı�dı. 

Corollary 2.3. Under assumptions of Theorem 2.1, taking h*�ı� � �1 � ı�� and h+�ı� � ı� for s ∈ �0,1%, we obtain 

�2.7�                                1XℱÎ,Í� �ξ+ � ξ*�Y+ z ψ�τ�
«Nℱ&,'( �
��
«�

«

dτ � ,�
«�-.«/« � ,�
��-.�/�s � 1 . 
Corollary 2.4. Under assumptions of Theorem 2.1, choosing h*�ı� � �1 � ı��� and h+�ı� � ı�� for s ∈ �0,1�, we have 

�2.8�                                1XℱÎ,Í� �ξ+ � ξ*�Y+ z ψ�τ�
«Nℱ&,'( �
��
«�

«

dτ � ,�
«�-.«/« � ,�
��-.�/�1 � s . 
  

Corollary 2.5. Under assumptions of Theorem 2.1, taking h*�ı� � h+�ı� � ı�1 � ı�, 
we get 

�2.9�                                1XℱÎ,Í� �ξ+ � ξ*�Y+ z ψ�τ�
«Nℱ&,'( �
��
«�

«

dτ � ,�
«�-.«/« � ,�
��-.�/�6 . 
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Corollary 2.6. Under assumptions of Theorem 2.1, choosing h*�ı� � √*��+√�  and 

h+�ı� � √�+√*��, we obtain 

�2.10�                                1XℱÎ,Í� �ξ+ � ξ*�Y+ z ψ�τ�
«Nℱ&,'( �
��
«�

«

dτ � π �,�
«�-.«/« � ,�
��-.�/��4 . 
Case 2. Taking ϕ�ı� � �12���, we obtain the following inequalities for the Riemann 

fractional integral: 

Corollary 2.7. Under assumptions of Theorem 2.1, taking h*�ı� � h+�ı� � 1, we have 

�2.11�              2�α�2�α � 1�2#ℱÎ,Í� �ξ+ � ξ*�%+� �I
«ª� ψ�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I
�ø� ψ�ξ*��
� ψ�ξ*�e�«
« � ψ�ξ+�e��
� . 

Corollary 2.8. Under assumptions of Theorem 2.1, choosing h*�ı� � h�1 � ı� and h+�ı� � h�ı�, we get 

�2.12�         2+�α�#ℱÎ,Í� �ξ+ � ξ*�%+� �I
«ª� ψ�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I
�ø� ψ�ξ*��
� H∗ uψ�ξ*�e�«
« � ψ�ξ+�e��
� w, 

where 

H∗ : � z ı��**
| #h�ı� � h�1 � ı�%dı. 

Corollary 2.9. Under assumptions of Theorem 2.1, taking h*�ı� � �1 � ı�� and h+�ı� � ı� for s ∈ �0,1%, we obtain 

3+���#ℱ¸,�4 �5+ � 5*�%+� �>6«ª� 7�5* � ℱ¸,�4 �5+ � 5*�� � >6�ø� 7�5*�� 
�2.13�                       � u7�5*�
8«6« � 7�5+�
8�6� w ,���, < � 1� � 1< � �-. 
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Corollary 2.10. Under assumptions of Theorem 2.1, choosing h*�ı� � �1 � ı��� and h+�ı� � ı�� for s ∈ �0,1�, we have 

2+�α�#ℱÎ,Í� �ξ+ � ξ*�%+� �I
«ª� ψ�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I
�ø� ψ�ξ*��   
�2.14�                      � uψ�ξ*�e�«
« � ψ�ξ+�e��
� w ,β�α, 1 � s� � 1α � s-. 
Corollary 2.11. Under assumptions of Theorem 2.1, taking h*�ı� � h+�ı� � ı�1 � ı�, 
we get 

�2.15�         2+�α�2#ℱÎ,Í� �ξ+ � ξ*�%+� �I
«ª� ψ�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I
�ø� ψ�ξ*��
� ,�
«�-.«/« � ,�
��-.�/��α � 1��α � 2�. 

Corollary 2.12. Under assumptions of Theorem 2.1, choosing h*�ı� � √*��+√�  and 

h+�ı� � √�+√*��, we obtain 

2+�α�#ℱÎ,Í� �ξ+ � ξ*�%+� �I
«ª� ψ�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I
�ø� ψ�ξ*�� 
�2.16�                        � uβ ,α � 12 , 12- � β ,α � 12 , 32-w uψ�ξ*�e�«
« � ψ�ξ+�e��
� w. 

Case 3. Taking ϕ�ı� � �1��2����, we obtain the following inequalities for the k–Riemann 

fractional integral: 

Corollary 2.13. Under assumptions of Theorem 2.1, taking h*�ı� � h+�ı� � 1, we 
have 

 k+2��α�2��α � k�2#ℱÎ,Í� �ξ+ � ξ*�%�1� �I
«ª,�� ψ�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I�
«Nℱ&,'( �
��
«��ø,�� ψ�ξ*�� 
�2.17�        � ψ�ξ*�e�«
« � ψ�ξ+�e��
� . 
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Corollary 2.14. Under assumptions of Theorem 2.1, choosing h*�ı� � h�1 � ı� and h+�ı� � h�ı�, we get k+2�+�α�#ℱÎ,Í� �ξ+ � ξ*�%�1� �I
«ª,�� ψ�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I�
«Nℱ&,'( �
��
«��ø,�� ψ�ξ*�� 
�2.18�         � T∗ uψ�ξ*�e�«
« � ψ�ξ+�e��
� w, 

where 

T∗ : � z ı1��**
| #h�ı� � h�1 � ı�%dı. 

Corollary 2.15. Under assumptions of Theorem 2.1, taking h*�ı� � �1 � ı�� and h+�ı� � ı� for s ∈ �0,1%, we obtain 

k+2�+�α�#ℱÎ,Í� �ξ+ � ξ*�%�1� �I
«ª,�� ψ�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I�
«Nℱ&,'( �
��
«��ø,�� ψ�ξ*�� 
�2.19�        � uβ �αk , s � 1� � kks � αw uψ�ξ*�e�«
« � ψ�ξ+�e��
� w. 
Corollary 2.16. Under assumptions of Theorem 2.1, choosing h*�ı� � �1 � ı��� and h+�ı� � ı�� for s ∈ �0,1�, we have 

k+2�+�α�#ℱÎ,Í� �ξ+ � ξ*�%�1� �I
«ª,�� ψ�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I�
«Nℱ&,'( �
��
«��ø,�� ψ�ξ*�� 
�2.20�        � uβ �αk , 1 � s� � kα � ksw uψ�ξ*�e�«
« � ψ�ξ+�e��
� w. 
Corollary 2.17. Under assumptions of Theorem 2.1, taking h*�ı� � h+�ı� � ı�1 � ı�, 
we get 

k+2�+�α�2#ℱÎ,Í� �ξ+ � ξ*�%�1� �I
«ª,�� ψ�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I�
«Nℱ&,'( �
��
«��ø,�� ψ�ξ*�� 
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�2.21�      � k+ �,�
«�-.«/« � ,�
��-.�/���α � k��α � 2k� . 
Corollary 2.18. Under assumptions of Theorem 2.1, choosing h*�ı� � √*��+√�  and 

h+�ı� � √�+√*��, we obtain 

k+2�+�α�#ℱÎ,Í� �ξ+ � ξ*�%�1� �I
«ª,�� ψ�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I�
«Nℱ&,'( �
��
«��ø,�� ψ�ξ*�� 
�2.22�        � uβ ,αk � 12 , 12- � β ,αk � 12 , 32-w uψ�ξ*�e�«
« � ψ�ξ+�e��
� w. 
Case 4. Taking ϕ�ı� � ıxξ* � ℱÎ,Í� �ξ+ � ξ*� � ıy��*

   and α ∈ �0,1�, we obtain the 
following inequalities for the conformable fractional integral: 

Corollary 2.19. Under assumptions of Theorem 2.1, taking h*�ı� � h+�ı� � 1, we 
have 1#ξ* � ℱÎ,Í� �ξ+ � ξ*�%� � ξ*� Ô #I
«ª� ψ�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I�
«Nℱ&,'( �
��
«��ø� ψ�ξ*�% 

�2.23�              � ,�
«�-.«/« � ,�
��-.�/�α . 
 

Corollary 2.20. Under assumptions of Theorem 2.1, choosing h*�ı� � h�1 � ı� and h+�ı� � h�ı�, we get 

�2.24�         I
«ª� ψ�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I�
«Nℱ&,'( �
��
«��ø� ψ�ξ*� � H⋄ uψ�ξ*�e�«
« � ψ�ξ+�e��
� w, 
where 

H⋄ : � z #*
| h�ı� � h�1 � ı�%#ξ* � �1 � ı�ℱÎ,Í� �ξ+ � ξ*�%��*dı. 

Corollary 2.21. Under assumptions of Theorem 2.1, taking h*�ı� � �1 � ı�� and h+�ı� � ı� for s ∈ �0,1%, we obtain 
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�2.25�        I
«ª� ψ�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I�
«Nℱ&,'( �
��
«��ø� ψ�ξ*� � H⋄⋄ uψ�ξ*�e�«
« � ψ�ξ+�e��
� w, 
where 

H⋄⋄ : � 1#ℱÎ,Í� �ξ+ � ξ*�%�N* z ı��*
«Nℱ&,'( �
��
«�

« #�ı � ξ*��

� xξ* � ℱÎ,Í� �ξ+ � ξ*� � ıy�%dı. 
Corollary 2.22. Under assumptions of Theorem 2.1, choosing h*�ı� � �1 � ı��� and h+�ı� � ı�� for s ∈ �0,1�, we have 

�2.26�            I
«ª� ψ�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I�
«Nℱ&,'( �
��
«��ø� ψ�ξ*� � P uψ�ξ*�e�«
« � ψ�ξ+�e��
� w, 
where 

P : � 1#ℱÎ,Í� �ξ+ � ξ*�%*�� z ı��*
«Nℱ&,'( �
��
«�

« # 1�ı � ξ*�� � 1xξ* � ℱÎ,Í� �ξ+ � ξ*� � ıy�%dı. 

Corollary 2.23. Under assumptions of Theorem 2.1, taking h*�ı� � h+�ı� � ı�1 � ı�, 
we get 

�2.27�         I
«ª� ψ�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I�
«Nℱ&,'( �
��
«��ø� ψ�ξ*� � L uψ�ξ*�e�«
« � ψ�ξ+�e��
� w, 
where 

L : � 2#ℱÎ,Í� �ξ+ � ξ*�%+ z ı��*
«Nℱ&,'( �
��
«�

« �ı � ξ*�xξ* � ℱÎ,Í� �ξ+ � ξ*� � ıydı. 

Corollary 2.24. Under assumptions of Theorem 2.1, choosing h*�ı� � √*��+√�  and 

h+�ı� � √�+√*��, we obtain 

�2.28�         I
«ª� ψ�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I�
«Nℱ&,'( �
��
«��ø� ψ�ξ*� � T uψ�ξ*�e�«
« � ψ�ξ+�e��
� w, 
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T : � 12ℱÎ,Í� �ξ+ � ξ*� 

Ô z ı��*
«Nℱ&,'( �
��
«�

« ]; ı � ξ*ξ* � ℱÎ,Í� �ξ+ � ξ*� � ı � ;ξ* � ℱÎ,Í� �ξ+ � ξ*� � ıı � ξ* ^dı. 

