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OZET
A kiimesi, N pozitif tam sayilarin bir alt kiimesi olmak iizere bu kiimenin dogal yogunlugu

5(:/‘1) — lim [{asn:a€A}|
n—-oo n

biiyiik olmayan elemanlarinin sayisint gostermektedir. Eger Ve >0 icin § ({y <
n: |xy — L| > s}) = 0 ise (x,) dizisi L sayisina istatistiksel yakinsaktir denir. Bu kavram 6lgii
teorisi, toplanabilme teorisi ve optimizasyon teorisi gibi matematigin temel alanlariyla olan
iliskisi nedeniyle uzun yillardir bir ¢ok matematike¢i tarafindan ilgiyle ¢alisilmaktadir. Son
zamanlarda, n — boyutlu reel uzayda terimleri kesin olarak hesaplanamayan istatistiksel
yakinsak bir y = () dizisi yerine ||xy - yy” < r sartim1 saglayan ve terimleri bilinen x =
(x,) yaklasim dizisi ile islem yapmanin kolaylik sagladigi goriilmiistiir. Boylelikle kaba
istatistiksel yakinsaklik olarak adlandirilan yeni bir kavram ortaya ¢ikmistir. Bu yaklagim
dizisi istatistiksel yakinsak degildir ancak r kabalik derecesi ile kaba istatistiksel yakinsaktir
denir. Bu c¢aligmada biz, vektdr uzay Ozelliklerine sahip olmadigi i¢in normlu uzay
kategorisinde olmayan ve toplanabilme teorisinde bir¢ok uygulama alanina sahip bulanik
sayilar uzayindaki cift dizilerin kaba istatistiksel yakinsakligini tanimlayacagiz. Genel olarak,
kabalik derecesi » >0 oldugunda dizinin kaba istatistiksel limiti tek olmayacagindan kaba
istatistiksel limit kiimesi olusturarak bu kiimenin 6zelliklerini verecegiz. Son olarak, cift
bulanik say1 dizileri i¢in istatistiksel yakinsaklik ve kaba istatistiksel yakinsaklik arasindaki
iliskiyi inceleyecegiz.

Anahtar Kelimeler: Cift dizi, bulanik sayi, istatistiksel yakinsaklik, kaba istatistiksel
yakinsaklik.

seklinde tanimlanir. Burada |{a < n:a € A} | kiimesi A nin n’den

ROUGH STATISTICAL CONVERGENCE OF DOUBLE SEQUENCES OF FUZZY

NUMBERS
ABSTRACT
The natural density of a subset A of positive integers N is defined as &(A) =
lim Masmac Al Here, the set |{a < n:a € A }| indicates the cardinality of A not greater
n—-oo

than n. The sequence (x,) is said to be statistically convergent to £ if for Ve >0, § ({y <

n: |xy - L| = s}) = 0. This concept has been studied with interest by many mathematicians
for many years due to its relevance to fundamental areas of mathematics such as measure
theory, summability theory, number theory and optimization theory. Recently, instead of a
statistically convergent sequence y = (y,,) whose terms in n-dimensional real space cannot be
exactly calculated (or measured), it has been found that it is easier to operate with an
approximation sequence x = (x,) whose terms are known such that ||xy — yy” < r. Thus, a
new concept called rough statistical convergence emerged. This approximation sequence is
not statistically convergent, but it is said to be rough statistically convergent with .
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In this work, we will study this notion for double sequences in the space of fuzzy numbers,
which is not in the category of normed space because it does not have the properties of a
vector space and has many applications in summability theory. If r > 0, we will construct r -
statistical limit set and give some properties of this set. Finally, we will examine the
relationship between statistical convergence and its rough analogue for double sequences of
fuzzy numbers.

Keywords: Double sequence, fuzzy number, statistical convergence, rough statistical
convergence.

1. INTRODUCTION

In finite-dimensional normed spaces, the concept of rough convergence was defined by Phu
in 2001 [8]. In 2008, Aytar [3] generalized the idea of rough convergence to n-dimensional
real spaces using the concept of natural density. Ak¢ay and Aytar [1] investigated the rough
convergence of sequences in the space of fuzzy numbers, which do not have vector space
properties and do not belong to the normed space category. Debnath and Rakshit [5] worked
on the rough statistical convergence of these sequences. Due to their applications in various
areas, double sequences have attracted the interest of many mathematicians. For example,
Diindar and Cakan [6] studied the rough convergence of these sequences, while Kisi and Unal
[7] worked on the rough statistical convergence of double-difference sequences in finite-
dimensional spaces. Additionally, Savas and Mursaleen [10] studied the statistical
convergence of double sequences of fuzzy number which given by Savas [9], Babaarslan and
Tuncer [4] studied on rough convergence for these sequences.

