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F-expansion method is proposed to seek exact solutions of nonlinear evolution equations. With the aid of symbolic computation, we
choose the Schrodinger-KdV equation with a source to illustrate the validity and advantages of the proposed method. A number of
Jacobi-elliptic function solutions are obtained including the Weierstrass-elliptic function solutions. When the modulus m of Jacobi-
elliptic function approaches to 1 and 0, soliton-like solutions and trigonometric-function solutions are also obtained, respectively.
The proposed method is a straightforward, short, promising, and powerful method for the nonlinear evolution equations in

mathematical physics.

1. Introduction

Nonlinear evolution equations are widely used to describe
complex phenomena in many scientific and engineering
fields, such as fluid dynamics, plasma physics, hydrodynam-
ics, solid state physics, optical fibers, and acoustics. Therefore,
finding solutions of such nonlinear evolution equations is
important. However, determining solutions of nonlinear
evolution equations is a very difficult task and only in certain
cases one can obtain exact solutions. Recently, many powerful
methods to obtain exact solutions of nonlinear evolution
equations have been proposed, such as the inverse scattering
method [1], the Backlund transformation method [2, 3], the
Hirota bilinear scheme [4, 5], the Painlev expansion [6],
the homotopy perturbation method [7, 8], the homogenous
balance method [9], the variational method [10-12], the
tanh function method [13-16], the trial function and the
sine-cosine method [17], (G’ /G)-expansion method [18, 19],
the trial equation method [20-28], the auxiliary equation
method [29], the Jacobian-elliptic function method [30-
33], the F-expansion method [34-38], and the Exp-function
method [39-42].

In the present research, we shall apply the the F-expan-
sion method to obtain 52 types of exact solution: six for

the Weierstrass-elliptic function solutions and the rest for
Jacobian-elliptic function solutions of the Schrdinger-KdV
equation:

iU, = U, +uv,

)

2
Vit 6V, + Vo, = (|u| )x.
Among the methods mentioned above, the auxiliary equation
method [29] is based on the assumption that the travelling
wave solutions are in the form

wt)=Yad @), n=alx-p).

where z(#) satisfies the following auxiliary ordinary differen-
tial equation:

(£) ~mrwrettn. O

where a, b, and ¢ are real parameters. Although many exact
solutions were obtained in [29] via the auxiliary equation (3),
all these solutions are expressed only in terms of hyperbolic
and trigonometric functions. In this paper, we want to
generalize the work in [29]. We propose a new auxiliary



equation which has more general exact solutions in terms
of Jacobian-elliptic and the Weierstrass-elliptic functions.
Moreover, many exact solutions in terms of hyperbolic and
trigonometric functions can be also obtained when the
modulus of Jacobian-elliptic functions tends to one and zero,
respectively.

The rest of the paper is arranged as follows. In Section 2,
we briefly describe the auxiliary equation method (F-
expansion method) for nonlinear evolution equations. By
using the method proposed in Section 2, Jacobian-elliptic
and the Weierstrass-elliptic functions solutions are presented
in Sections 3 and 4, respectively. Soliton-like solutions and
trigonometric-function solutions are listed in Sections 5 and
6, respectively. Some conclusions are given in Section 7. The
paper is ended by Appendices A-D which play an important
role in obtaining the solutions.

2. Description of the F-Expansion Method

Consider a nonlinear partial differential equation (PDE) with
independent variables x, t and dependent variable u:

N (w, vyt thyys .. .) = 0. (4)

Assume that u(x,t) = u(), where the wave variable & =
x + ct. By this, the nonlinear PDE (4) reduces to an ordinary
differential equation (ODE):

N(u, cu',u',u",...) =0. (5)

Then we seek its solutions in the form
u@=YaF &), (6)
i=0

where g;,i =0, 1,2,...,m, are constants to be determined, m
is a positive integer which can be evaluated by balancing the
highest order nonlinear term(s) and the highest order partial
derivative of u in (4), and F() satisfies the following auxiliary
equation:

F' (§) = 0[PF* (§) + QF? (&) + R, )

where o = +1 and P, Q, and R are constants. The last equation
hence holds for F(§):

F" = 2PF’ + QF,

"

F" = (6PF* + Q) F',

F = 24P’F° +20PQF° + (12PR+ Q*)F,  (g)

F® = (120P°F" + 60PQF” + 12PR+ Q*) F'

In Appendices A and B, we present 52 types of exact solution
for (7) (see [34-37, 43] for details). In fact, these exact
solutions can be used to construct more exact solutions for

(1).
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3. New Exact Jacobian-Elliptic Function
Solutions of the Schrodinger-KdV Equation

The coupled Schrédinger-KdV equation

iu, — U, —uv =0, Ve OVV Vo — (|u|2)x =0 (9)
is known to describe various processes in dusty plasma, such
as Langmuir, dust-acoustic wave, and electromagnetic waves
[44-47]. Exact solution of (9) was studied by many authors
[48-51]. Here the F-expansion method is applied to system
(9) and gives some new solutions. Let

u=vE, v=v(®),

E=x+ct,

(10)
0 = ax + f3t,

where «, 3, and c are constants.