Case 5. Taking ϕ�ı� � <� exp��Aι� where A � *���  and α ∈ �0,1�, we obtain the 

following inequalities for the fractional integral with exponential kernel: 

Corollary 2.25. Under assumptions of Theorem 2.1, taking h*�ı� � h+�ı� � 1, we 
have �1 � α�2#1 � expx�AℱÎ,Í� �ξ+ � ξ*�y% Ô �I
«ª� ψ�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I�
«Nℱ&,'( �
��
«��ø� ψ�ξ*�� 

�2.29�                  � ψ�ξ*�e�«
« � ψ�ξ+�e��
� . 
Corollary 2.26. Under assumptions of Theorem 2.1, choosing h*�ı� � h�1 � ı� and h+�ı� � h�ı�, we get 

�2.30�         I
«ª� ψ�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I�
«Nℱ&,'( �
��
«��ø� ψ�ξ*� � Q uψ�ξ*�e�«
« � ψ�ξ+�e��
� w, 
Where 

Q : � ℱÎ,Í� �ξ+ � ξ*�α z #*
| h�ı� � h�1 � ı�%expx�AℱÎ,Í� �ξ+ � ξ*�ıydı. 

Corollary 2.27. Under assumptions of Theorem 2.1, taking h*�ı� � �1 � ı�� and h+�ı� � ı� for s ∈ �0,1%, we obtain 

�2.31�       I
«ª� ψ�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I�
«Nℱ&,'( �
��
«��ø� ψ�ξ*� � Q∗ uψ�ξ*�e�«
« � ψ�ξ+�e��
� w, 
where 

Q∗ : � ℱÎ,Í� �ξ+ � ξ*�α z #*
| ı� � �1 � ı��%expx�AℱÎ,Í� �ξ+ � ξ*�ıydı. 
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Corollary 2.28. Under assumptions of Theorem 2.1, choosing h*�ı� � �1 � ı��� and h+�ı� � ı�� for s ∈ �0,1�, we have 

�2.32�      I
«ª� ψ�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I�
«Nℱ&,'( �
��
«��ø� ψ�ξ*� � Q∗∗ uψ�ξ*�e�«
« � ψ�ξ+�e��
� w, 
where 

Q∗∗ : � ℱÎ,Í� �ξ+ � ξ*�α z #*
|

1ı� � 1�1 � ı��%expx�AℱÎ,Í� �ξ+ � ξ*�ıydı. 
Corollary 2.29. Under assumptions of Theorem 2.1, taking h*�ı� � h+�ı� � ı�1 � ı�, 
we get 

�2.33�      I
«ª� ψ�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I�
«Nℱ&,'( �
��
«��ø� ψ�ξ*� � Q⋄ uψ�ξ*�e�«
« � ψ�ξ+�e��
� w, 
where 

Q⋄ : � 2ℱÎ,Í� �ξ+ � ξ*�α z #*
| ı�1 � ı�%expx�AℱÎ,Í� �ξ+ � ξ*�ıydı. 

Corollary 2.30. Under assumptions of Theorem 2.1, choosing h*�ı� � √*��+√�  and 

h+�ı� � √�+√*��, we obtain 

�2.34�        I
«ª� ψ�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I�
«Nℱ&,'( �
��
«��ø� ψ�ξ*� � Q⋄⋄ uψ�ξ*�e�«
« � ψ�ξ+�e��
� w, 
where 

Q⋄⋄ : � ℱÎ,Í� �ξ+ � ξ*�2α z expx�AℱÎ,Í� �ξ+ � ξ*�ıy
>ı�1 � ı�

*
| dı. 

Theorem 2.2. Let h*, h+: #0,1% → #0, �∞� be two continuous functions and ψ*,ψ+:Δ → �0, �∞� are exponentially �ω*,  ω+,  h*,  h+�–nonconvex and 
exponentially �ϖ*,  ϖ+,  h*,  h+�–nonconvex functions, respectively. Then the 
following inequality for the generalized fractional integral holds: 
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I�ψ* �ξ* � ℱÎ,Í� �ξ+ � ξ*��ψ+ �ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I�ψ*�ξ*�ψ+�ξ*�,
«Nℱ&,'( �
��
«�-ø  
«ª   

�2.35�       � C*P* � C+P+ � CPPP, 
where 

C* : � ψ*�ξ*�e�«
«
ψ+�ξ*�e?«
« ,   C+ : � ψ*�ξ+�e��
�

ψ+�ξ+�e?�
� ,   CP : � ψ*�ξ*�e�«
«
ψ+�ξ+�e?�
�� ψ*�ξ+�e��
�

ψ+�ξ*�e?«
« , 
and 

P* : � z #*
| h*+�ı� � h*+�1 � ı�%ϕ�ℱÎ,Í� �ξ+ � ξ*�ı�ı dı, 
P+ : � z #*

| h++�ı� � h++�1 � ı�%ϕ�ℱÎ,Í� �ξ+ � ξ*�ı�ı dı, 
PP : � z #*

| h*�ı�h+�ı� � h*�1 � ı�h+�1 � ı�%ϕ�ℱÎ,Í� �ξ+ � ξ*�ı�ı dı. 
Proof. Since ψ*,ψ+ are respectively, exponentially �ω*,  ω+,  h*,  h+�–nonconvex and 
exponentially �ϖ*,  ϖ+,  h*,  h+�–nonconvex functions, we have 

ψ* �ξ* � ıℱÎ,Í� �ξ+ � ξ*��ψ+ �ξ* � ıℱÎ,Í� �ξ+ � ξ*�� 

 

 � mh*�ı�ψ*�ξ*�e�«
« � h+�ı�ψ*�ξ+�e��
� n Ô mh*�ı�ψ+�ξ*�e?«
« � h+�ı�ψ+�ξ+�e?�
� n 

                          � h*+�ı�ψ*�ξ*�e�«
«
ψ+�ξ*�e?«
« � h++�ı�ψ*�ξ+�e��
�

ψ+�ξ+�e?�
�  

�2.36�            �  h*�ı�h+�ı� mψ*�ξ*�e�«
«
ψ+�ξ+�e?�
� � ψ*�ξ+�e��
�

ψ+�ξ*�e?«
« n 

and 
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ψ* �ξ* � �1 � ı�ℱÎ,Í� �ξ+ � ξ*��ψ+ �ξ* � �1 � ı�ℱÎ,Í� �ξ+ � ξ*�� 

 

� mh*�1 � ı�ψ*�ξ*�e�«
« � h+�1 � ı�ψ*�ξ+�e��
� n Ô mh*�1 � ı�ψ+�ξ*�e?«
« � h+�1 � ı�ψ+�ξ+�e?�
� n 

� h*+�1 � ı�ψ*�ξ*�e�«
«
ψ+�ξ*�e?«
« � h++�1 � ı�ψ*�ξ+�e��
�

ψ+�ξ+�e?�
�  

�2.37�                       �  h*�1 � ı�h+�1 � ı� mψ*�ξ*�e�«
«
ψ+�ξ+�e?�
� � ψ*�ξ+�e��
�

ψ+�ξ*�e?«
« n. 
Adding �2.36� and �2.37�, we have 

ψ* �ξ* � ıℱÎ,Í� �ξ+ � ξ*��ψ+ �ξ* � ıℱÎ,Í� �ξ+ � ξ*�� 

� ψ* �ξ* � �1 � ı�ℱÎ,Í� �ξ+ � ξ*��ψ+ �ξ* � �1 � ı�ℱÎ,Í� �ξ+ � ξ*�� 

� h*+�ı�ψ*�ξ*�e�«
«
ψ+�ξ*�e?«
« � h++�ı�ψ*�ξ+�e��
�

ψ+�ξ+�e?�
�  

� h*�ı�h+�ı� mψ*�ξ*�e�«
«
ψ+�ξ+�e?�
� � ψ*�ξ+�e��
�

ψ+�ξ*�e?«
« n 

�h*+�1 � ı�ψ*�ξ*�e�«
«
ψ+�ξ*�e?«
« � h++�1 � ı�ψ*�ξ+�e��
�

ψ+�ξ+�e?�
�  

�2.38�                        �  h*�1 � ı�h+�1 � ı� mψ*�ξ*�e�«
«
ψ+�ξ+�e?�
� � ψ*�ξ+�e��
�

ψ+�ξ*�e?«
« n. 
Multiplying �2.38� with 

��ℱ&,'( �
��
«���
�  on both sides and integrating the obtained 

inequality with respect to ı over #0,1%, then we have our required inequality �2.35�. 

We point out some special cases of Theorem 2.2. 
 

Case 1. Taking ϕ�ı� � ı, we obtain the following inequalities for the Riemann 
integral: 

Corollary 2.31. Under assumptions of Theorem 2.2, taking h*�ı� � h+�ı� � 1, we 
have 
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�2.39�            12#ℱÎ,Í� �ξ+ � ξ*�%P z ψ*
«Nℱ&,'( �
��
«�

« �τ�ψ+�τ�dτ � C* � C+ � CP. 

Corollary 2.32. Under assumptions of Theorem 2.2, choosing h*�ı� � h�1 � ı� and h+�ı� � h�ı�, we get 

 

�2.40�            1#ℱÎ,Í� �ξ+ � ξ*�%P z ψ*
«Nℱ&,'( �
��
«�

« �τ�ψ+�τ�dτ � L*#C* � C+% � CPL+, 

where 

L* : � 2 z h+*
| �ı�dı,   L+ : � 2 z h*

| �ı�h�1 � ı�dı. 
Corollary 2.33. Under assumptions of Theorem 2.2, taking h*�ı� � �1 � ı�� and h+�ı� � ı� for s ∈ �0,1%, we obtain 

�2.41�       1#ℱÎ,Í� �ξ+ � ξ*�%P z ψ*
«Nℱ&,'( �
��
«�

« �τ�ψ+�τ�dτ

� 2#C* � C+%2s � 1 � 2CPβ�s � 1, s � 1�. 
Corollary 2.34. Under assumptions of Theorem 2.2, choosing h*�ı� � �1 � ı��� and h+�ı� � ı�� for s ∈ �0,1�, we have 

 

�2.42�      1#ℱÎ,Í� �ξ+ � ξ*�%P z ψ*
«Nℱ&,'( �
��
«�

« �τ�ψ+�τ�dτ

� 2#C* � C+%1 � 2s � 2CPβ�1 � s, 1 � s�. 
Corollary 2.35. Under assumptions of Theorem 2.2, taking h*�ı� � h+�ı� � ı�1 � ı�, 
we get 

�2.43�      1#ℱÎ,Í� �ξ+ � ξ*�%P z ψ*
«Nℱ&,'( �
��
«�

« �τ�ψ+�τ�dτ � 4#C* � C+ � CP%3 . 
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Case 2. Taking ϕ�ı� � �12���we obtain the following inequalities for the Riemann 

fractional integral: 

Corollary 2.36. Under assumptions of Theorem 2.2, taking h*�ı� � h+�ı� � 1, we 
have 

2�α�2�α � 1�2#ℱÎ,Í� �ξ+ � ξ*�%P� @I
«ª� ψ*�ξ* � ℱÎ,Í� �ξ+ � ξ*��ψ+�ξ* � ℱÎ,Í� �ξ+ � ξ*���I�
«Nℱ&,'( �
��
«��ø� ψ*�ξ*�ψ+�ξ*� A 
�2.44�                   � C* � C+ � CP. 
Corollary 2.37. Under assumptions of Theorem 2.2, choosing h*�ı� � h�1 � ı� and h+�ı� � h�ı�, we get 

 

2�α�2�α � 1�#ℱÎ,Í� �ξ+ � ξ*�%P� @I
«ª� ψ*�ξ* � ℱÎ,Í� �ξ+ � ξ*��ψ+�ξ* � ℱÎ,Í� �ξ+ � ξ*���I�
«Nℱ&,'( �
��
«��ø� ψ*�ξ*�ψ+�ξ*� A 
�2.45�                    � L*#C* � C+% � CPL+, 
where L* and L+ are defined as in Corollary 2.32. 