In this paper, firstly, the rough statistical convergence and the rough statistical limit set of
double sequences of fuzzy numbers are defined. Moreover, the geometric and topological
properties of this set are provided and the relationship between statistical convergence and
rough statistical convergence is discussed.

2. PRELIMINARIES
First, a reminder of some basic notions in fuzzy number theory.
Definition 2.1. A fuzzy number is a function X :[1 —[0,1] such that it is normal, fuzzy

convex, upper semi-continuous and the closure of the set {xe[J : X (x) > 0} is compact. The
B —level set of this number is defined by X/ ={xel : X(x)> B} :[Xﬂ,}ﬂ} for each

p<(0,1].
The set of all fuzzy numbers is denoted by L({]). Also, (L({ ),d) is a complete metric space

X -v).
Definition 2.2. [9] A double sequence X = (X,.) of fuzzy numbers is a function X from
U x0 into L(T1). X, is the function’s value at point (y, ¢).

b

with the metric E(X ,Y) = sup max {‘K oy’

0<p<l

Throughout the paper, X = (X,) denotes a double sequence of fuzzy numbers and X denotes
a fuzzy number.

Definition 2.3. [9] A sequence X = (X,) is said to be convergent in Pringsheim's sense to X,
denoted by P — limX = X, if (X,.) tendsto X asy — o0, ¢ — oo.

Definition 2.4. [9] A sequence X = (X,¢) is said to be Cauchy, if for every &> 0, there exists

N, €Ul provided that J(Xyc, X) < & whenevery = j = Nyand ¢ = k = N,.
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Definition 2.5. [10] Let M € N X N and M (y, ¢) be the numbers of (j, k) in M provided

that j < y and k < ¢. Then, the limit

M (y,

5,(0) = lim -8
2

Y¢
is called double natural density of M.

Definition 2.6. [10] A sequence X = (X,.) is said to be statistically convergent to X,
denoted by St, — limX,. = X, if for every & > 0,

.1 5 >

lnl’rrrrzaﬂ(y, ¢):y <nand¢ <m:d(X,,X)=e}| =0.

Definition 2.7. [4] A sequence X = (X,) is said to be rough convergent in Pringsheim's

sense to X, denoted by X, 5 %, if for every & >0, there exists an integer i, such that
CZ(XVC,X) <r+e,
whenever y, ¢ > i..
Here, X is called r -limit point and 7 is called roughness degree. If »=0, the rough
convergence reduces the convergence in Pringsheim's sense.
Definition 2.8. [4] A sequence X = (X,) is said to be rough Cauchy, if for every &>0,
there exists an integer i, such that

d(Xye, X)) < p+e
wheneverk >y =i, l=>¢>1i,.

3. MAIN RESULTS

Definition 3.1. Let £ > 0. A sequence X = (X,) is said to be rough statistically convergent
- ~St; .
to X, written as X, 3 X, if for every € > 0,

Hﬂﬁ“(%c):y <nand¢<m:d(Xy,X) 27 +e}| =0.

Also, r is called the roughness degree. For » =0, then we reduce the concept of statistical
convergence in Pringsheim’s sense.
Just as the concept of rough statistical convergence applies to a sequence of fuzzy numbers,
we can interpret our idea in a similar manner as follows:
Suppose that the sequence (Y, is statistically convergent to X. However, we cannot
precisely determine the elements of (V) If calculating with the elements of (Y, proves to
be challenging, we can instead obtain an approximated sequence of triangular fuzzy numbers
(X,¢) satisfying the condition d (Xyg, ch) < r. If it is difficult to calculate with the elements
of (¥}, then we obtain a triangular fuzzy number sequences (X)) (approximated sequence)
satisfying J(Xyc, ng) < r. This allows us to use an approximate value of (Y, for simpler
calculations. In this case, (X,) may not statistically convergent, but it serves as the inclusion
{r,o)y <nveg<md(Yy,X) = e} 2{(r,¢):y <nve¢ <m:d(X,,X) =r+e¢}
holds and from our assumption we get the sequence (X,,¢) is rough statistically convergent to

X.
The rough statistical limit of a double sequence may not have a unique value for a given r. To
address this, we define the r —statistical limit set as follows:

~ =Sty -~
Sty — LIMTX,,¢ == {X € L(R"): X, — X}.
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Definition 3.2. A sequence X = (X,.) is said to be rough statistically Cauchy, if for every
g >0, there exists an integer i, such that

lnlrr:llﬁ Hy, o)y <nand¢ <m:d(X,, X)) =7 +¢e}| =0,

ql
wheneverk >n=>i, l=>2m>1i,.