Substituting (10) into (9), we find that ¢ = 20 and V, U
satisfy the following coupled nonlinear ordinary differential
system:

U"+(B-a’)U+UV =0,
, (1
2aV' +6VV 4+ V" - (UZ) =0.

Balancing the highest nonlinear terms and the highest order
derivative terms in (11), we find m = 2 and n = 2. Therefore,
we suppose that the solution of (11) can be expressed by

U () = ag+a,F (§) + a,F* (£),

V (§) = by + b F (§) + b,F* (£),

(12)

where a,, a,, a,, by, b, and b, are constants to be determined
later and F(&) is a solution of ODE (7). Inserting (12) into
(11) with the aid of (7), the left-hand side of (11) becomes
polynomials in F(£) if canceling F "and setting the coeflicients
of the polynomial to zero yields a set of algebraic equations,
ay, a;, 4y, by, by, and b,. Solving the system of algebraic
equations with the aid of Mathematica, we obtain

ay =0, alziZ\/P(Q—oc—3oc2+3ﬁ), a, =0,

bh=a-f-Q b =0, b =-2P

(13)

Substituting these results into (12), we have the following
formal solution of (11):

U=+2\P(Q-a-3a+3B)F (¥), ”

V:ocz—,B—Q—2PF2(E), where & = x + ct.

With the aid of Appendix A and from the formal solution of
(14) along with (10), one can deduce more general combined
Jacobian-elliptic function solutions of (1). Hence, the follow-
ing exact solutions are obtained.
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Casel. P=m* Q=—-(1+m?),R=1,F®E) = snk,

u, = e {iZYH\/—l -m?—o— 3%+ Sﬁsnf},

(15)
v =& = B+ 1+m" —2m*sn’t.
Case2. P=m*,Q=—(1+m*),R =1, FE) = cd§,
u, = e {iZm\/—l —-m?—a—-3a2+ 3,8ch} ,
(16)
vy =&’ — B+ 1+m’ —2m’cd’E.
Case3. P=-m*,Q=2m*-1,R=1-m? F() = cni,
_ i0 2 2
u; =e {inn\/—Zm +1+a+3a% - 3ﬁcnf} ,
17)
vy = o — B—2m’ + 1+ 2mcn’.
Cased. P=-1,Q=2-m? R=m*-1, F&) = dné,
_ i0 2 2
u, =e {iZ\/—2+m +a+3a —3/3dnf},
(18)
vy = - B—2+m’ +2dn’L.
Case5. P=1,Q = —(1 + m?), R = m?, F(§) = nsé,
us = € {12\/—1 -m?—a-3a%+ 3/31155} ,
(19)
vs =’ — B+ 1+m —2ns°E.
Case6. P=1,Q = (1 + m*), R = m*, F(§) = dc&,
— i 2 2
Ug=e {12\/—1 -m? - -3« +3ﬁdc§},
(20)
Ve = — B+ 1+m" —2dc°E.
Case7 P=1-m* Q=2m*-1,R = —-m?, F() = ncé,
u, = e {i2\/(1 -m?)(2m? -1 -a-3a® + 3[5);165} ,
v7=0¢2—/3—2m2+1—2(1—m2)nczf.
(21)
Case8. P=m*>-1,Q =2-m* R = -1, F&) = ndé,
ug = € {12\/(m2 -1)(Q2-m*-a-3a%+ 3[3)nd§} ,
Vg =0¢2—[3’—2+m2—2(m2—1)nd25.
(22)
Case9. P=1-m*,Q=2-m* R=1,F(§) = sck,
uy = € {12\/(1 -m?)(2-m? —a-3a®+ Sﬁ)scf} ,
(23)

v9:az—ﬁ—2+m2—2(1—m2)sczf.

Case10. P = -m*(1 —-m?),Q =2m* — 1, R = 1, F(£) = sd§,

u, = €? {iZm\/(m2 -1)(2m?> -1-a-3a*+ 3[3)5615} ,

vip = o — B—2m’ + 1 +2m’ (1 —mz) sd’E.
(24)

Casell. P=1,Q=2-m?* R=1-m? F() = csi,

uy, = e {iZ\/Z -m?—a-3a%+ 3[3c5€} ,
(25)

vy =& - B-2+m - 2cs’E.

Case12. P=1,Q =2m* — 1, R = —-m*(1 — m?), F(§) = ds&,

u, = e {iZ\/Zmz -l-a-30%+ 3[3dsf} ,
(26)
v, =& = B—2m’ +1-2ds°E.

Casel3. P =1/4,Q = (1-2m?)/2,R = 1/4, F(§) = ns€ +cs&,

; 1-2m* - 2a—60° +6
u13=e’9{i\j e ‘B(nsficsﬁ)},

2

Vi3 = {Zaz -2B-1+ 2m® — (ns& + csf)z} .

N | =

(27)

Casel4. P = (1-m»)/4,Q = (1 +m*)/2, R = (1 - m?)/4,
F(&) = nck + scé,

ie{ \j(l—mz)(1+m2—2cx—6(x2+6ﬁ)
Uy, =€ 1+

2

28
X (ncﬁiscé;‘)}, (28)

Vi = % {2042 -2p-1- m? - (1 - mz) (ncé + scE)z}.