Corollary 2.38. Under assumptions of Theorem 2.2, taking h*�ı� � �1 � ı�� and h+�ı� � ı� for s ∈ �0,1%, we obtain 

2�α�2�α � 1�#ℱÎ,Í� �ξ+ � ξ*�%P� @I
«ª� ψ*�ξ* � ℱÎ,Í� �ξ+ � ξ*��ψ+�ξ* � ℱÎ,Í� �ξ+ � ξ*���I�
«Nℱ&,'( �
��
«��ø� ψ*�ξ*�ψ+�ξ*� A 
�2.46�                     � 2#C* � C+%2s � 1 � 2CPβ�s � 1, s � 1�. 
Corollary 2.39. Under assumptions of Theorem 2.2, choosing h*�ı� � �1 � ı��� and h+�ı� � ı�� for s ∈ �0,1�, we have 

2�α�2�α � 1�#ℱÎ,Í� �ξ+ � ξ*�%P� @I
«ª� ψ*�ξ* � ℱÎ,Í� �ξ+ � ξ*��ψ+�ξ* � ℱÎ,Í� �ξ+ � ξ*���I�
«Nℱ&,'( �
��
«��ø� ψ*�ξ*�ψ+�ξ*� A 
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�2.47�                    � 2#C* � C+%1 � 2s � 2CPβ�1 � s, 1 � s�. 
Corollary 2.40. Under assumptions of Theorem 2.2, taking h*�ı� � h+�ı� � ı�1 � ı�, 
we get 

2�α�2�α � 1�#ℱÎ,Í� �ξ+ � ξ*�%P� @I
«ª� ψ*�ξ* � ℱÎ,Í� �ξ+ � ξ*��ψ+�ξ* � ℱÎ,Í� �ξ+ � ξ*���I�
«Nℱ&,'( �
��
«��ø� ψ*�ξ*�ψ+�ξ*� A 
�2.48�                    � 4#C* � C+ � CP%3 . 
Case 3. Taking ϕ�ı� � �1��2����, we obtain the following inequalities for the k–Riemann 

fractional integral: 

Corollary 2.41. Under assumptions of Theorem 2.2, taking h*�ı� � h+�ı� � 1, we 
have 

2��α�2��α � k�2#ℱÎ,Í� �ξ+ � ξ*�%B1� @I
«ª,�� ψ*�ξ* � ℱÎ,Í� �ξ+ � ξ*��ψ+�ξ* � ℱÎ,Í� �ξ+ � ξ*���I�
«Nℱ&,'( �
��
«��ø,�� ψ*�ξ*�ψ+�ξ*� A 
�2.49�                 � C* � C+ � CP. 
Corollary 2.42. Under assumptions of Theorem 2.2, choosing h*�ı� � h�1 � ı� and h+�ı� � h�ı�, we get 

2��α�2��α � k�#ℱÎ,Í� �ξ+ � ξ*�%B1� @I
«ª,�� ψ*�ξ* � ℱÎ,Í� �ξ+ � ξ*��ψ+�ξ* � ℱÎ,Í� �ξ+ � ξ*���I�
«Nℱ&,'( �
��
«��ø,�� ψ*�ξ*�ψ+�ξ*� A 
�2.50�                  � L*#C* � C+% � CPL+, 
where L* and L+ are defined as in Corollary 2.32. 

Corollary 2.43. Under assumptions of Theorem 2.2, taking h*�ı� � �1 � ı�� and h+�ı� � ı� for s ∈ �0,1%, we obtain 

2��α�2��α � k�#ℱÎ,Í� �ξ+ � ξ*�%B1� @I
«ª,�� ψ*�ξ* � ℱÎ,Í� �ξ+ � ξ*��ψ+�ξ* � ℱÎ,Í� �ξ+ � ξ*���I�
«Nℱ&,'( �
��
«��ø,�� ψ*�ξ*�ψ+�ξ*� A 
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�2.51�                   � 2#C* � C+%2s � 1 � 2CPβ�s � 1, s � 1�. 
Corollary 2.44. Under assumptions of Theorem 2.2, choosing h*�ı� � �1 � ı��� and h+�ı� � ı�� for s ∈ �0,1�, we have 

2��α�2��α � k�#ℱÎ,Í� �ξ+ � ξ*�%B1� @I
«ª,�� ψ*�ξ* � ℱÎ,Í� �ξ+ � ξ*��ψ+�ξ* � ℱÎ,Í� �ξ+ � ξ*���I�
«Nℱ&,'( �
��
«��ø,�� ψ*�ξ*�ψ+�ξ*� A 
�2.52�                  � 2#C* � C+%1 � 2s � 2CPβ�1 � s, 1 � s�. 
Corollary 2.45. Under assumptions of Theorem 2.2, taking h*�ı� � h+�ı� � ı�1 � ı�, 
we get 

2��α�2��α � k�#ℱÎ,Í� �ξ+ � ξ*�%B1� @I
«ª,�� ψ*�ξ* � ℱÎ,Í� �ξ+ � ξ*��ψ+�ξ* � ℱÎ,Í� �ξ+ � ξ*���I�
«Nℱ&,'( �
��
«��ø,�� ψ*�ξ*�ψ+�ξ*� A 
�2.53�                  � 4#C* � C+ � CP%3 . 
Case 4. Taking ϕ�ı� � ıxξ* � ℱÎ,Í� �ξ+ � ξ*� � ıy��*

and α ∈ �0,1�, we obtain the 
following inequalities for the conformable fractional integral: 

Corollary 2.46. Under assumptions of Theorem 2.2, taking h*�ı� � h+�ı� � 1, we 
have 

α2]#ξ* � ℱÎ,Í� �ξ+ � ξ*�%� � ξ*�^ @I
«ª� ψ*�ξ* � ℱÎ,Í� �ξ+ � ξ*��ψ+�ξ* � ℱÎ,Í� �ξ+ � ξ*���I�
«Nℱ&,'( �
��
«��ø� ψ*�ξ*�ψ+�ξ*� A 
�2.54�         � C* � C+ � CP. 
Corollary 2.47. Under assumptions of Theorem 2.2, choosing h*�ı� � h�1 � ı� and h+�ı� � h�ı�, we get 

1ℱÎ,Í� �ξ+ � ξ*� @I
«ª� ψ*�ξ* � ℱÎ,Í� �ξ+ � ξ*��ψ+�ξ* � ℱÎ,Í� �ξ+ � ξ*���I�
«Nℱ&,'( �
��
«��ø� ψ*�ξ*�ψ+�ξ*� A 
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�2.55�                       � A*#C* � C+% � CPA+, 
where 

A* : � z #*
| h+�ı� � h+�1 � ı�%#ξ* � �1 � ı�ℱÎ,Í� �ξ+ � ξ*�%��*dı, 

A+ : � 2 z h*
| �ı�h�1 � ı�#ξ* � �1 � ı�ℱÎ,Í� �ξ+ � ξ*�%��*dı. 

Corollary 2.48. Under assumptions of Theorem 2.2, taking h*�ı� � �1 � ı�� and h+�ı� � ı� for s ∈ �0,1%, we obtain 

1ℱÎ,Í� �ξ+ � ξ*� @I
«ª� ψ*�ξ* � ℱÎ,Í� �ξ+ � ξ*��ψ+�ξ* � ℱÎ,Í� �ξ+ � ξ*���I�
«Nℱ&,'( �
��
«��ø� ψ*�ξ*�ψ+�ξ*� A 
�2.56�                        � A*⋄ #C* � C+% � CPA+⋄ , 
Where 

A*⋄ : � 1#ℱÎ,Í� �ξ+ � ξ*�%+�N* z ı��*
«Nℱ&,'( �
��
«�

« #�ı � ξ*�+�

� xξ* � ℱÎ,Í� �ξ+ � ξ*� � ıy+�%dı, 
A+⋄ : � 2#ℱÎ,Í� �ξ+ � ξ*�%+�N* z ı��*
«Nℱ&,'( �
��
«�


« #�ı � ξ*�xξ* � ℱÎ,Í� �ξ+ � ξ*� � ıy%�dı. 
Corollary 2.49. Under assumptions of Theorem 2.2, choosing h*�ı� � �1 � ı��� and h+�ı� � ı�� for s ∈ �0,1�, we have 

1ℱÎ,Í� �ξ+ � ξ*� @I
«ª� ψ*�ξ* � ℱÎ,Í� �ξ+ � ξ*��ψ+�ξ* � ℱÎ,Í� �ξ+ � ξ*���I�
«Nℱ&,'( �
��
«��ø� ψ*�ξ*�ψ+�ξ*� A 
�2.57�                       � A*⋄⋄#C* � C+% � CPA+⋄⋄, 
where 
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A*⋄⋄ : � 1#ℱÎ,Í� �ξ+ � ξ*�%*�+� z ı��*
«Nℱ&,'( �
��
«�

« #�ı � ξ*��+�

� xξ* � ℱÎ,Í� �ξ+ � ξ*� � ıy�+�%dı, 
A+⋄⋄ : � 2#ℱÎ,Í� �ξ+ � ξ*�%*�+� z ı��*
«Nℱ&,'( �
��
«�


« #�ı � ξ*�xξ* � ℱÎ,Í� �ξ+ � ξ*� � ıy%��dı. 
Corollary 2.50. Under assumptions of Theorem 2.2, taking h*�ı� � h+�ı� � ı�1 � ı�, 
we get 

�I
«ª� ψ*�ξ* � ℱÎ,Í� �ξ+ � ξ*��ψ+�ξ* � ℱÎ,Í� �ξ+ � ξ*�� � I�
«Nℱ&,'( �
��
«��ø� ψ*�ξ*�ψ+�ξ*�� 
�2.58�        � A∗#C* � C+ � CP%, 
where 

A∗ : � 2#ℱÎ,Í� �ξ+ � ξ*�%R z ı��*
«Nℱ&,'( �
��
«�

« #�ı � ξ*�xξ* � ℱÎ,Í� �ξ+ � ξ*� � ıy%+dı. 

Case 5. Taking ϕ�ı� � <� exp��Aι�, where A � *���  and α ∈ �0,1�, we obtain the 

following inequalities for the fractional integral with exponential kernel: 

Corollary 2.51. Under assumptions of Theorem 2.2, taking h*�ı� � h+�ı� � 1, we 
have �1 � α�2#1 � expx�AℱÎ,Í� �ξ+ � ξ*�y% 

Ô �I
«ª� ψ*�ξ* � ℱÎ,Í� �ξ+ � ξ*��ψ+�ξ* � ℱÎ,Í� �ξ+ � ξ*��� I�
«Nℱ&,'( �
��
«��ø� ψ*�ξ*�ψ+�ξ*�� 
�2.59�            � C* � C+ � CP. 
Corollary 2.52. Under assumptions of Theorem 2.2, choosing h*�ı� � h�1 � ı� and h+�ı� � h�ı�, we get αℱÎ,Í� �ξ+ � ξ*� 



First Western Balkan Conference on Mathematics and 
Applications 10-12-June 2021, Prishtine, Kosovo 

(http://fwbcma2021.ilirias.com/) 

 

105  

Ô �I
«ª� ψ*�ξ* � ℱÎ,Í� �ξ+ � ξ*��ψ+�ξ* � ℱÎ,Í� �ξ+ � ξ*��� I�
«Nℱ&,'( �
��
«��ø� ψ*�ξ*�ψ+�ξ*�� 
�2.60�         � P#C* � C+% � CPR, 
where 

P : � z #*
| h+�ı� � h+�1 � ı�%expx�AℱÎ,Í� �ξ+ � ξ*�ıydı, 

R : � 2 z #*
| h�ı�h�1 � ı�%expx�AℱÎ,Í� �ξ+ � ξ*�ıydı. 

Corollary 2.53. Under assumptions of Theorem 2.2, taking h*�ı� � �1 � ı�� and h+�ı� � ı� for s ∈ �0,1%, we obtain αℱÎ,Í� �ξ+ � ξ*� 

Ô �I
«ª� ψ*�ξ* � ℱÎ,Í� �ξ+ � ξ*��ψ+�ξ* � ℱÎ,Í� �ξ+ � ξ*��� I�
«Nℱ&,'( �
��
«��ø� ψ*�ξ*�ψ+�ξ*�� 
�2.61�         � P*#C* � C+% � CPR*, 
Where        P* : � C #*| ı+� � �1 � ı�+�%expx�AℱÎ,Í� �ξ+ � ξ*�ıydı, 

R* : � 2 z #*
| ı�1 � ı�%�expx�AℱÎ,Í� �ξ+ � ξ*�ıydı. 