Teorem 3.1. If X = (X)) is r- statistically convergent to X, then it is 2r- statistically
Cauchy.

~St,

Proof. Let £>0. Since X, 3 X, then we have

oX)=r+¢/2}| =0,

that is, for almostall (y,¢) € N x N, we write d(X,, X) <7+ ¢/2.

Hence, for almost all (y,¢), we get
- - - - - € €
d(Xyg,X,d) < d(Xyg,X) + d(Xkl,X) <r +§ +r +§ =2r+e.

This shows that X = (X,,¢) is 2r- statistically Cauchy.

EIE%'{(V ¢):y <nand¢ < m:d(X,

Theorem 3.2. The diameter of (St2 —LIM" X, ) <2r.
Proof. Suppose that a’iam(St2 -LIM"X yg) >2r. Then, there exists Y,V € St, — LIM" X,

provided that d(Y,V) > 2r. Letee (O,a(yT'v) - r).

Since Y,V € St, — LIM"X,,, we have §,(A,(¢) ) = 0and §,(A,(e)) = 0for Ve>0,
where

A () = {(r,¢): CZ(qu:‘y) =71+ &}
and

A (): = {(r,¢) : d(Xy, V) = 7 + £},
Thus, for all (y,¢) € Af(e) N A5(e), we get

d(Y, V) <d(X,.,Y)+d(X,e, V) <2(r+e) <2 (r +

d(yz'v) — r) =d(Y,V)

which is a contradiction.

Theorem 3. 3. The set St, — LIM"(X,,) is closed.

Proof. If St, — LIM"(X,.) = @, it is obvious. Let St, — LIM"(X,.) # @ and (¥,.) be a
sequence in St, — LIM" (X,,.) whichY,. —» Yasy,¢ - oo,

£>0 be given. Since Y, - ¥, there exists ve and e such that d(Y,, ¥) < % for all
Yy > ye and ¢ > ¢e.

Now, \?ve choose a (2}/0, ¢o) suchthaty, > ys ,¢, > ¢e. Then, we write

d(Yypeo V) < = 2 2

0Go’

Also, since (Y, ) € St, — LIM" (X)), we have Y, . € St, — LIM"(X,), thatis

Hrg% H(y, c): &(Xyc, Yyoco) >r+ §}| = 0.
When we choose an arbitrary (p,q) € {(y, ¢): J(Xyc, YVOQO) <r+ g}, then we get
d(Xpg Yyeeo) < 7+ %
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Hence, we can write the following inequality

J(Xm ’
Thus, the conclusion

{(V, C): CI(XW, ?) < g} = {()’, C)I CZ(XVC’ YYOCO) <r+ g}

V) < d(X, Yyye,) + d(Yy,

0G0’

) <r+e

is holds.
Since &, ({(y, ¢): J(Xyg, Yyogo) <r+ g}) = 1, then we get

§{(re) e N x Nud(X,e, V)< r+¢}) =1.
This shows that Y € St, — LIM"(X,).

Theorem 3. 4. If St, — limX,. = X ( X,), then
St, — LIM"(X,) = B,(X) = {u € LRM:d(u,X) < 7}

Proof..Let A, : = {(y,¢) : &(Xy Y) > &}. From our assumption §,(A; ) = 0.
Let we take Y € B, (X).
For all (y,¢) € AS, we get

d(X,.,Y) <d(x,
which shows that Y € St, — LIM"(X,) .
Let Ay: = {(y,¢) : &(Xyc, Y) =2r+ &}. Now, we take an arbitrary Y € St, — LIM" (X,,)
. So, we write §,(A,) = 0. Also, from our assumption, we have §,(A;) = 0.
Forall (y,¢) € A{ N AS, we get

d(v,X) <d(x,
which shows that Y € B_r()? ) .

(@4

X)+dX ) Y)<e+r

oY) +d(X,, X)<2e+r

Theorem 3. 5. If there exists a sequence Y =(Y,.) convergent to X such that
d(Xye, Yyye) < 1 for each (y,¢) € N X N, then a sequence (X,() is r-statistically
convergent to X.
Proof. From our assumption, we have
5;({r.9) e N x N:d(Y,, X) = €}) =0
for every £>0. Since d(X,.,Y,.) < r foreach (y,¢), the inclusion
{(,9): CZ(ch,X) > e} 2{(y,¢): CZ(XVC,X) >7+ ¢}

holds.
Hence, we get

§{(r9) e N x Nid(X,,X) =7+ €}) =0,
which shows the proof.
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