Casel5. P =1/4,Q = (m*=2)/2, R = m*/4, F(§) = nsE+dsé,

uwzem{iJﬂf_z_za_&ﬁ+6ﬁO%fidi4H

g (29)

{2042 -2B- m* +2 — (ns& + dsE)z} .

| =

Vis =

Case 16. P = m*/4,Q = (m* - 2)/2, R = m*/4, F(§) = snf +
icné,

2 2
, —2-2a-6a>+6
Upg = e <|J_rm\/m a0 p (sné iian)} ,

2

Vig = {zaz -2pB- m+2— mz(snf + icnf,)z} .

N =

(30)



4

Case 17. P = m*/4,Q = (m* - 2)/2, R = m’*/4, F§) =
V1 — m?sd& + cd,

) _ei9{+m\/m2—2—2a—6a2+6ﬂ
17 — -

2

X <\/1——mzsd§icdf) } ,

N | =

Vi7=

{Zcxz -2B- m+2 — m2<\/1 - m?sd€ + ch)Z}> .

31)

Case18. P =1/4,Q = (1 - m?*)/2, R = 1/4, F(£) = mcdE& +
iV1 — m?ndé,

) _ei9{+\]1—m2—20¢—6(x2+6ﬁ
18 — -

2

(32)

x (mch +iV1 —mzndf) } ,

Vig = {2a2—2[5—1+m2

- (mcdf +iVl - m%df)z} )

0| =

Case19. P =1/4,Q = (1 - 2m*)/2, R = 1/4, F(§) = msn& +
idné,

2

I {+\/1—2m2—2a—6(x2+6/5
19 — -

x (msn& + idnk) } , (33)

{Zoc2 -2B-1+ 2m® — (msné + idnE)Z} .

N =

Vig =

Case 20. P = 1/4,Q = (1 —m?»)/2, R = 1/4, F¢) =
V1 —m?sc€ +idcé,

u _ei9{+\j1—m2—2a—6a2+6ﬂ
20 — -

2
X (\/1 - m?sc€ + idcf) } , (34)

VZO:% {2&2 2B -1+ m’ —(\/1 - m2scé + ich)z} .
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Case21. P = m* - 1)/4,Q = (m* + 1)/2, R = (m* — 1)/4,
F(&) = msd& + ndé,

. \j(m2—1)(m2+1—2a—6a2+6ﬁ)
uy =€’ 4+ 3

x (msd& + nd&) } , (35)

Vo = {Zaz—Zﬁ—mz—l—(mz—l)

N =

x (msd€& + ndE)z}.

Case22. P=m*/4,Q = (m*-2)/2,R = 1/4,F(§) = snE/(1+
danf),

2 2
: ~2-2a-6a%+6
uzz:e,@ N \jm o — 6a B sné )
2 1+dné
(36)

{2042 —2B-m’+2- m2< I in§n£>2} :

N | —

Vaa =

Case23. P =-1/4,Q = (m* +1)/2,R = (1 - m*)*/4, F(§) =
mcné + dné,

; —-m? - 1+2 o
u23:e’9 {i\j m il ;-’-6“ 6B (manJ_rdnf)},

{2a2 -2B- m® = 1+ (mcné + dnE)z} )
(37)

o | =

Va3 =

Case24. P = (1 -m*)?*/4,Q = (m* + 1)/2, R = 1/4, F(§) =
ds& + csé,

2 2
i m +1-2a—-6a"+6
Uy, = € {i(l—mz)\j 5 &

x (ds& £ cs€) } ,

{2a2 -2pB- m—1- (1 - mz)z(dsif + csf)z} .
(38)

N | =

Vog =
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Case 25. P = m*(1-m?)/22-m?), Q = 2(1 — m*)/(m* - 2),
R=(1-m"/22-m?), F() = dcE + V1 — m*ncé,

Uys

— olf {Jr Vam?

2 —m?

x[(m? = 1) [2(1 = m2) + (m? - 2) (~a — 30 + 3p)]

x (de& + V1= m’nct) } ,

= 5 {(m=2) (- )+ (1)

X [—2 + m4(dcf, + V1 - mzncE)z]} .
(39)

Case 26. P > 0,Q < 0, R = m*Q*/(1 + m*)*P, F(§) =
V=-m2Q/(1 + m?)Psn(\/-Q/(1 + m?)§),

- 2_
Uz = ¢ {iZm\jQ( Qratia 3ﬁ)

1+ m?

-Q (40)
Xsn( 1+m25>}’
2m’Q [[-Q
V26=a2_ﬁ_Q+mT+1sn2( 1+m25)'

Case 27 P < 0,Q > 0,R = (1 - m*)Q*/(m* - 2)*P, F(§) =
V-Q/(2 - m})Pdn(\Q/(2 — m?)8),

e ol

2 —m?

Q 41
an( 2—m2£>}’ (41)

v27=0c2—,B—Q+23Q dn2<\/ Q E).

m? 2 —m?