Corollary 2.54. Under assumptions of Theorem 2.2, choosing h*�ı� � �1 � ı��� and h+�ı� � ı�� for s ∈ �0,1�, we have αℱÎ,Í� �ξ+ � ξ*� 
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Ô �I
«ª� ψ*�ξ* � ℱÎ,Í� �ξ+ � ξ*��ψ+�ξ* � ℱÎ,Í� �ξ+ � ξ*��� I�
«Nℱ&,'( �
��
«��ø� ψ*�ξ*�ψ+�ξ*�� 
�2.62�         � P+#C* � C+% � CPR+, 
where 

P+ : � z #*
| ı�+� � �1 � ı��+�%expx�AℱÎ,Í� �ξ+ � ξ*�ıydı, 

R+ : � 2 z #*
| ı�1 � ı�%��expx�AℱÎ,Í� �ξ+ � ξ*�ıydı. 

Corollary 2.55. Under assumptions of Theorem 2.2, taking h*�ı� � h+�ı� � ı�1 � ı�, 
we get α2ℱÎ,Í� �ξ+ � ξ*� 

Ô �I
«ª� ψ*�ξ* � ℱÎ,Í� �ξ+ � ξ*��ψ+�ξ* � ℱÎ,Í� �ξ+ � ξ*��� I�
«Nℱ&,'( �
��
«��ø� ψ*�ξ*�ψ+�ξ*�� 
�2.63�        � PP#C* � C+ � CP%, 
Where        PP : � C #*| ı�1 � ı�%+expx�AℱÎ,Í� �ξ+ � ξ*�ıydı. 
Corollary 2.56. Under assumptions of Theorem 2.2, choosing h*�ı� � √*��+√�  and 

h+�ı� � √�+√*��, we obtain 

αℱÎ,Í� �ξ+ � ξ*� 

Ô �I
«ª� ψ*�ξ* � ℱÎ,Í� �ξ+ � ξ*��ψ+�ξ* � ℱÎ,Í� �ξ+ � ξ*��� I�
«Nℱ&,'( �
��
«��ø� ψ*�ξ*�ψ+�ξ*�� 
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�2.64�      � PR#C* � C+% � RRCP, 
where 

PR : � z #*
|

ı1 � ı � 1 � ıı %expx�AℱÎ,Í� �ξ+ � ξ*�ıydı, 
RR : � expx�AℱÎ,Í� �ξ+ � ξ*�ıy2AℱÎ,Í� �ξ+ � ξ*� . 

Remark 2.1. If we take ω* � ϖ* � 0 for all i � 1,2 in all proved results of this paper, 
then all results holds for the �h*, h+�–nonconvex functions. 

Remark 2.2. If we choose ℱÎ,Í� �ξ+ � ξ*� � ξ+ � ξ* in our Theorems 2.1 and 2.2, then 
all results holds for the exponentially �ω*,  ω+,  h*, h+�–convex functions. 

 

Remark 2.3. For different positive values of ρ, λ, where σ � �σ�0�, … , σ�k�, … � is 
bounded sequence of positive real numbers involving ℱÎ,Í� �⋅� (Raina function) in our 
Theorems 2.1 and 2.2, we have different fascinating inequalities of Hermite–
Hadamard type. Moreover, from our corollaries some applications to special means for 
different positive real numbers and bounds regarding error estimations for quadrature 
formula can be found as well. This demonstrates the efficient of our results. We omit 
here their proofs and the details are left to the interested reader. 

3. Conclusion 

In this paper, the authors defined new class of functions, the so-called exponentially �ω*,  ω+,  h*, h+�–nonconvex function involving ℱÎ,Í� �⋅� (Raina function). Utilizing 
this, some Hermite–Hadamard type integral inequalities via generalized fractional 
integral operator are provided. Under suitable condition regarding parameters ω* and ω+, the results hold at the same time for all convex functions. Interested reader can 
establish new inequalities via fractional operators or multiplicative integrals. We 
believe that our results can be applied in convex analysis, quantum calculus, 
optimization and different areas of pure and applied sciences. 
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Abstract: In this paper, we give the equivalent definitions for both rough statistical 
Wijsman convergence and rough statistical Hausdorff convergence of a sequence of 
sets. Then we prove the relation between rough statistical Wijsman convergence and 
rough statistical Hausdorff convergence. 
 
Keywords: Sequence of sets; Rough statistical Wijsman convergence; Rough 

statistical  Hausdorff convergence. 

 
1. Introduction 
 
The notion of statistical convergence of sequences was introduced by Fast [4] and 
Schoenberg independently [14]. Fridy [5] defined the concept of a statistically Cauchy 
sequence and prove that it is equivalent to statistical convergence. Fridy and Orhan [6] 
gave the definitions of statistical limit superior and statistical limit inferior. 
 
Wijsman [17,18] defined a new concept of convergence by using the pointwise 
convergence of sequences obtained from distance functions. If this pointwise 
convergence is replaced to uniform convergence, then Hausdorff convergence is 
obtained. Nuray and Rhoades [7] generalized the concepts of Wijsman convergence 
and Hausdorff convergence using the theory of statistical convergence. Later, Nuray et 
al. [8] gave the notion of Wijsman statistical convergence of double sequences of sets. 
 
The rough convergence theory was first introduced by Phu [12] in 2001. Aytar [1] 
gave a new definition by combining rough convergence theory with the statistical 
convergence theory. Debnath and Rakshit [2] studied on rough convergence in metric 
spaces. 
 
 



First Western Balkan Conference on Mathematics and 
Applications 10-12-June 2021, Prishtine, Kosovo 

(http://fwbcma2021.ilirias.com/) 

 

111  

 
Recently, the rough convergence theory has started to be applied in set theory as well. 
Ölmez and Aytar [9] first defined the notion of rough Wijsman convergence. Ölmez et 
al. [10] stated the equivalent definition of rough Wijsman convergence. Subramanian 
and Esi [15,16] introduced the concepts of rough Wijsman convergence and rough 
Wijsman statistical convergence for a triple sequence of sets, respectively. 
 
In this paper, the equivalent definitions of rough Wijsman statistical convergence and 
of rough Hausdorff statistical convergence are given. Then the relation between rough 
Wijsman convergence and rough Hausdorff convergence is examined (see Theorem 
3.1). The proof techniques are similar to that of classical case (see [10]).  
 
2. Preliminaries 
Throughout this paper, we assume that X  is a nonempty set and X  is a metric on 

X  and  ,A nA  are nonempty closed subsets of X  for each Nn . 

We briefly recall some of the basic notions in the theory of statistical convergence and 
we refer readers to [4,5,6,14] for more details. Let K  be a subset of the set of positive 
integers ,N  and let us denote the set  nkKk  :  by .nK  Then the natural density 

of K  is given by ,lim:)( n

K

n

nK


  where nK  denotes the number of elements in 

nK . 

The sequence }{ nx  is said to be statistically convergent to ,x  denoted by xx
st

n   or 

,lim xxst n   if for each 0  the set  

  },:{   xxn nXN  

has natural density zero [5]. 
For a sequence }{ nx , the notions of statistical limit superior and statistical limit 

inferior are defined as follows:  

,
otherwise,

,inf
:}{inflim

,
otherwise,

,sup
:}{suplim

}{}{

}{}{



















nn

nn

xx
n

xx
n

AA
xst

BB
xst

 

where  
   0:::}{  axnaA nxn

NR 
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and 
    0:::}{  bxnbB nxn

NR  [6]. 

 
Let r  be a nonnegative real number. The sequence }{ nx  is said to be rough 

convergent to x  with the roughness degree ,r  denoted by ,xx
r

n   if for each 0  

there exists an    Nn   such that   rxxnX ),(  for each  nn   [12]. 

The distance function ),0[:),(  XAd  is defined by the formula 
 

}:),({inf),( AyyxAxd X   [17]. 

We say that the sequence }{ nA  is Wijsman convergent to the set A  if 

. allfor  ),(),(lim XxAxdAxd n
n




 

In this case, we write ,AA
W

n   as n  [17]. 

We say that the sequence }{ nA  is Wijsman statistically convergent to the set A  if 

  0}),(),(:{   AxdAxdn nN  

for every 0  and each .Xx  In this case, we write ,AA
Wst

n



  as n  [7].  

 
3. Rough Statistical Convergence 
 
In this study, inspired by the work of Ölmez et al. [10], we obtained some results for 
rough statistical Wijsman convergence and rough Hausdorff statistical convergence. 
Definition 3.1 ([9]). A sequence }{ nA  is said to be r Wijsman convergent to the set 

A  if for every  0  and each Xx  there is an N),( xN   such that 

),( allfor  ),(),( xNnrAxdAxd n    

and we write ),(),( AxdAxd
r

n   or AA
Wr

n



  as n . 

Now define 
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(3.1)                            }.:{1 AAXAALIM
Wr

nn
r



  

 Definition 3.2 ([16]). A sequence }{ nA  is said to be r Wijsman statistically 

convergent to the set A  if we have  
 

  0}),(),(:{   rAxdAxdn nN  

for every 0  and each Xx  and we write ),(),( AxdAxd
str

n



  or AA
Wstr

n



  as 

n . 
Now define 

(3.2)                          }.:{1 AAXAALIMst
Wstr

nn
r



  

If a sequence is Wijsman statistically convergent, then this sequence is r Wijsman 
statistically convergent to the same set for each .r   
The following proposition characterizes r Wijsman statistical convergence by 
means of the upper limit. 
Proposition 3.1. The set  

  rAxdAxdn n ),(),(:N  

has natural density zero for every 0  and each Xx  if and only if 

.),(),( suplim rAxdAxdst n
n




 

Proof. (Necessity) Assume that ),(),( AxdAxd
str

n



 . Define 

.),(),(:)( AxdAxdxf nn   

Then for every 0  and each Xx  the set   rxfn n )(:N  has natural 

density zero. On the contrary, suppose that 
.)( suplim rxfst n

n




 

Let 

.
3

)( suplim
)(

rxfst
x

n
n


   

By definition of sup,limst  we have 

)()( suplim)( xxfstxf n
n

n 

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for each Kn , where K  is a subset of N  with 0)( K . Take ),(x   then we 
have 
(3.3)                             .0)()(:  xrxfn n  N  

The expression (3.3) contradicts to the definition of suplimst . Hence, we get  




n

st suplim rxfn )(  for each .Xx   

 
(Sufficiency) Now let us 




n

st suplim rxfn )(  for each Xx . On the contrary, 

suppose that there exists an  and an Xx  such that  WxÛn N : A���� E 9 � F ̃Ýy à 0. 
By the assumption, we have  

(3.4)                 W mGn N : A���� D p



n

st suplim A����q � F ̃Hn à 0. 

This expression (3.4) contradicts to the fact that WxÛn N : A���� E 9 � F ̃Ýy à 0, 
which completes the proof. 
We say that a sequence }{ nA  is Hausdorff convergent to the set A  if 

,0),(lim 


AAH n
n

 and we denote ,AA
H

n   as n . That is, we have AA
H

n   

provided that, for every 0  there exists an N)(N  such that 

 )( allfor  ),(),(sup),(  NnAxdAxdAAH n
Xx

n 


[13]. 