Case 28. P < 0,Q > 0, R = m*(m* - 1)Q?*/(2m® - 1)*P,
F(§) = V-m*Q/(2m?* — 1)Pcn(\/Q/(2m? - 1)§),

. — 30 -3
Uy = € {iZm\jQ( R ﬁ)cn

2m? — 1

Q (42)
8 (\/2m2 - 15) } ’

Case29. P=1,Q =2 —4m* R =1, F(§) = snédn&/cné,
snfdnf}
cné |’
2sn*Edn’E

cné

thyy = & {12\/2 —4m? —a-3a2 +3p
(43)

Vao = & — B — 2+ 4m” —

Case 30. P =m?*,Q =2,R =1, F(§) = snkcnk/dné,

; snécnk
Uy = € {iZmﬂZ —a-3a2+3f InE } ,

2mPsn*Ecn’E

dn?¢

(44)

v30:oc2—[3—2—

Case3. P = 1,Q = m* +2,R = 1 - 2m* + m*, F(§) =
dnécnk[sné,

; d
Uy = e «[iZ\/rnZ +2-a-3a?+3f nEm{} ,

sné
B 2dn*Ecn’E
sm2E

(45)

2

vy =& —f-mt -2

Case32. P = A*(m—-1)*/4,Q = (m* +1)/2+3m, R = (m —
1)%/4A%, F(§) = dnkcnE[ A1 + sn€)(1 + msnk),

2 2
i m +6m+1-200—6a" +6
Uy, = € {i(m—l)\/ P

2

dnécnk
(1+sn€) (1 + msnf) |’

(46)

Vi = {2(x2—2ﬁ—m2—6m—1

N | =

~ (m- 1)°dn*Ecn’E }
1+ snf)z(l + msnf)2 .

Case33. P = A’(m+1)*/4,Q = (m*+1)/2-3m,R = (m +
1)%/4A%, F(§) = dnkcnE[ A(1 + sn€)(1 — msnk),

2 2
i m —6m+1-20—6a"+6
Uy = € {i(m+1)\/ P

2

“ dnécné
(1 + sné) (1 —msné) |’

(47)

Vi3 = {2a2—2/3—m2+6m—1

N | —

~ (m+ 1)’dn*Ecn’E }
(1 + sné)*(1 — msné)? .



Case34. P=—-4/m,Q=6m-m?>-1,R = =2m® + m* + m?,
F(&) = mcnkdné [(msn®E + 1),

i0 mcn&dné }
Uy =€ 14\ m? —6m+1+a+3a2 -3——2—21¢,
34 { \/ B msn?€ + 1
8men*Edn*E

2 2
vyu=a —B+m —6m+1+ .
* (msn?E +1)°
(48)

Case 35. P =4/m,Q = —6m—-m*—1,R = 2m° + m* + m?,
F(§) = mendnk/(msn’E - 1),

u35=ei0{i4\/—m2—6m—1—¢x—30¢2+3[3

\mcnédné
X msn2E — 1 } ’ (49)
2p 5 2
V35 :ocz—/3+m2+6m+1—8mcn—&dni.
(msn?€ - 1)

Case 36. P =1/4,Q=(1-2m?)/2,R = 1/4, F(§) = snE/(1 +
cné),

- +\j1—2m2—2(x—6(x2+6[3 sné
* h 2 1+cnk |’
(50)
1 2
v36:—<120c2—2ﬁ—1+2m2—L£2}.
2 (1 cn)

Case37. P=(1-m»)/4,Q=0+m*)/2, R = (1 -m*)/4,
F(§) = cn&/(1 + snk),

ie{ \/(1—m2)(1+m2—2a—6a2+6ﬁ)
Uy, =€’ 4+

2

ﬁ} (51)
1+snE]’
(1 - mz) cn*E }

1 2 2
Vi = — 126 =2 —-1-m" —
¥ 2{ P (1 + sné)*

Case 38. P = 4m;,Q = 2 + 6m, — m*, R = 2 + 2m, — m?,
F(§) = m*snkcn/(m, — dn*E),

Usg =ei9{i4\/m1 (2 +6m; —m? —a-3a%+3p)
2
m*snécn.

m, —dn?€

»  8mymtsn*Een’t

2
Vg =& —f—-2—-6m; +m .
38 1 (ml_dnzg)z
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Case 39. P = —4m,,Q = 2 — 6m; — m*, R = 2 — 2m, — m?,
F(¢) = —;7125n€cnf/(m1 + dn*f),

Ugg = € { i4\/m1 (-2 +6m; + m? + a + 302 — 33)

“ m?snEcn } ’

my + dn? (53)

8m,m*sn*Ecn*E

2 2
Vg =& —B-2+6m; +m" + .
(m, + dn2E)’

Case 40. P = (2—m*—2m,)/4,Q = m*/2—1-3m;,R = (2~
m* —2m,) /4, F(§) = m*snEcné[(sn*E + (1 +m,)dnE —1-m,),

Uyp

:eig{+\/(2—m2—2m1)(m2—2—6m1—2a—60¢2+6ﬁ)
* 2

X
s?&+ (1 +m,)dnE -1 -m,

mPsncnk }

1
1/40:2{20c2—2ﬁ—1/nz+2+6m1

m* (2 - m* - 2m,) sw*écn’E }

- [sm2E + (1+m,)dnE —1-m,]°
(54)

Case4l. P = (2—m*+2m,)[4,Q=m*/2—=1+3m;,R=(2—
m2+2m1)/4, F(¢) = mzsnicnﬁ/(snzfﬂ—l+m1)dnf—1—m1),

Uy

:eig{+\j(2—m2+2m1)(m2—2+6m1—20c—60c2+6[3)
- 2

mPsnécné }

><an£+ (-1+m;)dnE-1-m,

1
1/41:2{20¢2—2ﬁ—mz+2—6m1

m* (2 - m* + 2m,) sw*Ecn’E }

[sn?E+ (=1 +m,)dnE -1~ m1]2
(55)

Case42. P = (C*m*~(B*+C*)m*+B*)/4,Q = (m*+1)/2,R =
(m* - 1)/A(C’m” — B?), F(§) = (\/(B* - C?)/(B? - C*m?) +
sné)/(Benk + Cdné),
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\/[Cz 4—(BZ+C2)mZ+B2](mz+1—20c—60c2+6,8)
2

Il
NN
5
—_———
H+

V(B = C?) / (B2 - C?m?) + snE
x Bené + Cdné ’

v42:;{2¢x2—2,8—m2—1—[C2 (B +CY)m? + B

\/(B2 - C?) /(B - C*m?) + sné ’
X Bené + Cdné '

(56)

Case 43. P = (B> + C'm?)/4, Q = 1/2 - m*, R =
1/4(B* + C*m?), E(§) = (\/(C*m? + B> — C?)/(B* + C*m?) +
cné)/(Bsn& + Cdné),

p \j(BZ+C2m2)(1—2m2—20c—60¢2+6/3)
up =€’ {4+ 5

\/(C2m2 + B2 -C?) /(B + C*m?) + cnk
% Bsné + Cdné

>

N | —

Vg3 = {Zocz —2B-1+2m" - (32 + szz)

“ \V(C?m? + B2 — C)/(B? + C*m?) + cnk 2
Bsné + Cdné ’
(57)

Case44. P = (B> +C?)/4,Q = m*/2 -1, R = m*/4(B* + C?),
F(&) = (\(B? + C? — C2m?) /(B> + C?) + dné) /(Bsn& + Ccnf),

ie‘l \/(BZ+C2)(m2—2—204—6oc2+6/3)
uy =e’ 4+

2

V(B2 +C2 = Cm?) [ (B2 +C2) + dnk
X Bsné + Ccné

>

Vg = <|2(x2—2/3—m2+2—(Bz+C2)

N =

(VBT =)+ C) +dng
Bsné + Ccné '

(58)

7
Case45. P = —(m* +2m+ DB, Q = 2m*> + 2, R = 2m —
m? —1)/B*, F(§) = (msn*E = 1)/B(msn*E + 1),
_ 0 2 2
Uys =€ {iZ(m+1) \/—2m -2+a+3a* -3
msn*E — 1
X——7—— >
msn?E + 1 (59)

Vs =&’ — B—2m" —2+2(m+1)°
y msn*E — 1 2
msn2E+1 )"

Case46. P = —(m* =2m+1)B5,Q =2m* + 2, R = -Q2m +
m* +1)/B%, F(§) = msn’E + 1)/ B(msn*E - 1),

u46=ei9{12(m—1) \/—2m2—2+a+3a2—3ﬁ

msn*E + 1
X ———— 1>
msn?E — 1 (60)

Vi = & — B—2m"> =2+ 2(m — 1)

o msn*E + 1 ?

msn2E -1/ "
We note that there is much duplication in the list of 46
solutions in terms of Jacobian-elliptic functions. Here are
some examples; using the well-known identities relating
Jacobian-elliptic functions (see 121.00, 129.01, 129.02, and
129.03 in [52], e.g.) reveals that u;, u;, and u, are identical;
V> v3, and v, are identical; u,, ug, and u,, are identical; v,,
vg, and v, are identical; us, u;,, and u,, are identical; vs, v,
and v,, are identical; ug, u;, and u, are identical; v4, v,, and

vg are identical. Use of 162.01 in [52] reveals that u,, and u,g
are equivalent and v,, and v,4 are equivalent.

4. The New Weierstrass-Elliptic Function
Solutions of the Schrodinger-KdV Equation

On using the solutions given in [43], mentioned in
Appendix B, and from the formal solution (14) along with
(10), we get then the following exact solutions.

Case 47. g, = (4/3)(Q* = 3PR), g5 = (4Q/27)(-2Q* + 9PR),
F(E) = \(1/P)p(E g, g5) - (1/3)Q),

u47:ei9{12\/P(Q—(x—3042+3[3)

X\/% 605592 0:) - %Q”) (6D

Va7 :az—ﬁ—Q—Z[p(E;gz,g3)— %Q]



Case 48. g, = (4/3)(Q* = 3PR), g5 = (4Q/27)(-2Q* + 9PR),
F(®) = \3R/Gp(E g5 95) - Q),

u48=ei9<[i2\/P(Q—oc—3(x2+3ﬁ)

“ \/L} (62)
3p (8 9,95) -Q

6PR
3p (& 9,9,) - Q

V48:‘X2_ﬁ_Q_

Case 49. g, = —(5QD + 4Q* + 33PQR)/12, g, = (21Q*
D - 63PRD + 20Q° - 27PQR)/216, F(¥) =

\12Ro(E g, 95) + 2RQ2Q + D)/(120(&; g5, g5) + D),

Ugo = €7 iZ\/P(Q—oc—3oc2 +3B)