The sequence }{ nA  is said to be r Hausdorff convergent to the set A  if for every 

0  there exists an N)(N  such that 

).( allfor  ),(),(sup),(  NnrAxdAxdAAH n
Xx

n 


 

In this case, we write AA
Hr

n



  as n  [10].We say that a sequence }{ nA  is 

Hausdorff statistically convergent to the set A  if  ,0),(lim 


AAHst n
n

 and we 

denote ,AA
Hst

n



  as n . That is, we have AA
Hst

n



  provided that, the set  







 


),(),(sup: AxdAxdn n

Xx

N  

has natural density zero for every 0  [7]. 
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Example 3.1. Define a sequence }{ nA  by 

   
    .

otherwise ,1,1,1

number nonsquarea  is  if ,1,11,3
:

1










n

n
A n

n  

This sequence is Hausdorff statistically convergent to the set    .1,11,3 A   
The concept of rough statistical convergence was defined by Dündar and Çakan [3] 
and Pal et al. [11] in an infinite dimensional normed space. This definition can be 
easily generalized in any metric space. Moreover, since Hausdorff distance is a metric, 
we can define a new type of Hausdorff statistical convergence for a sequence of closed 
sets as follows: 
 Definition 3.3. The sequence }{ nA  is said to be r Hausdorff statistically 

convergent to the set A if  

0),(),(sup: 













 


 rAxdAxdn n

Xx

N  

for every .0  In this case, we write AA
Hstr

n



  as n . 

Now let us define 

.:






 



AAXAALIMst
Hstr

nn
r

H  

If a sequence is Hausdorff statistically convergent, then this sequence is r Hausdorff 
statistically convergent to the same set for each r . However, the converse of this 
claim does not hold in general, as can be seen following 
Example 3.2. Let us consider the sequence }{ nA  defined in Example 3.1. This 

sequence is r Hausdorff statistically convergent to the set    1,13,3 A  for 

each .4r   
The following proposition characterizes the concept of r Hausdorff statistical 
convergence by means of the statistical upper limit. Its proof is similar to that of 
Proposition 3.1. 
Proposition 3.2. For every 0  we have 

0),(),(sup: 













 


 rAxdAxdn n

Xx

N  

if and only if 

.),(),(sup suplim rAxdAxdst n
Xxn



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Finally, giving the relation between the concepts of rough Wijsman statistical 
convergence and rough Hausdorff statistical convergence, we will end our work. 
Theorem 3.1. If the sequence }{ nA  is r Hausdorff statistical convergent to the set A , 

then it is r Wijsman statistical convergent to the same set. 
 
Proof. Let us the sequence }{ nA  is r Hausdorff statistically convergent to the set 

.A  Then, we have  

.0),(),(sup: 













 


 rAxdAxdn n

Xx

N  

Thus we get 




rAxdAxdAxdAxd n
Xx

n ),(),(sup),(),( 00  

for almost all n . Since Xx 0  is an arbitrary point, we say that the sequence }{ nA  is 

r Wijsman statistically convergent to the set .A   
The converse of the above theorem does not hold in general as can be seen in the 
following 
Example 3.3. Define the sequence }{ nA  as follows: 

  
.

otherwise ,,0
number nonsquare

a is  if ,
}0)1(42)2(:R²),{(

:
22












n

n
nynyxyx

An  

This sequence is r Wijsman statistically convergent to the set  

}1 and R:R),{( 2  yxyxA  
 

for ,1r  but it is not r Hausdorff statistically convergent to the set A . 
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Abstract: In this paper, we define the set of rough statistical Wijsman limit of a 

sequence of sets. Then we prove some inclusion relations related to this limit set.  

 

Keywords: Rough statistical convergence; Wijsman convergence; Rough limit set. 

 

1. Introduction 

The idea of statistical convergence, it was introduced by Fast [4] and Schoenberg [12] 
independently. Fridy [5] gave the definition of statistically Cauchy sequence. Fridy 
and Orhan [6] defined the notions of statistical limit superior and statistical limit 
inferior. 
 
Wijsman [15,16] introduced the famous concept of Wijsman convergence, which 
corresponds to the pointwise convergence of sequences made up of distance functions. 
Nuray and Rhoades [7] extended the notion of Wijsman convergence to statistical 
convergence. Later, Nuray et al. [8] generalized the concept of Wijsman statistical 
convergence to double sequences of sets. 
 
As for the concept of rough convergence was first introduced by Phu [11] in finite 
dimensional normed spaces. Aytar [2] applied the statistical convergence theory to the 
rough convergence theory. Debnath and Rakshit [3] gave some results related to the 
rough limit set in metric spaces. 
 
Recently, many authors have studied on the theory of rough convergence of sequences 
of sets. Ölmez and Aytar [9] first introduced the concept of rough Wijsman 
convergence. Ölmez et al. [10] gave the equivalent definition of rough Wijsman  
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convergence. Subramanian and Esi [13,14] defined the concepts of rough Wijsman 
convergence and rough Wijsman statistical convergence for a triple sequence of sets, 
respectively. 
 
In this paper, defining the concept of the set of rough Wijsman statistical limit, some 
inclusion relations related to this limit set are proved. The proof techniques are similar 
to that of classical case (see [10]). 
 

2. Preliminaries 

Throughout this paper, we assume that X  is a nonempty set and X  is a metric on 

X  and  ,A nA  are nonempty closed subsets of X  for each Nn . 

We briefly recall some of the basic notions in the theory of statistical convergence and 
we refer readers to [4,5,6,14] for more details. Let K  be a subset of the set of positive 
integers ,N  and let us denote the set  nkKk  :  by .nK  Then the natural density 

of K  is given by ,lim:)( n

K

n

nK


  where nK  denotes the number of elements in 

nK . 

The sequence }{ nx  is said to be statistically convergent to ,x  denoted by xx
st

n   or 

,lim xxst n   if for each 0  the set  

  },:{   xxn nXN  

has natural density zero [5]. 
Let r  be a nonnegative real number. The sequence }{ nx  is said to be rough 

convergent to x  with the roughness degree ,r  denoted by ,xx
r

n   if for each 0  

there exists an    Nn   such that   rxxnX ),(  for each  nn   [11]. 

The distance function ),0[:),(  XAd  is defined by the formula 

. }:),({inf),( AyyxAxd X    

We say that the sequence }{ nA  is Wijsman convergent to the set A  if 

. allfor  ),(),(lim XxAxdAxd n
n




 

In this case, we write ,AA
W

n   as n  [15]. 
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The set A  is called Wijsman cluster point of the sequence }{ nA  provided that there is 

a subsequence that Wijsman converges to the set .A In this case }{ nAL  denotes the set 

of all cluster points of the sequence }.{ nA   

We say that the sequence }{ nA  is Wijsman statistically convergent to the set A  if 

  0}),(),(:{   AxdAxdn nN  

for each Xx  and every .0  In this case, we write ,AA
Wst

n



  as n  [7]. 

The set A  is called Wijsman statistical cluster point of the sequence }{ nA  provided 

that  

  0}),(),(:{   AxdAxdn nN  

for each Xx  and every .0 In this case }{ nA  denotes the set of all statistical 

cluster points of the sequence }{ nA  [7] .   

 
3. Rough Statistical Wijsman Limit Sets 
 
Definition 3.1 ([9]). A sequence }{ nA  is said to be r Wijsman convergent to the set 

A  if for every 0  and each Xx  there is an N),( xN   such that 

),( allfor  ),(),( xNnrAxdAxd n    

and we write ),(),( AxdAxd
r

n   or AA
Wr

n



  as n . 

 Definition 3.2 ([14]).  A sequence }{ nA  is said to be r statistically Wijsman 

convergent to the set A  if we have  

  0}),(),(:{   rAxdAxdn nN  

for every 0  and each Xx  and we write ),(),( AxdAxd
str

n



  or AA
Wstr

n



  as 

n . 
Now define 

(3.2)                        }.:{1 AAXAALIMst
Wstr

nn
r



  

If a sequence is Wijsman statistical convergent, then this sequence r Wijsman 
statistical converges to the same set for each r . However, there are some sequences of  
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sets which are r Wijsman statistically convergent, but not Wijsman statistically 
convergent as can be seen in the following 
Example 3.1. Define a sequence }{ nA  by 

��  : �
⎩⎪⎨
⎪⎧C1�I Ô #�1, 0% ,  if � is an odd and nonsquare integer

C1�I Ô #0, 1% ,  if � is an even and nonsquare integer]�^ Ô #0, 1% ,  otherwise

. 
We modified this sequence for the statistical convergence. You can see in [1] for the 
classical version of this sequence. This sequence is not statistically Wijsman 
convergent to the set )}.0,0{(A  Indeed, if we take )1,0(x  then we have 

1)),1,0(( Ad  and  
 

.

otherwise ,

integer nonsquare and even an is  if ,

integer nonsquare and odd an is  if ,1

)),1,0(( 1

1
2







 



n

n

n

Ad n

n

n  

Since 
,0)),1,0(( inflim and 1)),1,0(( suplim 


n

n
n

n

AdstAdst  

we have that  



n

st lim ),( nAxd  does not exist. Therefore, this sequence is not 

Wijsman statistically convergent to the set ,A  but this sequence is r Wijsman 

statistically convergent to the set A  for 1r . 

Remark 3.1.  In the Example 3.1, if we take ,1 n
r ALIMstA   then we have 

(3.3)                                    ),0,0( rBA  

where    .)),0,0((:R),0,0( 2 rxxrB    Now let us prove the inclusion (3.3) 

. On the contrary, assume that   ).,0,0( rBA  For the sake of generality let us 

choose 2
21 R),(  xxx   such that 01 x  and .12 x  Then, there exists an 

Axxx  ),( 21  such that .2
2

2
1 rxx   Then we have 
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 

   

   

.

otherwise ,1

integer nonsquare

and even an is  if ,
1

integer nonsquare

and odd an is  if ,

),(

2
2

2
1

2
2

21
1

2
2

21
1























xnx

n
xx

n
xx

Axd n

n

n  

Since rAxdAxd n  ),(),(  with odd and nonsquare integer, we get 

n
r ALIMstA  1 . This contradiction completes the proof. If the origin is an element 

of the set A  and A  is contained in the r closed ball, then we have 

.1 n
r ALIMstA    

Remark 3.2.  In the Example 3.1, if we take   0,5
1A  then the sequence }{ nA  is 

not r Wijsman statistically convergent to the set A  for 1r . Since 

  5
26

5
1 0,sup

}{




cr
nAc

, the sequence }{ nA  is r Wijsman statistically 

convergent to the set   0,5
1A  for .5

26r  Moreover this sequence is not r

Wijsman statistically convergent to the set A  for all 5
26r . 

Now define 

(3.4)                )}.,(:{),( }{
 

2

}{

rABXArcBALIMst
n

nAc

An
r 



∩  

Then, for the usual rough statistical convergence of a sequence of elements in any 
metric space, the sets defined by the equalities (3.2) and (3.4) coincide with each 
other. But these sets are not equal for an arbitrary sequence of sets. The following 

example compares the sets n
r ALIMst 1  and .2 n

r ALIMst    

Example 3.2. Define a sequence }{ nA  by 

   
   
   

.

otherwise ,0,2,0

integer nonsquare and even an is  if ,2,0,3

integer nonsquare and odd an is  if ,2,03,

: 1

1

















n

n

n

A n

n

n  
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This sequence is not Wijsman statistically convergent to the set   ].2,0[}0,0{ A  

But, this sequence is r Wijsman statistically convergent to the set A  for 3r . 

Moreover, we have n
r ALIMstA  1  and  

 

     
   5,33,3

3],2,0[0,33],2,0[3,02



 BBALIMst n
r

 

for 3r . Hence, the definition of n
r ALIMst 1  does not coincide with that of 

.2 n
r ALIMst    

We are ready to give following inclusion. 

 Proposition 3.1.  If ,1 n
r ALIMstA   then n

r ALIMstA  2 . 

 Proof. Let n
r ALIMstA  1 . On the contrary, suppose that 

.2 n
r ALIMstA   

Then there exists Ay  such that n
r ALIMsty  2 . Therefore, we have 

 

 

.),(

),( inf

),(

),(

),(
 

2

}{

rAcd

rcy

rcy

rcByc

rcByALIMsty

Ay

A

n
r

n

nAc


















∩

 

Since ,1 n
r ALIMstA   we get  

   0),(),(:   rAxdAxdn nN  

for every 0  and each Xx . If we take cx   which is a statistical cluster point, 
then  

   .0),(:   nAcdn N  

Because of rAcd ),(  and ),( nAcd  for each   ),(: nAcdnn N , we 

have  

(3.5)                          .0),(),(:   AcdAcdn nN  
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This expression (3.5) contradicts to the fact that n
r ALIMstA  1 . This implies that 

n
r ALIMstA  2 . 