\12Rp (& g,, ;) + 2R 2Q + D)
120 (8 92, 95) + D

> (63)

Vg = o’ — B-Q
_ 4PR (69 (§ 92 95) +2Q + D]
(120 (& 95, 95) + D]Z

Case 50. g, = (1/12)Q* + PR, g; = (1/216)Q(36PR — Q*),
F(&) = VR[60(; g5, 93) + Q1/3¢" (&5 92, 93),

Ugy = € { iZ\/PR(Q—oc—?)oc2 +3p)

M}
30" (§9295) )
2PR[6p (& 92,95) +Q°

vep =’ — - Q-
’ 9’ (& g2 g5)]°

(64)

Case 51. g, = (1/12)Q* + PR, g5 = (1/216)Q(36PR — Q*),
F(&) = 3¢' (& 9, 95)/ VP60(& g5, 95) + Ql,

e e R el
392,93

18[¢' (& 9. 9)]°
(660 (& 9> 5) + Q)

(65)
V51 =a2—,B—Q—
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Case 52. R = 5Q%/36P, g, = 2Q*/9, g5 = Q’/54, F(§) =
QV-15Q/2Pp(&; g5, 95)/ 3p(§; g2, 93) + Q),

ug, = €* { iZ\/P(Q—(x—3oc2+3[3)

(66)

. QV-15Q/2Pp (5;92’93)}
30 (592 95) +Q ’

15Q°0” (& 95, 95) '

30 (& g5, 95) + QI

v52=¢x2—ﬁ—Q+

It should be noted that any solution that can be expressed in
terms of a Weierstrass-elliptic function can be also converted
into a solution in terms of a Jacobian-elliptic function (for
more details, see [53]). Consequently, Cases 47-52 are already
covered in Cases 1-46. For example, using 1031.01 in [52]
reveals that, with the P, Q, and R values for Case 1, u; and
u,g are identical and v, and v, are identical.

5. New Soliton-Like Solutions of the
Schrodinger-KdV Equation

Some soliton-like solutions of (1) can be obtained in the
limited case when the modulus m — 1 (see Appendix C),
as follows:

u, = e {12\/—2 —a-3a%+ 3ﬁtanh£} ,

vy = o - B+ Zsecth,

uy =€ {12\/—1 +o+3a? - 3ﬁsech€} ,

vy = &® — B — 1 + 2sech’,

us = e {12\/—2 -a-3a?+ 3ﬁcoth£} ,

vs = & — B — 2csch’E,

uy, =e? {12\/1 —o—3a? + 3[3cschf} ,

vy = o — B—1-2csch’é,

; -1 -2a-6a*
u13=e’9 {i\j o~ 60" +6p (cothgicschf)},

2

vy = % {20c2 -2B+1—(coth& + cschf)z} ,

; -1-20—6&”+6
u16=e’9 {i\j xoox T /B(tanhfiisechf)},

2

{2042 -2 +1—(tanh + isechE)Z} ,

N | —

Vie =
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. +\/—1—20¢—6cx2+6ﬁ tanh&
22 B 2 1 +seché |’

1 ) tanh& )2
=~ {22 -28+1-—>_ )},
2 Z{a P+ (11—sech5

&0 {iZ\/—l + o+ 3a? - 3ﬂsech€} ,

Uz

Vy3 = & — B — 1+ 2sech’E,

<
N
o)

Il

Vo = P B- Qsech2< %2{) ,

Uy, = e {J_rz\/Q (-Q+ a +3a% = 3B)sech (@E)} ,

vy, =’ —B-Q [1 — 2sech? (\/65)] ,
Uy = € {iZﬂZ —a -3+ Sp’tanhf} ,

Vi = (xz—ﬂ—Z(Z—secth),

Uy = e {izwb —a-3a®+ 3/>’sechfcsch£} ,

vy = & — B — 3 — 2(sech&csché)?,

. h?
u34=e’6{i4\/—4+0c+30¢2—3ﬁ sech’y },

1 + tanh*¢
8sech’&

o’ - f-4+ ,
R (1+tanh25)2

eieiiz\/Q(‘Q+a;3a —3ﬁ)tanh<\/?5)},

0 -1 -2a-6a”+6B\ 1+seché
Uy =€ +
2 1 — seché

1 2 1+sechf}
== {2 -2f+1-——2L,
V40 2{ ¢ B+ 1 - sech¢
S -1-2a-6a”+6B\ 1-seché
4 B 2 1 + seché
1 2 l—sechE}
== {2 -28+1-——2L,
Va 2{ * B+ 1 + sech¢

-1 -2a-6a” + 6B B+ VB? + C2seché

i0
= +
Has =€ { _\j 2 Btanh¢ + Cseché

{2a2—2ﬁ+1— <B+ \/BZ+Czsech£)2}'

Btanh¢ + Csech&

Here, it should be noted that each exact solution given in (67)
can be split into two solutions if one chooses the (+ve) and
(—ve) signs, respectively, but they have not been calculated.
Also, all the exact solutions given by (67) can be verified
by substitution. The main feature for some of these exact
solutions is the inclusion of the free parameters Q, B, and C.

6. New Trigonometric-Function Solutions of
the Schrodinger-KdV Equation

Some trigonometric-function solutions of (1) can be obtained
in the limited case when the modulus m — 0. For example,

Us = e {12\/—1 —a-3a?+ 3[3cscf} ,

vs =&’ — f+1-2csc’E,

Ug = e {12\/—1 —a -3+ 3[3’secf} ,

ve =&’ — B+ 1-2sec’é,

Uy = € {iZ\/Z —oa—3a+ 3ﬁtan§} ,

Vo = &’ — B — 2sec’E,

uy, = e {izwz —a—3a%+ 3ﬁc0tf} ,

v =& — B —2csc’E,

2
Uy = o {i\]w (csck + cotf)} ,

2

Vi3 = % {20¢2 -2B-1—(csck cot{)z} ,

2
Uy, = e {i\/M (sect + tanﬁ)} ,

2
Vig = % {207 =2~ 1 - (sect + tan§)’},
Uy = € {i\jw (csc + cotf)} >
Vyu = % {207 = 2B = 1+ (csck + cot)’},
Uy, = € {i\/w (sect — tanE)} ,

V3y = o’ - B — sec€ (secE — tané),

2
hsg = o {i\] M (csck + coti)} ,

2
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{2042 -2B-1-(csck + cotf)z} ,

8| =

V3 =

2
sy = o {i\jM (seck + tanf,)]» ,

2

vy, = % {2052 -2B-1-(sect tanE)z} ,

v = 0 +\j1—206—6062+6/3 VB2 - C? + Bsin&
° a 2 Bcosé +C ’

[, VBE=CZ + Bsinf \
Vp=—12a =2-1-| —————— >
2 Bcosé + C

e = o +\j1—2(x—6oc2+6/3\/BZ—C2+Bcosf
8o - 2 Bsiné + C ’

1 2 VB? — C? + Bcosé ?
V== 420" -2B3-1- - ,
2 Bsiné + C
o WEEC
=¥ {t\-1-a-302+3p—r —— 1|,
ag =€ { \/ Fmoe ’BBsinf+CcosE
. 2(B*+C)
Vy=o =l .
(Bsin + Ccosé)

(68)

Here, we note also that each trigonometric-function solution
obtained in this section can split into two solutions if we
choose the (+ve) and (—ve) signs, respectively. Besides, all
these solutions can be verified by direct substitution. Also, the
main feature for some of these exact solutions is the inclusion
of the free parameters Q, B, and C.

7. Conclusion

In this paper, the F-expansion method has been applied to
construct 52 types of exact solution of the the Schrédinger-
KdV equation. The main advantage of this method over
other methods is that it possesses all types of exact solu-
tion, including those of Jacobian-elliptic and Weierstrass-
elliptic functions. Moreover, the soliton-like solutions and
trigonometric-function solutions have been also obtained as
the modulus m of Jacobi-elliptic function approaches to 1
and 0. It can be said that the results in this paper provide
good supplements to the existing literature and are useful for
describing certain nonlinear phenomena. This method can be
applied to many other nonlinear evolution equations. Finally,
it is worthwhile to mention that the proposed method is also
a straightforward, short, promising, and powerful method
for other nonlinear evolution equations in mathematical
physics.
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Appendices

A. Relations between Values of (P, Q, R) and
Corresponding F(&) in (7)

Relations between values of (P, Q, R) and corresponding F(&)
in (7), where A, B, and C are arbitrary constants and m, =

V1 — m?. As shown in Table 1.

B. The Weierstrass-Elliptic Function Solutions
for (7)

The Weierstrass-elliptic function solutions for (7), where

D = (1/2)(-5Q + V9Q*-36PR) and ©'(§ g, 9:) =
dp(&; g5, g3)/dE. As shown in Table 2.

C. Relations between Jacobian-Elliptic
Functions and Hyperbolic Functions

The Jacobian-elliptic functions degenerate into hyperbolic
functions when m — 1 as follows:

sn& — tanhé, cn€é — seché, dn& — seché,
sc& — sinhé, sd& — sinhé, cdé — 1,
nsé — cothé, ncE — coshé, nd&é — coshé,
cs& — csché, ds& — csché, dcE — 1.

(C1)

The Jacobian-elliptic functions degenerate into trigono-
metric functions when m — 0 as follows:

sné — siné, cné — cosé, dné — 1,
sc& — tané, sd¢ — siné, cdté — cosé,
(C2)
ns& — cscé, nc — secé, ndé — 1,
cs& — coté, ds& — cscé, dc& — secé.
D. Some Trigonometric and Hyperbolic
Identities
Consider the following:
0 0
coth 8 — cschf = tanh > csch — cotf = tan >’
0 6
coth 0 + cschf = coth > csch + cot = cotz,
tanh 6 + isechd = tanh [% (9 + %)] R
(D.1)