 Proposition 3.2. If }{
nkA  is a subsequence of },{ nA  then 

.11 nk
r

n
r ALIMstALIMst 

 
 

 Proof. Let n
r ALIMstA  1 . Then, for every 0  and each Xx  there exists an 

N),( xN   such that 

   .0),(),(:   rAxdAxdn nN  

Since }{
nkA  is a subsequence of }{ nA , we have 

   .0),(),(:   rAxdAxdn
nkN  

Therefore we get 
nk

r ALIMstA  1 . 

 Proposition 3.3. If ,21 rr   then we have 

. and 2121
2211 n

r
n

r
n

r
n

r ALIMstALIMstALIMstALIMst   

 Proof. First we show that n
r

n
r ALIMstALIMst 21

11  . Let 21 rr   and                          

n
r ALIMstA 1

1  . Thus, for every 0  and each Xx  we have  

   .0),(),(: 21   rrAxdAxdn nN
 

Hence we get n
r ALIMstA 2

1  . If 21 rr   and }{ nAc   then we have 

)},(),( 21 rcBrcB   

.),(),(
 

2
 

1

}{}{

∩∩

nAcnAc

rcBrcB



  

This shows that  .21
22 n

r
n

r ALIMstALIMst    
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Analysis of several ways to formulate the Cayley-

Dickson construction 
Ph.D student Remus Boboescu  

Ovidius University Constanţa, Romania 
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Abstract The algebraic structure of algebra is obtained by introducing a multiplication 
operation on a vector space. The elements of vector space expressed in the canonical 
basis define the algebraic form of the elements of algebra. The Cayley-Dickson 
construction is a method of obtaining new algebras by doubling the size of the vector 
space. A sequence of algebras is obtained by the recurrent definition of an application 
called involution and the definition of multiplication of vectors in doubled algebra 
relative to the originally considered set. Multiplication is defined as a multiplication of 
two-dimensional vectors. A matrix writing of multiplication that highlights the role of 
each element is proposed. Several forms of matrix writing are analyzed. The 
propagation of the commutativity and associativity properties from the initially 
considered algebra to the doubled size algebra  is analyzed. 
 
Keywords: Cayley-Dickson construction, multiplication matrix writing, switches of 
factors, imaginary base elements  
 
I. Introduction 

The Cayley-Dickson construct is a method of constructing an algebra whose 
components are two-dimensional vectors with components of a given algebra. Its 
general formulation for any algebra is presented in [Flaut, 2019]. The sequence of 
algebras doubled in size was analyzed in the paper [Bulacu, 2009]. The construction of 
quaternions, octonions, and sedenions in these algebras was shown in [Eakin, 1990], 
[Bresar, 2011] showed that in the Cayley-Dickson construction a series of unitary 
algebras is formed in which the subalgebra generated by any scalar element is 
isomorphic with C.These have been called "locally complex algebras".[Castro, 2020] 
presented the construction of hypercomplex numbers. [Felipe, 2010] used the Cayley-
Dickson construction to construct "relaxed algebras" that do not respect all the 
properties of algebra, especially the lack of associativity. A generalization of  
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the construction is proposed in which two parameters are introduced, one in each 
component and a generalization method in which an algebra is obtained as a direct 
sum of two distinct algebras.  

[Pumplun, 2014] studied how to obtain division algebras by generalizing the 
duplication process in the Cayley-Dickson construction. This paper analyzes the 
formulation of the Cayley-Dickson construction. 

Although its application is widely used, the meaning of the terms that appear 
in the multiplications in the definition of multiplication is not highlighted. It is also 
necessary to correlate the formulation of the Cayley-Dickson construction with the 
introduction of quaternions, octonions and other hypercomplex numbers in general. 

 
II. Cayley-Dickson construction 

Let be A  algebra over a field F  and a nonzero element from F and be
*xx   a linear function called involution such that we have: 

Fxtrxx  )(*  function trace ,                                                                                             
(1)   

 Fxnxx  )(* ,  function norm,                                                                                               
(2) 

**)*( xyxy                                                                                                                              
(3) 

We will consider the direct sum of linear spaces AAA )2( . On this we 

have the structure of algebra, A  being subalgebra of )2(A  through )0,(xx   and the 

involution extends to )2(A  through: 
)*,()*,( 2121 aaaa                                                                                                                     

(4)   
Thus we have: 

)0),((),( 121 atraatr  or )(),( 121 atraatr  ,                                                                                
(5)       

)()(),( 2121 ananaan                                                                                                             
(6)    

,where F , 
We have the following forms of definition of multiplication: 
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- multiplication on the right, the conjugates of the components of the right 
element appear: 

)*,*(),(),( 121222112121 abbaabbabbaa                                                                        

(7) 
- multiplication on the right, the conjugates of the components of the left 

element appear: 
)**,(),(),( 212122112121 abbaabbabbaa                                                               

(8) 
These writings do not highlight the role of each of the four terms. Several similar 
writings can be considered by switching the terms to both addition and multiplication. 
Such writing may be considered to represent multiplication in the Cayley-Dickson 
construction if it respects: 

)0),,(()*,(),( 212121 aanaaaa                                                                                     

(9) 
To make clear the considerations behind the previous formulas we will 

consider a matrix writing. One of the two two-dimensional vectors is expanded into a 
second-order square matrix. Multiplication is the matrix product between a two-
dimensional line vector and a second-order square matrix. Thus the result is a two-
dimensional line vector. We will consider the following definitions of multiplication: 

- Multiplication on the right: 













**
),(),(),(

12

21
212121 bb

bb
aabbaa


                                                                        

(10)                    
- Multiplication on the left: 













**
),(),(),(

12

21
212121 aa

aa
bbbbaa


                                                                        

(11)             
These coincide with the previous ones only if we consider the multiplication 

of the elements of the commutative matrices. The multiplication of matrices with 
elements in a non-commutative algebra requires that the order in the multiplication be 
between the element of the vector with components on the line and the element of the 
vector with components on the column. 

Thus in matrix writing: 
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*
*

),( 2211
2

1
21 baba

b

b
aa 













 2211 * abba                                                               

(12) 
The order of the terms in the sum does not pose problems because the addition 

is always commutative but must be respected to highlight the meaning of the terms. 
Once we chose a form for multiplying two-dimensional vectors, we completed 

the Cayley-Dickson construction. The Cayley-Dickson construction has the following 
elements: 

- consideration of algebra A ; 
- definition of norm, application FAn :  and function of involution 

(conjugate number); 
- the constant F that appears in the definition of multiplication; 
- the way of defining the multiplication 
This gives a series of algebras doubled in size. A sequence of algebras is 

formed: 

...)8()4()2( AAAA                                                                                                            
(13) 

 
III. Application of the matrix writing of multiplication for a non-commutative 
algebra 

Let be multiplication for an element of algebra )2(A  by its conjugate by 
applying multiplication to the right: 

 )*,(),( 221 aaaa















**)(*)(
),()*,(),(

12

21
212121 aa

aa
aaaaaa










 


12

21
21 *

*
)(

aa

aa
aa


 

)**( 12212211 aaaaaaaa  
))()(( 122121 aaaaanan   ),),(( 122121 aaaaaan                                                                                                              

(14) 
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We used to Aa  , )(** anaaaa  (2) and  aa *)*(                                                 
(15) 

We notice that this respects the condition (9) if and only if the multiplication 
in is commutative. This condition is not met for non-commutative algebra so we must 
intervene in the definition of the multiplication. This was done for the relations (7) but 
it do not respect the order of the factors in the matrix multiplication. In order to have 
both the correctness of the relations and the advantage of matrix writing, we introduce 
a switching operator in the matrix writing. It acts on the element it "multiplies on 
right" and switches the order of factors into multiplication. We will write: 

abbra
def

 )~(  Aba  ,                                                                                                           
(16) 

Thus the relation: 
)*,*(),(),( 121222112121 abbaabbabbaa                                                                      

(17) 
is written in matrix multiplication: 













**~

~
),(),(),(

12

21
212121 bbr

brb
aabbaa


                                                                      

(18) 
The previous demonstration shows that the switching operator on the first 

column has no effect on determining the norm formula. Its presence comes from a 
logical association between the switching operator and the conjugation operator. Thus 
we can give up the switching operator if we consider that the multiplication of the 
conjugate element when it is the second element of the multiplication also achieves the 
switching of the multiplication. We have: 













*~*~),(),(),(
12

21
212121 brbr

bb
aabbaa















*)~()*~(
),(

12

21
21 rbrb

bb
aa

def


         (19) 

This means a composition of the two operators. 
In the following we will eliminate unnecessary switching on the first column 

and we will establish the formula for multiplication as: 
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)**,(
*~*

),(),(),( 21212211
12

21
212121 abbababa

brb

bb
aabbaa

def











 


                (20) 

 
IV. Checking the properties of multiplication 

Using the form of multiplication defined in the previous relation we will 
check the properties of multiplication. 

Let's check the distributivity: 
- distributivity to the right: 















*)(~*)(
),()],(),[(),(

3142

4231
21432121 bbrbb

bbbb
aabbbbaa


 













*~*
),(

12

21
21 brb

bb
aa















*~*
),(

34

43
21 brb

bb
aa



),(),( 2121 bbaa  +   ),(),( 4321 bbaa                                                                                            

(21) 
We used that: **)*( yxyx     Ayx  ,                                                                            

(22) 
yrxryxr ~~)(~                                                                                                                      

(23) 
- distributivity to the left 













*~*
),(),()],(),[(

12

21
4231214321 brb

bb
aaaabbaaaa



),(),( 2121 bbaa  + ),(),( 2143 bbaa                                                                                                                                      

(24) 
The distribution of the multiplication of the matrices relative to the sum of the 

matrices is used. 
Let's check the multiplication of an element with its conjugate: 

 )*,(),( 2121 aaaa

 














**)(~*)(
),()*,(),(

12

21
212121 ara

aa
aaaaaa


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






 


12

21
21 ~*

*
)(

ara

aa
aa


)*,*( 21212211 aaaaaaaa   )0),,(( 21 aan                             

(25) 

 ),(*),( 2121 aaaa 











*~*
)*(),()*,(

12

21
212121 ara

aa
aaaaaa



)**,**( 21212211 aaaaaaaa   )**,)()(( 212121 aaaaanan  
)0),,(( 21 aan              

(26) 
This shows that the multiplication thus defined respects the condition (6) 

Let's calculate the square of an element of algebra )2(A . 

**,(
*~*

),(),(),( 1212211
12

21
212121 aaaaaaa

ara

aa
aaaaaa 










 


 

))(),(( 212
2

1 aatrana                                                                                                         
(27) 

This relation can be applied particularly for the elements that we will call in 
the following imaginary elements of the base, respectively real elements of the base. 

 
V. Particular applications 

 
Proposition 1 If algebra is commutative and involution is the identical function then 
algebra is commutative. 

Let be commutative algebra A . We will study the commutativity of algebra
)2(A . 

)**,(
*~*

),(),(),( 21212211
12

21
212121 abbababa

brb

bb
aabbaa 










 


                  (28) 

)**,(
*~*

),(),(),( 21212211
12

21
212121 baababab

ara

aa
bbaabb 










 


                  (29) 
Equating the two relations and applying the commutativity in A  results: 
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** 2222 abba                                                                                                                             

(30) 

21212121 ** baababba                                                                                                                                                       

(31) 
The above relations are true for any elements in A if the involution is the identical 
function and multiplication in A  is commutative. This is the case of the algebra of 
complex numbers obtained as a doubled algebra of the algebra of real numbers. 

Another idea that emerges in the writing of the Cayley-Dickson construct is to 
use the trace and norm functions instead of the conjugation operator. The definition of 
multiplication according to the trace application is as follows: 













))((~))((
),(),(),(

1122

21
212121 bbtrrbbtr

bb
aabbaa


 

 













)(~)(

00
),(

12
21 btrrbtr

aa
 










12

21
21 ~),(

brb

bb
aa


                                                      

(32) 
The second term represents the multiplication of algebraic forms associated 

with two-dimensional vectors. It is thus shown that if 0)()( 21  btrbtr  then the 
multiplication formulated in the Cayley-Dickson construction is an algebraic 
multiplication. This happens for elements considered purely imaginary. The definition 
of multiplication according to the norm application is as follows: 

 ),(),( 2121 bbaa 











 1
11

1
22

21

21
)(~)(

),(
bbnrbbn

bb
aa


                                                       

(33) 
Particular applications of this formula are obtained for 1)()( 21  bnbn .  
 

 
VI. Evaluation of the multiplication of the imaginary elements of the base from 

)2(A  
 
Definition 2 A subset I of algebra A , AI  , called the imaginary elements of the 
basis of algebra A has the following property: 
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pp * , Ip                                                                                                                      
(34) 

 

Consequence 3 We will have: 0*)(  ppptr  and Fppppn  2*)( . 

Proposition 4 Ip , elements )0,( p and  ),0( p  )2()2( AI  , are imaginary 

elements of the base in )2(A . 
Proof: 

)0,()0,()0*,()*0,( pppp                                                                                            
(35) 

),0(),0()*,0( ppp                                                                                                           
(36) 

Thus, we observe that the definition of the imaginary elements of the base in )2(A   is 
respected.  

Let be the multiplication of the imaginary elements of the base. We have the 
following cases: 

1) )0,(
)(~0

0
)0,()0,()0,( pq

qr

q
pqp 













                                                            

(37) 

2) ),0(
0~)(

0
)0,(),0()0,( pq

rq

q
pqp 













                                                           

(38) 

3) ),0(
)(~0

0
),0()0,(),0( qp

qr

q
pqp 













                                                         

(39) 

4) )0,(
0~)(

0
),0(),0(),0( pq

rq

q
pqp 













                                                          

(40) 
These relations can be put in the form of a table: 

Table 1 Multiplication of vector imaginary base elements from )2(A build with 
one component as imaginary element in A . 
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(q,0)     
(0,q) 

p,0) 

0,p)  

(pq,0)    
(0, pq) 

(0,-qp)  
( pq,0) 

 
For qp   we will have: 
 
Table 2 Application of Table 1 for qp   

(p,0)     
(0,p) 

p,0) 

0,p)  

(p2,0)    
(0, p2) 

(0,-p2)  
( p2,0) 

Even if at first look it seems that table 2 has elements from 2F because Fp 2 , this 
is not true. In the vector components the scalar element appears multiplied by the unit 
element from A . 

To multiply the imaginary elements of the base of algebra A , two hypotheses 
are formulated, either this multiplication is commutative or this multiplication is 
anticommutative. 
Proposition 5 Multiplications of type )0,()0,( qp  and ),0(),0( qp   keep the 

commutative or anticommutative property of algebra A . But multiplications type 
),0()0,( qp   are anticomutative no matter the multiplication of A . 

Proof: ),0(),0()0,( pqqp  ;   ),0(),0()0,(),0( pqpqpq  . 

Let's analyze the associativity of the elements of the set )2(I . We will 
calculate: 

1) )0,()0,()0,()]0,()0,[()0,( abcbcacba                                                                        
(41) 

    )0,()0,()0,()]0,()]0,()0,[( abccabcba                                                                      
(42) 

2) ),0()0,(),0()]0,()0,[(),0( bcabcacba                                                                     
(43) 
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    ),0())(,0()0,(),0()]0,()]0,(),0[( cbabaccbacba                                           
(44) 

3) ),0(),0()0,()]0,(),0[()0,( acbcbacba                                                                  
(45) 

     ),0()0,(),0()0,()],0()0,[( cabcabcba                                                                    
(46) 

4) ),0(),0()0,()],0()0,[()0,( abcbcacba                                                                     
(47) 

 
     ),0(),0()0,(),0()]0,()0,[( abccabcba                                                                     

(48) 
5) )0,(),0(),0()]0,(),0[(),0( acbcbacba                                                             

(49) 
    )0,()0,()0,()0,()],0(),0[( abccabcba                                                                     

(50) 
6) )0,(),0(),0()],0()0,[(),0( abcbcacba                                                                    

(51) 
    )0,(),0(),0(),0()]0,(),0[( baccbacba                                                                

(52) 
7) )0,()0,()0,()],0(),0[()0,( abcbcacba                                                                    

(53) 
    )0,(),0(),0(),0()],0()0,[( abccabcba                                                                    

(54) 
8) ),0()0,(),0()],0(),0[(),0( bcabcacba                                                                 

(55) 
    ),0(),0()0,(),0()],0(),0[( bcacabcba                                                                 

(56) 
These relations show the following: 

- Regardless of the association mode, the form of the resulting vector is kept; 
- There are particular cases in which multiplication is associative; 
- Where equality is not achieved, this could be achieved by reversing two 

factors. Based on the previous relations we formulate the following property. 
Property 6 If multiplying the imaginary base elements in algebra A  is 

anticommutative, then multiplication of imaginary base elements in algebra )2(A  is 
associative. 
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VII.  Evaluation of the multiplication of the real elements of the base from )2(A  
Definition 7 It is considered a subset AU  of algebra A  elements, called the real 
base units with property: 

uu *  Uu                                                                                                                          
(57) 

Proposition 8 If  AUu   then )2()2()0,( AUu  . 

Proof: )0,()0*,()*0,( uuu    
Let be the multiplication of two real units of the base: 
 









 )0,(~0

0
)0,()0,()0,( uv

vr

v
uvu )0,()0,( uv                                                             

(58) 
It is shown that the multiplication of the real elements of the base is always 
commutative. 

Observation 9 )2(2),0( AIu  ie is the imaginary unit 

Proof :  We have: ),0()*,0( uu  , and hence )0,0(),0(*),0(  uu  
Let's analyze multiplication between real unity and imaginary units of the 

base: 

1) )0,(
)(~0

0
)0,()0,()0,( uq

qr

q
uqu 













                                                              

(59) 

        )0,(~0

0
)0,()0,()0,( pu

ur

u
pup 













                                                              

(60) 

2) ),0(
0~)(

0
)0,(),0()0,( uq

rq

q
uqu 













                                                             

(61) 

       ),0(~0

0
),0()0,(),0( up

ur

u
pup 










                                                                    

(62) 
It is noted that the multiplication of real base units with imaginary units is 

commutative. 
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VIII. Conclusions  

A particular form of writing Cayley-Dickson was proposed.This has written 
the multiplication of two-dimensional vectors by expanding one of the vector in a 
square matrix. Thus, the multiplication of two-dimensional vectors was written as a 
matrix product.To show the order of factors in the matrix multiplication a switch 
operator was introduced. Thus, this write is also applicable for non-commutative 
algebras. 

A form of writing multiplication in the Cayley-Dickson construction that has a 
single commutation between factors has been chosen. Matrix writing of multiplication  

provides an important tool in assessing the transmission of properties from 

algebra A elements to algebra )2(A elements. 
The distribution of multiplication for the addition was checked. The 

multiplication formula was written using the functions trace and norm, instead of 
using the involution function (the conjugate). 

Among algebra A elements have been identified imaginary base elements and 
real elements of the base according to the particular definitions of the involution 
function (the conjugate). 
 This classification was made without identifying a basis in A . The two-dimensional 

vectors were built in )2(A  for which one components are these elements and the other 
is null. It has been shown that relative to the definitions of the conjugate considered in 

)2(A  two-dimensional vectors built maintained their classification as imaginary base 
elements or real base elements. Using the multiplication formula, the multiplication of 
these vectors was studied. The commutativity and associativity of these 
multiplications has been studied. 
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In this paper, the concept of rough lacunary statistical convergence of sequences of 

fuzzy numbers is introduced. Also, the set of rough lacunary statistical limit points of 

such sequences is defined. Then, some properties of this set are proved by using 

similar proof techniques in [6]. Finally, the relations between the set of lacunary 

statistical cluster points and the set of rough lacunary statistical limit points of a 

sequence of fuzzy numbers are investigated. 

Keywords: Lacunary statistical convergence, Lacunary statistical cluster point, 

Lacunary statistical limit point, Rough statistical convergence, Sequence of fuzzy 

numbers. 

Introduction 

The concept of statistical convergence was defined for a complex number sequence by 

Fast [8] as follows: 

A sequence of x  is said to be statistically convergent to L , if for each 0  , 



First Western Balkan Conference on Mathematics and 
Applications 10-12-June 2021, Prishtine, Kosovo 

(http://fwbcma2021.ilirias.com/) 

 

141  

 1
lim : 0k

n
k n x L

n
    . 

In this definition, by replacing the set  :k k n  with  1: s sk k k k   for some 

lacunary sequence  sk , Fridy and Orhan [9] defined lacunary statistical convergence. 

Also, they linked this concept with the summability theory. Then, the idea was 

extended to sequences of fuzzy numbers by Nuray [13], then studied by Kwon et. al. 

[12]. Many authors have worked on this concept and its generalizations. For examples, 

Altın, Et and Çolak [2] defined lacunary statistical and lacunary strongly convergence 

of generalized difference sequences of fuzzy numbers, Savaş [15] defined lacunary 

statistically convergent double sequences of fuzzy numbers, Gökhan, Et and 

Mursaleen [10] studied almost lacunary statistical and strongly almost lacunary 

convergence of sequences of fuzzy numbers. 

In 2001, Phu [14] brought a different perspective to convergence called rough 

convergence by expressing that the limit may not be unique for roughness degree in 

finite dimensional normed spaces and thus the rough limit set can be defined. Then, 

Aytar [3] introduced the statistical analogue of this new convergence. He defined the 

set of rough statistical limit points of a sequence and gave two statistical convergence 

criteria associated with the set. Also,  

Akçay and Aytar [1] studied rough convergence of sequences of fuzzy numbers. 

Babaarslan and Tuncer [4] generalized rough convergence for double sequences of 

fuzzy numbers. Moreover, Debnath and Rakshit [6] introduced rough statistical 

convergence of sequences of fuzzy numbers. 

Recently, the ideas of rough statistical convergence and lacunary convergence has 

been combined by many authors like as follows: 
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Kişi and Dündar [11] gave rough 2I -lacunary statistical convergence of double 

sequences, Das et. al. [5] studied rough lacunary statistical convergence of a sequence 

of random variables in probability. Debnath and Subramanian [7] studied on 

generalized rough lacunary statistical triple difference sequence spaces in probability 

of fractional order defined by Musielak-Orlicz function. 

In this work, we define the concept of rough lacunary statistical convergence in the 

space of fuzzy number sequences that are not a normed space. In addition, the rough 

lacunary statistical limit set is expressed and the properties of this set are mentioned. 

Moreover, the concepts of lacunary statistical limit inferior and limit superior are 

defined and their relationship with the rough statistical limit set is shown. Also, the 

relationship between lacunary statistical convergence and rough lacunary statistical 

convergence is given. 

Preliminaries 

A fuzzy number is a function X from ℝ to [0,1] , satisfying 
X is normal, i.e. there exists an 0x ℝ such that 0( ) 1X x  ; 
X is fuzzy convex, i.e. for any ,x yℝ  and 0 1    

 ( (1 ) ) min ( ), ( )X x y X x X y     

X  is upper semi-continuous; 
the closure of  0 : ( ) 0X x X x  ℝ  is compact. 

These properties imply that for each (0,1]  , the   level set 

 : : ( ) ,X x X x X X
         

ℝ  is a nonempty compact convex subsets of 

ℝ . The set of all fuzzy numbers is denoted by ( )L ℝ . The supremum metric on ( )L ℝ  

is defined by   
0 1

( , ) sup max ,d X Y X Y X Y
  

 
    and  ( ),L dℝ   is a 
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metric space.
   