sec + tan 0 =tan[l <0+ E)] s
2 2

tanh 6 — isechf = coth [% <0+ %)] ,

secO — tan 8 = cot [l (6+ E)] .
2 2
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TABLE 1
Case p Q R F()
1 m’ -(1+m?) 1 sn
cné
2 m? —(1 +m? 1 cdE = ==
( ) 3 dnE
3 —m? 2m? -1 1 - m? cné
4 -1 2-m’ m* -1 dnk
2 2 -1
5 1 —(1+m”) m ns& = (snk)
d
6 1 -1 +m?) m? dcE = LE
cné
7 1-m? 2m* -1 -m? nck = (cné)™
8 m? -1 2 -m? -1 ndé = (dné)™
9 1-m? 2 - 1 st = T8
cné
2 2 2 sn&
10 -m-(1 -m") 2m” -1 1 sdé = —
dn&
2 2 cnk
11 1 2-m 1-m csE=—
sn&
d
12 1 2m* -1 -m*(1 - m?) ds& = ﬁ
sné
1 1-2m*
13 — - nsé £ cs
4 2 & ¢
1—m? 1 2 1—m?
14 ~ tm m nc + sc&
4 2 4
1 ) ?
15 1 m 5 mj nsé + ds&
2 2 2
-2
16 m m m sn€ +icnk
4 2 4
2 2 2
-2
17 = ~ w V1= nsdé + cdE
4 2 4
1 1-m? 1
18 - m - mecd& +iV1 — m?*nd&
4 2 4
1 1-2m? 1
19 = m = msn€ + idnk
4 2 4
1 1-m? 1
20 - " - V1 —m?scE +dck
4 2 4
2 2 2
-1 +1 -1
21 o m m msdE + ndE
4 2 4
m* m* -2 1 sné
22 — -
4 2 4 1 +dné
1 241 1= m?)?
23 _Z mot (1-m) mcné + dné
4 2 4
1 _ 272 2 1 1
24 (1 =) mr - ds& + cs&
4 2 4
55 m*(1 —m?) 2(1 - m?) 1-m? dek + T inct
— —_— c& £ V1 —-mPnc
2(2 —m?) m? -2 212 -m?)
22 2
m -m-Q -Q
26 P>0 <0 sn
Q \/(1+m2)P ( 1+m2E>

(1+m?)*P
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TaBLE 1: Continued.
Case P Q R F(&)
27 P<0 Q>0 % Q 4 \ Q
(m? -2)°P 2 -m?)P 2 —m?
202 2 2 —A
28 P<0 Q>0 M __mQ cn Q b3
2m? -1)°P 2m? - 1)P 2m? -1
29 1 2 - 4mr? 1 snédng
cné
30 m’ 2 1 snien
dn&
31 1 m +2 1-2m? +m dnkeng
sn&
3 A’(m - 1) m* + 1 +3m (m-1)>* dnécné
4 2 4A? A +snE)(1+m sné)
33 A(m+1)* m*+ 1 Cam (m+ 1) dnkcnk
4 4A? Al +sné)(1 —m sné)
4
34 - 6m-—m*—1 —2m® + m* + m? menédng
m msn?E + 1
4
35 — —em—-m* -1 2m® +m* + m? M
m msn?& — 1
36 1 1-2m? 1 sn
4 2 4 1+cné
37 1-m? 1+m? 1 —m? cné
4 2 4 1+ snk
2
38 4m, 2+ 6m, —m? 2+ 2m, —m® msnéent
m, —dn?§
2
39 —4m, 2 - 6m, — m? 2 - 2m, — m? _ msnienb
m, +dn?§
20 2 —m* - 2m, mf2 13m 2 —m* - 2m, mPsnEcnk
4 2 ! 4 sm?&+ (1 +my)dn —1-m,
u 2 —m* +2m, m L+ 3m 2 —m* +2m, m?snkcné
4 2 ! 4 sn2é+ (-1 +my)dné —1+m
I C*m* - (B + C)m* + B m?+1 m? -1 V(B = C?)/(B? = C? m?)) + snk
4 2 4(C*m? - B?) Bené + Cdné
3 B* + C*m?? 1 o 1 V(C*m? + B2 = C?)/(B? + C*m?)) + cné
4 2 4(C?*m? + B?) Bsné + Cdné&
4 B>+ (C? ni2 1 m* V((B? + C? = C*m?) /(B + C?)) + dnk
4 2 4(C? + B?) Bsn& + Cené
2m—m? -1 2 -
45 —(m? +2m + 1)B? 2 +2 amom 2 _msné-1
B? B(msn?& + 1)
2 2
46 _(m2_2m+1)32 2m* +2 _w L&"’l
B? B(msn?E - 1)
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TABLE 2
Case 9 95 F(&)
4 Q0 Etegma -1
47 3 (Q"-3PR) 27 (-2Q" +9PR) P (©&; g5, 95) 3Q)
4 Q, 3R
48 - —3PR —(-2Q° + 9PR _—
L@ - 3PR) S (-2Q° +9PR) JSQ(%,%)_Q
49 5QD +4Q” + 33PQR 21Q%D - 63PRD + 20Q° — 27PQR \/ 12Rp(&; g5, g5) + 2R(2Q + D)
12 216 120(&; 95, g5) + D
1 5 1 2 @[6@(& 92 95) +Ql
50 —Q "+ PR —Q(36PR —
12Q 216Q( ) 3¢'(& 9 95)
1 1 3¢' (& 92 95)
51 —Q*+PR —Q(36PR - Q%)
12 216 VP(6p(& g5, 95) + Ql
5 2Q° Q QV-15Q/2Pp(§; 9, 9) , _ 5Q°
? >4 309, 9:) +Q 36P
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