A lacunary sequence  sk   is an increasing sequence of integers 

such that 0 0k  , 1s s sh k k    , as s  and the interval determined by this 

sequence is denoted by  1,s s sI k k .  

The lacunary density of K is defined as   lim s

s
s

I K
K

h 
∩

, [9].  

A sequence of ( )kX X  of fuzzy numbers is said to be lacunary statistically 

convergent to a fuzzy number 0X , if for every 0  , 

    0

1
( ) lim : , 0s k

s
s

K k I d X X
h      , 

where   0( ) : ,kK k d X X   ℕ , [13]. 

Throughout this paper, we assume that ( )kX X  is a sequence of fuzzy numbers, 

 sk  is a lacunary sequence and r  is a non-negative real number. 

Rough Lacunary Statistical Convergence of Sequences of Fuzzy  

Numbers 

 

Definition 3.1. A sequence of  kX X  is said to be rough lacunary statistical 

convergent to a fuzzy number *X , written as *

rs

kX X


 , if for every 0  , 

                      *

1
lim : , 0.s k

s
s

k I d X X r
h

                               (1)                       
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Here, r  is called the roughness degree. If we take 0,r   we obtain the lacunary 

statistical convergence. 

In a similar fashion to the idea of rough convergence of sequence of fuzzy numbers, 

we can interpreted our idea as follows: 

Assume that  kY Y  is lacunary statistically convergent to a fuzzy number *X . Let 

 kY Y  cannot be determined exactly for every sk I . If it is difficult to calculate 

with the elements of  kY Y , then we obtain a triangular fuzzy number sequences 

(named approximated sequence)  kX X  satisfying  

 ,k kd X Y r . So, we can use approximate value of  kY Y  for calculated simply. 

In here,  kX X  is not lacunary statistical convergent but as the inclusion 

     * *: , : ,s k s kk I d Y X k I d X X r        

holds and from our assumption we get the sequence  kX X  is rough lacunary 

statistical convergent to *X . The rough lacunary statistical limit of a sequence may 

not be unique for 0r  .  So, we define the r  statistical limit set as 

* *: ( ) : .
rs

r
k kS LIM X X L R X X




 

    
 

 

Now, we introduce S   limit superior and S   limit inferior of X . Then, we give 

the relationship between these concepts and r  statistical limit set of X .  

Definition 3.2. If  kX X  is a S  bounded sequences of fuzzy numbers, then 

rough lacunary statistical limit inferior of X is given by   
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liminf : infk X
k

S X A


  , 

and rough lacunary statistical limit superior of X  is given by   

limsup : sup ,k X
k

S X B


   

where  

   : ( ) : : 0X kA L k N X M    ℝ ≻ , 

   : ( ) : : 0X kB L k N X M    ℝ ≺ . 

If r
kS LIM X    for a sequence  kX of fuzzy numbers, then we have 

 limsup , liminfr
k k kS LIM X S X r S X r        . 

To prove the Theorem 3.1, we first give Lemma 3.1.  

Lemma 3.1. If *
r

kX S LIM X  , then we have 

   *: limsup , 0kk d S X X r     ℕ  

and  

   *: liminf , 0kk d S X X r     ℕ . 

Proof. We assume that   *: lim sup , 0kk d S X X r     ℕ . From this 

assumption, we can define 0 ɶ  as below 

 limsup ,
:

2
kd S X X r  

ɶ . 

By definition of S  limit superior, we have  limsup ,k kd S X X   ɶ  

for each 1k K , where  1 0K  .  
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Also, since *
r

iX S LIM X  , we have  *,kd X X r   ɶ  for each 2k K , 

where  2 0K  .  

Let 1 2: cK K K ∩ . Then   0K  . 

Hence, 

     * *limsup , limsup , ,k k k kd S X X d S X X d X X r        ɶ                                                                   

                          * *limsup , limsup ,k kr d S X X r d S X X      
 

for each k K . This contradiction proves the Lemma 3.1. 

Theorem 3.1. If r
kS LIM X    for a sequence  kX , then we have  

 limsup , liminf .r
k k kS LIM X S X r S X r         

Proof. Let 0  .  Assume that r
kX S LIM X  . Then, 

   *: , 0s kk I d X X r     . 

That is, for each 1k K , where  1 0,K   we can write 

 
0 1

sup max ,X X X X r
  


 

 
     

or  

0 1

sup X X r 




 
    and 

0 1

sup X X r
 




 
   . 

Hence, for each 1k K , where  1 0K  , we have 

1 1( ) ( )kX r X X r     ≺ ≺ . 

In here, we obtain two conditions: 

First, we get  1: ( ) 0kS k X X r    ≺ , i.e, 1( ) XX r B      and 
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according to the Lemma 3.1, we write 

1limsup : sup ( ).k xS X B X r          

Secondly, we get   1 1: ( ) 0kS k X X r    ≻ , i.e, 1( ) XX r A      and 

according to the Lemma 3.1, we  write 

1 1liminf : inf ( )k xS X A X r        .  

Hence, we obtain  * limsup , liminfk kX S X r S X r      . 

Theorem 3.2. For a sequence  kX , we have   2r
kdiam S LIM X r   . 

Proof. Assume that   2 .r
kdiam S LIM X r    Then, there exists 

, rY Z S LIM X  provided that ( , ) 2d Y Z r .  Let 
 ,

0,
2

d Y Z
r

 
  
 

. Since  

, rY Z S LIM X  , we have 1( ) 0K   and 2( ) 0K   for  0  , where 

 1 s kK : k I : d (X ,Y) r      and  2 s kK : k I : d (X ,Z) r     .  

Thus, for all 1 2 ,c ck K K ∩  we get  

         2k kd Y ,Z d X ,Y d X ,Z r d Y ,Z .      

So, it is a contradiction. 

Theorem 3. 3. The r  statistical limit set of  kX X is closed. 
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Proof. Let  kY  be a sequence in r
kS LIM X  which converges to *Y . If we show 

that 
r

* kY S LIM X  , then the proof will be completed. 

Let 0   be given. Since  kY  converges to *Y , there exists 
2

nk I

  such that 

2i *d (Y ,Y )


  for all  
2

k k . 

Now, we choose a 0 nk I  such that 0

2

k k . Then we can write 
0 2k *d (Y ,Y )


 . 

Since  

  r
k kY S LIM X   ,  we write   

0

r
k kY S LIM X  ,  

Namely   

 

 

 

                             limJ *KL ÷�B ∈ >J: 5̅ �!Ü , æ NO� � 9 � P+�÷ � 0.                  (2) 

Let us show that the inclusion  holds. 

For 
0

(
2

, ): k ksk I d X ri Y


  


 


, we have 
0 2i kd X ,( Y ) r


   . Since 

0 0i * i k k *d(X ,Y ) d(X ,Y ) d(Y ,Y ) r     , 

we have  s k *i k I : d(X ,Y ) r     .   

From Eq. (2), we can write 

 
0

1
lim : , 1

2ks k
s

s

k I d X Y r
h

     
 

, 

 
0 2k * k ks sk d , ,I : (X ) r k I : d )(X rY Y


       

 
 
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so we have      

  1
lim : , 1s k

s
s

k I d X Y r
h

    , 

which completes the proof. 

Theorem 3.4. A sequence  of  kcX  is r  lacunary statistical convergent to cX  , 

for any cℝ , if  kX X  is 
r

c
 lacunary statistical convergent to X  . 

Proof.  Given 0  , we write the inclusion 

    * *

1 1 ( )
: , : ,s k s k

s s

r
k I d cX cX r k I d X X

h h c




  
      

  
, 

by taking limit s  , the proof is completed.  

Theorem 3.5. If  kX X  is 1r  lacunary statistically convergent to X   and 

 kY Y  is 2r  lacunary statistically convergent to Y , then ( )k kX Y  is 

1 2( )r r  lacunary statistically convergent to X Y  . 

Proof. Given 0  , we can write 

  * 1 2

1
: , ( )s k k

s

k I d X Y X Y r r
h

                                                                                        

 * 1

1
: ,

2s k

s

k I d X X r
h

    
 

   +  * 2

1
: ,

2s k

s

k I d Y Y r
h

    
 

, 

then, by taking limit s  , from our assumptions, we prove the theorem. 
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Theorem 3.6.  If there exists a sequence  kY Y  lacunary convergent to X   and 

( , )k kd X Y r  for each sk I , then a sequence  kX X  is r  statistically 

convergent to X  . 

Proof. From our assumption, we have 

  *

1
lim : , 0s k

s
s

k I d Y X
h

    

for every 0  .  Because ( , )k kd X Y r  for each sk I , the inclusion 

   k * ks sk I : d(Y k I : d(, X ) , X )X r       

holds. Hence, we get  

  *

1
lim : , 0s k

s
s

k I d X X r
h

    . 

Theorem 3.7. If  kX X  is lacunary statistical convergent to X  , then 

 ( ) : ( ) : ( , )r
rkS LIM X B X L d X r       ℝ . 

Proof. Let   1 *: ,s kK k I d X X    . Since *

s

kX X


 , we have 1

1
lim 0

s
s

K
h



. Let we take ( )rY B X  . For all 1
ck K , we get 

( , ) ( , ) ( , )k kd X Y d X X d X Y r     , 

which shows that  r
kY S LIM X  . 
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Let   2 *: ,s kK k I d X X r     . Now, we take an arbitrary 

r
kY S LIM X  . So, we write 2

1
lim 0

s
s

K
h

 . Since *

s

kX X


 , we have 

1

1
lim 0

s
s

K
h

 .  For all 1 2
c ck K K ∩ , we get 

( , ) ( , ) ( , ) 2k kd Y X d X Y d X X r      

which shows that ( )rY B X  . 

Theorem 3.8. For any arbitrary C   of  kX X , we have ( , )d X C r   for all 

r
kX S LIM X  . 

Proof. Assume that there exist a point C   and r
kX S LIM X   such that 

( , )d X C r  . Define 
( , )

3

d X C r
  
 .  

Then, we write 

   k s ks *, X )k I : d( X k I : d(Xr ,C )      

Since C  , we have  : d
1

li (Xm 0, )ks
s

s

Ck
h

I   .  

Hence we get   1
0k *

s
s

s

k I : d(lim ,X )
h

X r     , which contradicted 

the fact that r
kX S LIM X  . 

 

 

 

 



First Western Balkan Conference on Mathematics and 
Applications 10-12-June 2021, Prishtine, Kosovo 

(http://fwbcma2021.ilirias.com/) 

 

152  

 

Theorem 3.9.  

a) If C   of  kX X , then ( )r
rkS LIM X B C    

b)  ( ) ( ) : ( )r
r rk

C

S LIM X B C X L B X


  


     ℝ∩  

Proof.  

a) Let r
kX S LIM X   and C  . By Theorem 3.8, we have  

( , )d X C r   otherwise there exists  1
0k *

s
s

s

k I : d(lim ,X )
h

X r    
 

for 
( , )

3

d X C r
  
 . 

b) By the inclusion in (a),  we can write ( )r
rk

C

S LIM X B C





  ∩ . 

Let ( )r

C

Y B C


 ∩ . Then we have ( , )d X C r   for all C  . This shows that 

( )rB Y  , that is ,  ( ) ( ) : ( )r r

C

B C X L B X


 


   ℝ∩ . 

Let r
kY S LIM X  . Then there exists an 0   such that   

 1
0k

s
s

sk I : dlim ,Y ) r
h

( X     . 

This implies the existence of a lacunary statistical cluster point C  of X  

with ( , )d Y C r   . So, ( )rB Y   and  ( ) : ( )rY X L B X    ℝ .  
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Hence, we get  ( ) : ( )rY X L B X    ℝ  which shows that 

 ( ) : ( ) .r
r kX L B X S LIM X      ℝ   
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